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Foreword 


ir. ^ tradition of the Brandeis Summer Institute 

m Theor^cal Physics to have lecturers who present a systematic account 
of rec^t resear^ in various fields of theoretical physics. The lecture 
notes have ^o become part of this tradition, and, although these are 
sometra^ but a first approximation to the spoken lecture, they may 
s^e to bring these mu ^-needed expositions to the wider audiice of 
pnysiasts who may aspire to contribute to these fields. 

I shoidd ^e to take this opportunity to thank all those whose par- 
toapabon m the Institute during the summer of 1962 helped mainLu 
ftese traihons. Parti^ar words of appreciation are due the National 
Science Foun^faon for its indispensable financial support, and Pro- 
f^sor Kenneth Ford, who graciously carried the responsibility for eet- 
tmg the notes ready for publication. ^ ° 

In this volume, the notes of Professor Goldstein and Dr. Maradudin 
^ve been pr^ared by the lecturers; Professor Parker and Professor 
Ambegaokar have kindly checked over the riotes based on their lectures 


David L. Falkoff 
Co-Director of the 1962 Institute 
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1. NOTATION 


a Speed of sound 

A An area 

B Magnetic-field intensity 

b Average radius of pulsating sphere 

C l^cific heat 

C Alfvfo velocity 

c Light velocity 

D Radius of g 3 n:ation 

P Energy radiated per second per cubic centimeter 

E Electric-field intensity 

F External force on a particle 

f Uj, t) Differential phase-space particle-distribution function 

f Number of degrees of freedom 

G Gravitational constant 

g Gravitational-field intensity 

(i» J» 11) Vector component subscripts used alternately 
with (x,y, z) 

H Scale hei^t 

J Current density 

k Propagation vector (an inverse length) 

k Boltzmann constant 

K Thermometric conductivity 

Curvature of the lines of force 

L,^ A characteristic scale or length of the magnetic field 

My Maxwell stress tensor 

M Mass of a star 

M^ Mass of the sun 

m Particle mass (electron or proton) 


-4- 
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n Normal unit vector 

n An integer index 

N Particle density 

P Power radiated 

P(H Similarity variable for the pressure 

P»P^ Scalar or tensor pressure 

q Algebraic electric charge (±) 

Q Heat transferred to the system 

Heat-transfer tensor 

R Reynolds* number 

R^ Magnetic Reynolds* number 

Rayleigh* s number 

R_ Radius of reference in a star 

0 

S^^. General fluid stress tensor 

T Temperaturei 

t Time 

u Microscopic particle velocity 

u^ Particle drift velocity 

XJ (T)) Similarity variable simulating fluid velocity behind 
the shock wave 

V Macroscopic fluid velocity 

V Shock-wave velocity 

V Velocity of solar wind in units of thermal velocity 

X Measure in the x direction 

Xj Component of the position vector 

a Coefficient of thermal expansion 

a Polytropic index 

0 Temperature gradient 

V Ratio of specific heats 
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6. j Kronecker delta 

Ej Asymmetric skew tensor (+) for odd, (-) for even 
^ permutation of indices 

C Eigenvalue parameter 

Ti Similarity variable 

0 Angle of trajectory relative to magnetic field 
^ Azimuthal angle in spherical coordinate system 
H Coefficient of thermal conductivity 

\ Wavelength 

\i Coefficient of viscosity 

p Mass density 

a Electrical conductivity 

T Characteristic time scale 

cp Number of particles per cubic centimeter per unit 
solid angle 

* Hydrodynamic velocity potential 

Number density of particles per unit pitch angle 
Y Gravitational potential 

G Cyclotron frequency 

^ Angular velocity 

I (subscript) Perpendicular to magnetic field 

II (subscript) Parallel to magnetic field 



2. INTRODUCTION 


Laboratory plaama pi^sics differs from the plasma physios of 
astrophysics In that It deals with many more degrees of freedom fta" 
usually need to be considered In astrophysloal problems. In stellar 
structure the systems are more gross. The Internal effects that domi¬ 
nate laboratory generated plasmas are generally smeared out in astro- 
plqrslcal i4>plicatlons. Thus only gross features of plasmas need be used 
in approaching most astrophyslcal dynamical phenomena to die present 
degree of observation. 

Our purpose will be, therefore, to develop the general equations of 
motion of a gross plasma (ignoring the finer structure) and show how 
fliese equations can bo applied to some astrophyslcal i^enomena. We 
shall develop our equations for two basic ideal aHawtions; (1) in which we 
shall assume no collisions take place among die particles of die gas; and 
in die other extreme (2) in which the collision times are very and 
the conduotlvlly hi^ 1. e., a perfectly conducting classical fluid. Several 
standard works on the subject are listed In die bibliography at die end of 
diese lectures. 

It will be shown that diese two exbreme Idealizations lead to similar 
results in systems of large scale (astrophysloal size). The 
that the intermediate region bounded by our two assumptions can be 
characterized by either assumption is not valid. However, as a practical 
consideration, stellar structure in many cases is such that as one pro¬ 
gresses out from a star one passes very quickly from one region to the 
next with practically no intermediate r^lw. 


3. EQUATIONS OF MOTION FOR A CONDUCTING FLUID 


Wa shall use the following nomenclature: 


P(r, t) density 

p(r, t) pressure 

(r,t) velocity 

(r, t) magnetic field 

(r, t) electric field 

g gravitational field 

®i (the gradient of some potential) 


^ij 


Maxwell stress tensor 
viscosity tensor 
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The first equation 'we may write down is the conservation of mass: 


If “ 0 

The total derivative defined by 


d _ 

w - 






allows us to rewrite (3.1) in the foUowing form: 



where 

+ 



m,. 

“ PSi ^ -5?:^ 
1 


(3.1) 


(3.2) 


(3.2) 


Maxwell stress tensor contains two 
field contributions; 


parts, the magnetic- and electric- 



(3.4) 
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In a highly conducting fluid the electric part is essentially zero, since 
infinite conductivity does not permit any large charge separation to occur. 
The general form of the viscous stress tensor is the following: 



However, if we require that the viscous stresses vanish upon the con¬ 
traction of the indices, then the following condition results: 




^k 


(3.6) 


where is the coefficient of viscosity. 

By usiD« Eqs. (3.2) and (3.8), we may form the foUowing equation; 


3<pVj) 

—ST" 



3(pVjV.) 


1 


This may be rewritten 


9(pvJ as„ 

sh ■ 


where 


(3.6) 




6ijP + 




(3.7) 


As we see (3, 7) has the form of a stress tensor. The P v. v. part 

corresponds to a compressive stress along the flow lines which could 
lead to turbulence at high velocity. If we make a dimensional comparison 
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J this tenn with the viscous force, we arrive at the quantity known as the 
Reynolds number. Smce the viscous force opposes the budding of the 
compression stress, the Reynolds number gives us a measure for the 
tendency toward budding of the flow lines aL turbulenTrS: 


Pv^/-t 


-tvp 


(3. 8) 


^ f of system. When I is sufficiently large the 

te^imy to buckle overcomee the viscous damping and turbulenT^tion 

The energy equation for the fluid is 


pc 


dT 

dt 


= Q + 




(■*.) 


- n 


<3.9) 

where a is the coefficient of thermal conductivity Q renresenta anv T«»«t 
.<»rce. P01.th..,.clflohe«wUchu.,„Ito^2,®.Jr^S75LZ“ 

" “ ““ «««««, 1.38 X io-« 

(2) the thermal^^c- 
) s zero. Under these assulnptions we may write from (8.9) 


f ST 
2 'ST' “ 


3Vi 


where f is the number of „ 
have from the gas law that 


<lfigrees of freedom of the molecules. We aiap 


KT 


3^ = Nk -gp- . .gj_ 

By using assumption (2) and p = Nin, we have 

■^ = (1+i) 131 iP 

^ f m at 
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or 


^ If Y = l+(2/f) 


(3.10) 


and a is the speed of sound. 

In the frame of reference moriag locally with the conductiiig f Tn<d 
velocity, the simple scalar Ohm's law is 

7 = al' 

The field E' in the moving frame is related to the fields E and B in the 
fixed frame by E' = E + (v^/c) X § neglecting terms O’ <y^/c\ Thus 


j = a (E 

c 

E = J- Z X B 

0 C 


(3.11) 


Maxwell's equations provide us with an equation relating J and B, 


+ -JJ—■ * ocv X B (3 12 

In the highly conducting fluid under consideration, the time derivative of 
the electric fleld may be ignored since itiaff (v^c^which is small com¬ 
pared to the other terms (to be shown presently). Hence we have from 
(3.11) and (3.12) 


® --W V XB- J XB 


(3.13) 
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Then from the other Maxwell equation 


as _ - 

•ST = -c V B 


we have 


(3.14) 


as 

w 


V X (V X B) + 


(3.16) 

the dimensionless ratio formed bv the ^ examine 


» 


4na-t^ 


The quantity 


^ 4nav/. 
c 




*«-». Of «» oondocvtt, 0. 

ttofollowl,* °““’“'™*"'*"‘y<<f'Jl7l<»lz«lbyarog«»l. 


. 0.«.^ « ,000 to ,00 too ttfctao., «, B,. O0o<„o^„ ^ ^ 
rou^^ ^ to/eec aod a temporature of lo*Kf we have 
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So even thou^ 5 for fully ionized hydrogen is only 10 ^® at this tempera^ 

ture compared to copper at 10 ^ in the laboratory, we may still consider 
this to be a highly conducting fluid to very good approximation. 

For an infinitely conducting fluid the tines of force are transported 
bodily by ^ fluid, the tines remaining permanent^ connected. This can 
be shown in the following way; if we consider the change of the magnetic 
flux in a time 6 t through an arbitrary fixed area enclosed by a contour 
Z, then from (3.16) we can write 


«r ^ “ J* d'B-V X (v X 6 t 


From Stokes' theorem the following line Integral is obtained; 
fdS-Vx (vXB)6t“ ftt^dt'vXB 

= ^ B * V X 61 6t 


On the other hand, if the enclosing contour were moving with the fin 'd, 
then the displacement 6 s of an element of the contour in a UmA 8 t is 


6a » v6t 


Thus we may write that the change of flux through the area enclosed by the 
fixed contour is 

6t ^ J* B • dS = Jl . 6s X dT 


Now 6 s X d <(, is an element of area enclosed between the fiveH contour 
and the contour moving with thejlui^ter they have been separating for a 
time 6 t. The integral of B • 6 s X df. represents the flux through this 
area enclosed by the contours. The equation tells us that if the flux 
through the fixed contour has changed, an equivalent amount of flux now 
passes through the area between the fixed and the moving contour, i. e., 
there has been no change in the flux through the contour moving with the 
fluid. The argument can be applied to aiy contour moving with the fluid. 
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quent ttoes. In this way it is possible to speak of tS S,ntiS 

line oi force throu^out an extended nerioH^™ identity of a single 

•JontaiM J ««d E nMd M ie iomSa 

tude of the current is kPiicitly. The order of magni- 


J = 


c 

ffr 


V X B 


■<y(f-) 


01) MilWM to*”"* ^ o* lima of inOnits condncuvlty 


E 


■fxB 


(3.17) 


aE 


■ 3 r “ J) 


mus dE/ at is smaller than the other terms in « i2\ i>„ /V/ 2y 2, 
The electrostatic charge density is ^ ^ 


V • E = 4n 6 


and 


® =(y(^) * cy(^) 


TT 




so that the electrostatic forces on the fluid are 
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<^( 4 ) t) 

The electrostatic forces iavolved are a factor of v^/c^ smaller than the 
magnetic forces. 


4. COLHSIONLESS PLASMA 


In this case the collision time mast be the greatest characteristic 
time of the system. We shall derive the equations governing this system 
by using the guiding center approximation. The basic assumptions in this 
approximation are as follows: 

1. The radius of gyration is small compared to the radius of 
curvature of the magnetic field. 

2 . Electric field effects are small compared to those produced by 
magnetic fields. 

3. The magnetic field may be assumed to be reasonably static in a 
time interval comparable in ma^tude to the gyration time. 

We first assume that the particle moves in a circle whose radius is 
given by 


D « uij_ -JQ 


where 


0 = qB/mc 

where is the velocity of the particle perpendicular to the field. As the 

particle travels in its circular trajectory, we assume that the circle 
drifts with a small component of velocity perpendicular to Ihe field. 

This drift may result from a weak electric field perpendicular to the ma^ 
netic field, from a gradient in the magnetic field perpendicular to the 
field, or from curvature cf the lines offeree of the magnetic field. The 
drift velocity due to a gradient in the field density across the lines of 
force is given by the foUowing esqpression: 
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u - 1/2 

where l is the scale of the field defined by the following equation; 


1^1 dB 
■6 B dn 


where n is the direction normal to the field. The drift follows from 

variation of the radius of curvature of the trajectory as the particle moves 
across the gradient in B. j j- wie ^uracje moves 

la vector form this drift may be written 


u = 1/2 S yX B X VB^/2 
qB* 


(4.2) 


°^ed lines of force produces a 

S aS *T“^^!** « ^ balanced by a Lorentz force from an- 

ther *lft velocity. Ti,x Is the curvature of the lines of force ihen a 
ve oc ly (# 1 ^ along the lines leads to a drift u perpendicular to B such fliat 


mtU|| ^ 3C = q £ b 

which when solved for the velocity of drift yields 

= ”10)11 c 

qB 


where 3e is the curvature of the magnetic field 
rewritten in vector form 


This curvature can be 


muj.. 

—3-B X {(B -v )B } 

qB 

(4.3) 


Knally, an electric field perpendicular 
drift velocity; 


to a magnetic field will give the 
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E X B 


(4.4) 


The complete drift of the particles is then composed of the following 
three terms; 

2 

E X B c 2 

-2~ ® ^ VB^/2 + 

S'" 2B 


= c 


niu)j| c 


qB" 


B X { (B • V )B ] 


(4.6) 


Note for a definite velocity and magnetic field the electric field is 
determined by (4.4). If we examine (4.6) under an increasing scale of B 
we see that the last two terms will become smaller and smaller as the 
scale increases. If we assume we have a large system, then (4.5) to 
lowest order will contain only the first term. The principal motion, 
therefore, in a collislonless plasma under the condition of large scale 
may be thought of as the electric drift. Or conversely, the only electric 
fields (lB>in a collisionless plasma are those that by a Lorentz trans¬ 
formation give £! = 0 in the frame of reference moving with the plasma. 

Now we can argue that the free motion of electrons along the lines 
of force means that there can be no significant electric field E along B, 
i. e,, E|j is small compared to E^. Then E • B 0 and if we form the 

cross product of B with (4. 4) we obtain 


E 



(4.6) 


This is the same relation that was obtained earlier for the infinitely con¬ 
ducting fluid. This condition is the basis for the remarlcable similarity 
between the collisionless plasma and the conducting fluid. In the con¬ 
ducting fluid it arose because the electrical conductivity shorted out any 
electric fields in the frame of reference moving with the fluid; in the 
collisionless plasma it arises because E - B 0 and the particles 
choose to move approximately in the frame of reference in which there is 
no field, whatever that frame may be. 

We should like to point out, however, that this is only true in the 
case of large scale and is not likely to occur in many laboratory fluids. 
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This is one element which 
laboratory models. 


models from many 


Wb shall now Investigate the motion alone the line. 


m 


dv 

II 

“ar" 


- 1/2 


muui 


{S-C(B.v)B]} 


(4.7) 


- 

moment of the particle Is a constant mris dSinId iJ* t**“ “T 
the perpendicular velocity component ^ ^ ^ 


m(U| 


1 

^B~ 


= constant 


(4.8) 




ds 


® constant 


(4.9) 

Both these are adiabatic invariants and follow from the general expression 
^ P dq s constant 


We ultimately are interested in the bulk motion of the fluid. We shall 
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therefore, derive the LLouville equation for a time independent but 
spatially dependent field* We must first define the foUov^ing quantities: 

6 is the angle of the trajectory relative to the field, 

the so-called pitch angle 

if is the number density of particles with pitch angle 6 

= uj sin 0 perpendicular component of velocity 

u)„ « u) cos 0 parallel component of velocity 
If we now use (4.8) we have 


sin^ 0 
- 


2 

sin 0, 


tb: 


P s constant 


(4.10) 


which shows the condition for the reflection or mirroring of a particle 
from regions of strong field. The particle is restricted to those regions 
2 

where the sin 0 is less than or equal to unity. 

The Liouville equation is the quantitative expression cf the fact 
that the lagranglan time derivative of the particle density in phase space 
is zero. By considering the number of particles between 0 and 6+ d 0 
at two points s+ ds and t + dt, we arrive at the following expression for 
the density of the particles: 


0 





(II cos 0 + 


3* 

•5^ 


(11 sin 6 dB 
~2B— W 


- lu cos 0 ^ 

It is sometimes convenient to use the quantity 9 defined 


(4.11) 


tft =. 


^_ nui^er of particles 


Sin'S* cm" solid angle 
This gives an equation of the following form 


n - 3q) j. acp __a j. Sep (11 sin 0 dB 


(4.12) 
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By considering the characteristic solution of only the first two 
this equation as a partial solution, we get 


terms of 


ds 

g|- = (I) cos 0 


(4.13) 


We see that any variation in density in the direction of the tube propagates 
^ong the tube with the component of the particle velocity along the^ 

«te“SSiof ® 


and 


sin 0 _ ^ ^ 

—— - constant 


cp(-5^) 


(4.14) 


(4.15) 


pe first condition has already been encountered, the second one tells us 
ttot an isotropic distribution (no dependence of q) on 0 ) will remain an in 
^ regi^ th^ are accessible to the particles oJ tl^ dislS^rSi the 
density is uniform along the line of force, ’ ^ 

U the particle velocity distribution is anisotropic i e if » 

small pitch angles means higher particle densities where B is larze- a 
B 


5. THE BOLTZMANN EQUATION FOR COLUSIONLESS PLASMA 


As part of our development of the opposite extreme of the fluid an- 
^ 0 ^ 1^ us consider the collisionless Boltamann equation, i. e,, 

f define a distribution function in phase space which is 

velocity, .d m»c: , TtoTiSo 

function wOl characterize our system. It represents the number of 
“ differential volume element in phase space at the 
specifted values in the argument of the distribution function. 

equality°''**^^°° particles along a trajectory implies the following 
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df . af + ‘^i 

3F ■'Sr ^ dt~ ^ IT 



(5.1) 


where d/dt is taken along the trajectory. We can write Eq. (5.1) in terms 
of the velocity and force: 


W 


+ u. 




(5.2) 


We express the force in terms of the forces on the particle, 


F. 

1 


qE 


. + e. 

1 13k 



(5.3) 


We shall now define a number of integrals, representing successive 
moments of the distribution function in velocity space. The zero moment 
is a scalar and represents the number density 


N = /dV 


(6.4) 


The first moment is a vector and represents the momentum of the fluid. 


Nv. = 



(5.5) 


where v. is the velocity of organized motion of the fluid. The second 
moment^s a tensor and represents the pressure, 


Py = m d u (u. - Vj) - v^) f 


(5. 6) 
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The third moment is a tensor of third rank which represents the heat 
conductivity, 


‘^ijk = J* ( u. - Vj) <u. - Vj) (uj^ - Vj^) f 

(5.7) 


We should like to remark that the pressure tensor and the heat 
conductivity tensor are moments of the random velocily relative to the 
velocity of organized motion, in contrast to the moments of lower order. 

Wfe shall begin by taking the zero moment of (5.2); we multiply <6.2) 
by unity and integrate over all permissible random velocities. This 
zeroth moment gives conservation of mass 


aN 

JT 


+ 


a 

"SET 


(Nvj) = 0 


(5.8) 


The first moment is obtained by multiplying the equation by u^ and by 
integrating over all possible values of the random velocity. 



d 11 UjfUj + 


.3- E. J* d^u u. 
m j J “ “i 


af 

is: 


me 


e B 
jkl I 


/ d\uj^u. 


I ” 

‘iisr 

J 


(5,9) 


The quantity is known as the levl-Civlta density, defined to be zero 

if any two of the Indices ijk are equal, and either +1 or -1 otherwise 
according as ijk is an even or odd permutation of 123. ’ 

The integral which comprises the second term contains the pressure 
tensor, and it can be removed by the following relation: 
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u.u. = (u. - V.) (u. - V.) + u.v + U.Vj 

i3 1 13 3 ^3 3^ 


Vj 


Part of the third term vanishes because the distribution function vanishes 
at infinity faster *><«" order of l/u“. Physically this corresponds to the 
ffnnHitinn that the particles can have no momentum in the limits of 
infinitt, velocity. The only part that survives as a result of integration by 
parts is a number density. The integrand of the fourth term can be 
written 


Vi 




= U, 




(V> - V’ 


We see that by arguments similar to the above only the term sur¬ 
vives to give the momentum transfer as we defined it above. Combinii^ 
these results 


j 



_a_ 

me 




.. 10 ) 


This equation can be simplified by using conservation of mass, 


mN 




The application of the above arguments to the second moment (a tensor 
v^Vj) extracts the following equation from the original Boltzmann equation; 




+ V,. 






Sx 


ML- 


0 

ij dxi- 


ph-S: 
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(5.11) 


somewhat complicated at first sight, but is. In 
fMt, mther staple so far as its physical effects are concerned. The 
~nr«f JT“ right-hand side which contains the pressure tensor 

to? Se Since it has the gradient of the velocity 

iLr y contain the pressure tensor repre- 

^ results from the magnetic 

In +h 4 = a pressure tensor. The presence of the magnetic field 

ovnW **“^**^*5^ shows us that the pressure anisotropy rotates with the 

presence of such a field. The above equation 
^ ^ pressure tensor is due to a Itoear 

effects: changes of the heat tensor compre?- 

’■“‘stions to L field. We 
a T « compression in one direction only. The only 

nonzero derivative of the velocity Is, say. Sv^d^ . WeignLeheat 

tolen ? compression, we obtain a Itoear relationship be¬ 

tween the density and pressure. 


(ip 


= - p. 


yy Sx 


Since 


Sp 

■ST 


X 

^x 


we have 




and a p 


yy Pliysically the pressure in- 
creases in this direction because the particles are onto beine concen- 
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dp 

sr- 


■3p. 


XX 


^x 


(5.13) 


SO that 


dp. 


XX 


p 


XX 


3 


P 


whose solution gives a cubic dependence of pressure upon density 


"^xx 


(5.14) 


This relation is the familiar one-dimensional adiabatic law. The rapid 
increase of pressure results from the fact that the thermal velocity in the 
X direction increases proportionally to the density. Simple consideration 
of a particle bouncing elastically between two walls will show that the 
product of its velocity times the separation of the walls is a constant. 

This accounts for the additional two powers in the density dependence for 
the pressure in the direction of compression. 

On the other hand, suppose we have a system in which there are 
only shears, with only ^vV^x nonzero. Then 



We shall suppose initially the only nonvanishing component of p^ is 


P 


XX 




0 


Then the equation for the pressure reduces to the following: 



E. N. Parker 


K is seen therefore that the shear leads to oEt-diagonal terms in the 

STco^S^’jf ae aEf-dla«onai terms Implies a 

VISCOUS medi^ jf there are any collisions whatsoever. 

a one-p<^Tv^n*» consider effects on the pressure tensor resulting from 

tions result^ in the z direction. The following equa^ 


dp 

XX 


2 p 0 


dp 


yy 


P ) n 


dp 

n 


(5.16) 


where 


n - ^ B 




6. DYNAMICS OF AN IONIZED GAS 


ionizereM’*‘‘^TW„“jf ^ dynamical properties of an 

^nized gas. The analysis which is to foUow has been ^bished in g “ater 

of particles mo^^ i^a Mac^oeMeT ^ density from a field 

ate the- drift Tn^tions from the pvm + magnetic field. We shall sepa]> 

begin with these latter circ^LlL^ns “!S°sh^ t? ^ ^ 

following parameters: “otWM. We shall then designate the 


N the number of guiding centers per unit volume 
fi the cyclotron frequency (spatially dependent) 
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to the velocity <rf the circ ulat i t ig particles 

D the radius of gyration of the particles (D '^<scale L of 
the field) 

D= tt)/n 

Consider the net flow of particles across the interval (y, y + 6y ). 
We displace the centers of two circles (or orbits) with radii equal to the 
x'adius of gyration computed at the guiding centers a distance 6y apart. 
We should like to compute the current flowing through 4y due to the 
presence of guiding centers in the overlapping area (a differential incre¬ 
ment). An ion moving about a guiding center located in this area will 
contribute an average current of i e Cl/2 tt , depending upon which one of 
'the two parts of disjointed region it lies. 



Fig. 6.1 


By computing the differential area in Fig. 6.1, one can integrate 
over 0 and arrive at the current across 6y orimtedwilhone side along the 
y axis. This procedure canthenbe extended in the z direction (perpendicu¬ 
lar to the plane of the page) where the magnetic field has a radius of 
curvature of L. If we let 6z (x, y) represent the separation (measured 
al o ng the magnetic field) of two neighboring surfaces orthogonal to the 
TY<agtipti«. field, then it can be shown that the current density perpendicular 
to the field is 


T a c ^ 

Jx -TT 


Nmoi, 6z 


) 


( 


2B 


( 6 . 1 ) 
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( 6 . 2 ) 


We define the pressure resulting from motions perpendicular to the field 
as 


p^ =1/2 Nm (“i ‘“x 


i. e,, the sum of electron and ion energies of circular motion. 
By using the identity 


(6.3) 


I B X [(B*V)B] I 



we can combine the component currents into the following vector equation; 


2 


" ® (B • V )B } 


B"/4n 


(6.4) 


This is the current arising from the circular motions of the particles 
around the field. 

We now consider the drift velocity perpendicular to the magnetic 

field 


^ 2 ^ 2 


muj. 

+ - Z - BX{(b .v)b} 

qB^ 


( 6 . 8 ) 


To obtain the current we must multiply by the number of paxticlos and 
their charge. Since electrical neutrality dictates'equal numbers of positivas 
and negative particles, the first term, which is the electric drift, will 
give no contribution, as it is proportional to the charge of the particle. 

Both ions and electrons drift in the same direction. This is why a 
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coUisionless plasma has no conductivity perpendicular to the field, i. e., 
because in the presence of an electric field there is no net transport of 
charge, only a transfer of the net bulk of the plasma. The second term 
wiU be seen to be proportional to the perpendicular pressure when it is 
summed over all particles. Similarly, in the third term, the sum of ite 
parallel velocities leads to the expression for the parallel pressure. The 
contribution of these terms is sometimes called the "pressure current." 
The perpendicular pressure has two components(x and y) with equal meanr 
square values and can be written in the foUowii^ forms 


Pj^ = = 1/2 Nm + »l/) = 

( 6 . 6 ) 


and 


P„ = Nmu)„ 


(6.7) 


We can combine these quantities into a vector equation for the drift 
current, 


Nqu 





(B • V) B 


( 6 . 8 ) 


This is the current perpendicular to the field due to the drift of the 
particles. We now look at the current parallel to the field. If the 
particle motions are isotropic we found a uniform density distribution 
along the It is conceivable that an electric field can exist along the 

direction of the ma^etic field. This will be true If the magnetic field 
separates and converges agadn such that two mirror points are created 
for the orbiting particles. In this case we may in some cases have 
charge separation and electric fields. The question is, "Are they impor¬ 
tant?" By looking at the force on these particles, we recall that the force 
exerted on the particles due to the force of the mirror was the ratio of 
the energy of circular motion to the characteristic scale of the field, 



(6.9) 
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The electric field produced by this force Is the following; 


^BqlT 


Be 




( 6 . 10 ) 

pared.'^Wel^h J?. so that the fields esu be com- 

•oi,. 

M^rc^ wMch can be maintained at a significant level only when the 

amag^ttc fleStatte contribution to the current We consider 

time^^SeX to V 1 ^^^ ^ varying function of 

^ E^say al^ the y dire«^on)'!'®it?^s s^ly v^^nTin 

motionfortte^rticle are: P^“®“‘*™wes. The equations of 


d^x 




dt^ 


E - ^ 
dt 


( 6 . 11 ) 


( 6 . 12 ) 


We divide the second equation by Q and differentiate it with 
respect to time, using the first equation to eliminate d^dt, 


d 

~3i 




dt 


dt 


(6.13) 
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We are interested in a slowly varying field such that the principal 
motions of the particles axe circular. Then, taking a time average, the 
left-hand side will vanish. It follows that the mean value of the motion in 
the y direction due to an increase in the electric field or a decrease in the 
magnetic field is a migration in the y direction. The positive charges 
move in one direction whereas the negative ones move in the opposite. We 
designate this velocity as the polarization drift for this reason. 

The energy that the particles receive as they move in the y direction 
is precisely the kinetic energy of the electric drift cCEXB/B^]in the x 
direction, i. e., the electric drift kinetic energy comes from the polari¬ 
zation drift. 

The net-polarization current can be written 


J = 
P 


Nmc^ 

"TT" 


B X 


dUd 

-3r 


(6.14) 


This represents the final contribution to the current. In sunaming 
up all contributions we find that a few currents cancel one another. The 
complete current is the following: 


= e B X 


V 


Pi 


P|| ^ Pj 

(B^/Bn) 


X 



B + Nm 



(6.15) 


The contributions to the current that results from the drift of the 
guiding centers as a result of the variation of the magnetic field density 
in a direction perpendicular to the field exactly cancel the contributions 
to the current as a result of variations of the cyclotron frequency with 
position. 

We shall now use Maxwell^s equations to obtain an expression for the 
field. The electric field perpendicular to the magnetic field can be found 
by means of the Maxwell equation, 

5E 

^ - = c(V XB)j^ - 


(6.16) 
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Note the following vector identity: 


(vx B) XB , 


(B • V ) B - V (2_) 
2 


Substitution for^ current deuslty iato (6.16) yields the following differ- 
equation toye assumed that the electric field along thetoection 

of the magnetic field Is negligible); uixocuon 


SE 

"sr -' 


2(B^/8tt) 


•Nm ^ .v(p^+ 


B^/4tt 


(6.18) 


eapression contains quantities of the order of 
cB/L, wher^ we have shown that the variation in the electric field is 

). compared to this ratio. Thus the right-hand side of 
^ eq^tion consists of a difference of quantities of order cB/L, aU of 
ch are very close to one another such that in combination they produce 

“““c^'^stic velocities 
^ crf motion from 




= -V, (p, + 


[<5 -V )B]j^ 


B^/4tt 


(6.19) 




Ud = c 


E X g 


( 6 . 20 ) 
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If we assume that 

E • B = 0 


then we obtain 


E 



B 

c 


( 6 . 21 ) 


( 6 . 22 ) 


By using the second Maxwell equation 


dB 

■ST" 


-cV X E 


(6. 23) 


we finally obtain 

^ = V X (u^ X B) 


(6.24) 


This is the equation which relates the field to the drift velocity. 

If we neglect the anisotropy " Pjj > ® satisfy 

the same equations as in a perfectly conducting fluid, i. e., the limits of 
many collisions and of no collisions have led to the same results in the 
limit of small D/L. 

Now consider the term in the equation of motion involving the 
anisotropy. The factor [(B -V )B] /4 tt represents the forces exerted by 
2 

the tension B / 4 n along the lines of force. The existence of anisotropy 

2 

^j. ^ **11 ^ ***® by 1+ - p ) 4 n /B , Note then that 

if should exceed p^^ by as much as 


>B^/4Tr 


(6.25) 


which may be very little in the presence of a weak magnetic field, the 
effective tension changes sign and becomes a compression. The resulting 
buckling in the lines of force is known as the ’’hose instability, ” ^Vhen 
this instability sets in, there is an Increase in the magnetic-field energy 
at the esqpense of the anisotropy, and isotropy tends to be preserved by the 
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hose instabmty, preventing from exceeding p^^ by more than 

There is aOso an instability which occurs when n ^ n . known as 

as the teiSei^dF^ma iastability may be described 

y piasma with p^> to congregate in the regions of 

plasma density In reelons of we^^S liouviUe equation. The increased 

field, further weakeninir the Inflate the regions of weak 

regions™ from the 

tobMlom u tto apon., i « ”»11 »««1« pel- 


dUd 

ir 


- P, 


(vx B) X B 
?Tf 


from the IdouvlTZSl 5l demonstrated earlier 

and the magneticlineo nf f Diagnetic field foUo^rs from Eq. (6. 24), 

the fluid velocity u just connected and move with 

«■»•» 


the granulation of the sun 


■“•m as tlie phenomaioii 

^ s«.«.se - a. - 

«ths ,sa.«I.tt» b. .... am..2* ^ 

paierl^Balin,iMa.to«„.Ul,2 am m a recent 

crude heat engine running in the temnerat “^‘^^“tive motions represent a 
aon field in the sohuSrior the general radla- 

mofions suppty the energy for the extensi^rf ^ **‘® granule 

ward into interplanetary space 01 ^^^^ atmosphere ouf^ 

«T space, the interplanetary magnetic field, and 
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energy for what has been called the quiet-day '*solar corpuscular radia¬ 
tion. ” It is not possible to write a quantitative theory of these effects 
but the basic idea is that the granule motions generate acoustical, 
hydromagnetic, and internal-gravity wave motions, which propagate up¬ 
ward through the solar atmosphere. The dissipation of these wave mo¬ 
tions leads to the high temperature of the solar corona. The 10® 
temperature of the solar corona leads to supersonic expansion at several 
hundred kilometers per second, so that interplanetary space is filled with 
outward moving coronal gas. This solar wind (or solar corpuscular 
radiation, if one insists on a microscopic view) carries with it the weak 
magnetic fields enmeshed in the solar corona and forms the interplanetary 
medium and fields, blowing outward from the sun at 200 to 500 km/sec. 

To describe this sequence of dynamic processes leading to the solar 
wind, one begins with the convection beneath the fdiotosphere. 

Convection is, in general, a very difficult problem except in the 
most idealized forms. For the purposes of illustration, we shall assume 
the following simplifications: 

1. The fluid is incompressible 


V • V = 0 


(7.1) 


2, The temperature gradient is a constant. 

3. The viscosity and thermal conductivity are constant. 

We shall, then, apply a perturbation approach where the temperature and 
density change very little from their average values. This then gives us 
the following equations to work with: 


T = Tq + 

Pi = “Po“Ti 


ar _ 

■Si ■ 


-e < 0 


(7.2) 

(7.3) 


wliere is the codEficlent of thermal expansion, taken to be constant. 
The momentum equation for the fluid is written in the form 
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^ 7r'^^P“Pg+Pvv2^ 


(7.4) 

The momentum equation for the average values is the foUowlng: 


VPo + P^g > 0 


tSlSrin'SffTd.'*^ for the per- 


dv 

w 


- V Pj + 


+ p^v V ^ 


(7.6) 

Sy ^ consider 

Xcomponent differentiate the 

Using (7. 1 ) to ei^X^ the y component with respect to y, and add. 


bv_ 


Bv 


gives us 


- V V 2) 


■ST 


po 


where 



(7.6) 


Operating on the z component of ( 7 . 5 ) with V 
and adding serves to eliminate p^, giving ^ ’ 


on (7.6) with 


9/ &z. 
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<4- “ = ®g 


C7.7) 


2 

Operating on this equation with [(8 / Bt) - x V ] and using the conductive- 
heat-transfer equation 


2 

__i - V e = xV^T 

at * 


( 7 . 8 ) 


we obtain 


(4- - XV(4- - W^>V \ - a8gV^y\ = 0 


(7.9) 


This equation may be used to treat either the onset of convection or the 
stationary state. 

We shall now investigate the conditions for marginal instability by 
looking at time independent solutions. In which case the equation reduces 
to the following: 


V 




V V = 0 
xy z 


(7.10) 


Consider conditions in the layer of fluid bounded by 


z = 0 and z 


Since our system is homogeneous in the x and y directions, we can assume 
th a t the X and y part of our solution is sinusoidal, v^ then satisfies the 
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follo'wiag equation 


V 

xy 


2 


+ 



* 0 


(7. U) 


where Q is a dimensionless 
following sixth-order equation: 


constant. 


Tlie equation then reduces to the 


V 



+ 



V 

2 


« 0 


veloc^ tob^ae's^hM boTOKtaxy in which cane the 


(;::> 




and thus 


dv 

-0 


(7.13) 


a a av- 

^ "sr “ ly -^ = 0 

Then since 


3v 

15“ 


+ 




we obtain 



= 0 


(7.14) 


(7. 16) 
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We represent the individual convective modes as follows: 
= V sin (-^^ ) sink^xsinlyr 


The differential equation will accept this solution provided that 




(7.17) 


If we define the Rayleigh number as 


. apgl 


we then obtain the following equation: 




This equation can be derived in the following manner; 


V ®v = (k ^ + k 
xy z X y z 




2 2 2 

The value of occurs for 2 = n jjj yielding 
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Ji 


27 4 4 

“" 5 “ n TT 


(7.21) 


so a stattonary state (marginal stabiUty) occurs in the lowest mode 
u = 1 for 


— c 



(7.22) 


that the critical Bayleigh numher increases as the fourth 
*1. betas then sixteen times larger for the second mode than for 
^ “^st. Laboratory ejqierlinents by Malkus®ewith fixed upper a^ lower 
^u^ies exhibit the vigorous onset of successively higher modes at 
^ut the expected minimum critical Rayleigh numbers for each mode. 

For discussion of fixed boundaries, as weU as of cells with triangular and 
hexagonal boundaries the reader is referred to the general work by 
Chandraseldiar, ^ 

T conditions in the sun, and see if Jia is near the 

critical value. If one calculates the Rayleigh number for cwditions in the 

^ So that no matter how 

ei-iHo J '^^ber was obtained it is seven magnitudes greater than the 

number, ibis ensuring a state of convective motion in the 
SSSTr H M “^Ptaing this value one should be careful of the value of 
ifif 5) because the main mode of heat 

lisIoiJmetoo<L processes rather than by kinetic col- 

A more quantitative model of the sun’s convection would reaulre 
refinements in the foUowing directions: ^ 

number^ scowection motions are rapid with a large Reynolds' 
number, so that the nonlinear terms cannot be neglected, 

one evei ^“°“P«sstallity is certainly not a realistic 

tion ^ tto Mach number is small because of the enormous varia^ 

ti^n of the ambient density from the bottom to the top of each convective 


S SJ temper^ure variations across a granule are large so that 

p, V, , and oc vary significantly. * 

mav leS tn v viscosity from the eiqiected turbulence 

may lead to Rayleigh numbers as low as a 100. 
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(e) A mflgnftHp. field of 1 gauss is observed iu the photosphere and, 
in view of the high magnetic Reynolds number, it cannot he ignored. 


8 . ACOUSTICAL TRANSPORT OF CORONAL ENERGY 


Now consider the acoustical radiation from the convective motions 
represented by the granules. In terms of a general stress tensor the 
hydrodynamic equation may be written 


a „ - 

■ar ^■^i “" ax. 




where 


S.. 

13 


PVj 


B.B. 

- > J 

4Tr 


( 8 . 1 ) 


( 8 . 2 ) 


The tensor Sj^^ may Include as many stresses as we care to write down, 
viscosity and gravity. If now we differentiate the equation of 
continuity 


3p 

St 




(8.3) 


with respect to time and use the momentum equation to eliminate 
d/3t (.pv), we obtain 




—— V*!! - + 




(p - a^p) 


(8.4) 
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I^«ssure fluctuaiions are adiabatic, then the last 
tern on t]te r^t-hand side vanishes. If it is assumed that the fluid mo- 
bons Me of sufficiently low Mach number, then the convection of 

“ “«>=«»*•!» Irft-laid 


a^p 2 




sq^ 


To the same degree of approximation it foUows that the subsonic flow v 

%7^^ol by^the sUght emission of acoustical waves so thlt 

* velocity Thus taMm 

to ellininate“*(pvj)°° continuity equation 



( 8 . 8 ) 


The inhomogeneous wave equation may be simplified to 



(8.7) 


y enient to write the inhomogeaeous wave equation 

n te:^s of the velocity potential $ for the acoustical velocity field u. 
Then u = - V § 
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=-+pv: 


■5F 


It follows that 


( 8 . 8 ) 


2 


1 ^ 
p dt 


(8.9) 


so that the inhomogeneous term can be computed from the linearized^ 

equations of motion if desired. Equation (8.5) was given by Lighthill 

7 8 

and by Kulsrud. Equation (8.6) was given by Parker. Kulsrud has 

pointed out that one must be careful in applying (8.5), or its equivalent, 

because the neglected terms may make a large contribution In the integrar- 

tion over retarded time. 

It is interesting to work out the acoustical emission from a pulsating 
sphere, whose radius is given by 


b [1 - ( 


Pn 1 

cos UJt J 

puu^ 


and an oscillating sphere of fixed radius b whose center occupies the 
position x = 0, y = 0, z = - (2p^/pu)^b)cos urt* We suppose that 

(p^/ pui}^)« 1 and obtain from either (8.7) or from (8.9) 




P b 
pBHT 


sin (A)V 


and 




P b 
ZO 
pRuu 


— cos 0 cos UJt * 
a 


( 8 . 10 ) 


( 8 . 11 ) 


respectively, at a large radial distance R, where t* = t - B/sl, The total 
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!».» r^lUted 1. (2 n p^V/P.) .„i (2 pp„V/«.) (,v.) V 

UOM "“i” »l*epl««l Bessel toe- 

undary value methods (see, for instance, "Vibration and 

results rf the inhomogeneous wave equations can be 
^ oscillating sphere (a pressure 

dipole) is smaller tlm from the pulsating sphere (a pressure monopole) 

^ of tbe oscillating 

dependence. The inte^ 

The radiation from the pressure monopole 
P ® Pq ®3q) ( - t*/T^) e:q) (-r^/b^) 


( 8 . 12 ) 




2pQa^TR 


The total energy radiated is 


/ -t*2 

exp (— 2 —) 


(8.13) 



6,. 6 


Pft b 


t~T 


pa T 


(8.14) 

’’“'^““““‘IssXXlitertsrsiise, tots 
'"“^'PoV>-<'«»l>r..smstl«d,(top«lssttospl»rs. In 

SsZS!X«2Srw"T«“" «»»• 

tt IS .» ns p 

0/2) P V 1 . tostorsn so»tolv. motions .. to. .itt.. otomtorlmic 
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scale \ we bave <i = ,^/v and the radiated power is 



(8.X5) 

where a is a constant of the order of unity. The value of a suggested 
by the Gaussian pressure fluctuation is of the order of 10. Extensive 

calculations by Proudman^^ suggest that u may lie in the range from 
13 to 38. Kulsrud suggested that in the presence of a turbulent magnetic 

field, a may be as large as 10 , but unfortunately this increase is the 
direct result of working from (8.6) and treating the Reynolds and Maxwell 
stresses as independent so that, upon squaring and adding the resulting 
amplitudes, an increase was inevitable. The question remains open, 
then, as to whether a turbulent magnetic field will increase or decrease 
the net pressure fluctuations, on which the acoustical radiation depends. 

— 7 3 

With typical photospheric values of p = 3 X lo gm/cm aud 

= 2 km/sec for the granules, the conservative value of 

7.2 

a = 10 gives a total acoustical power of P-t *5X10 ergs/cm sec 
from the granule layer. The total energy requirement of the solar 

chromsphere and corona was estimated by Osterbrock^^ to be about 

2 X 10*^ ergs/cm^. We have more to say on the production and propaga¬ 
tion of acoustical waves in the sequel. 


9. ACOUSTICAL AND INTERNALr-GRAVITY WAVES 
IN THE SOLAR ATMOSPHERE 


Consider the problem of the propagation of plane parallel hydrody¬ 
namic waves of small amplitude in an idealized isothermal atmosphere in 
the presence of a gravitational acceleration g. Orienting the coordinate 
system so that g is in the negative z direction and the wave vector k lies 
in the yz plane, the linearized hydrodynamic equations may be written 


ap 


+ 


■3i“ ^ ”0 



+ 


~5z- 


) = 


0 


Sv 


^ - 0 


( 9 . 1 ) 


(9.2) 
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^0 3r- ^ + pjg = 0 


(9.3) 



( 9 . 4 ) 


for the adlahatlc perturbation 


phere density pQ and pressure 

% 

-ar “ - Pfl* 


V Pi» Pj ittthe unperturbed atmos- 


Pq . The hydrostatic equation 


(9.5) 


leads to 


Po(z) 


pjz) 


®^-ir 


(9.6) 


ngrams. If we assume that the variation of v. v , andof 


4a ^ 


(9.r) 


W1.„ , 2^ 

The substitution IK = it + n/am h«« ^'Pc'^O J- 

j ... 2 z has been made to give real ui The 

»pm«a. c «» ..... 

' Pfl * *• e., as ejip (z/2H), as one would 
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expect from energy considerations. Solving for m for a given k and 

k \ yields 
z 

= l/2|a^ ± [ {a^ (k^^ ^.^2 j + ^,^2 j 


2u.,W]1/2 


(9. 8) 


where 


<«. = 0!^ (Uj, = (Y-l)^^^(f)( -^) 

= k ^ + k ^ 

X z 


(9.9) 

Consider the family of waves resulting when the plus sign is taken. 

For large wave number the dispersion relation reduces to uu^ = a^k^, 
which is the ordinary acoustical wave. The minimum, frequency occurs in 

2 2 

the limit as k - 0, yielding cu = , showing that acoustical waves 

with a frequency below do not propagate in a stable isothermal atmos- 

I^ere. In the solar atmospheire above the photosphere u) reaches a 

a 

nuudmum iu the temperature minimum where a =>■ 7.5 km/sec. Then, 

with Y“6/8 and g = 2.7 X lO^ cm/sec the limiting an gular frequency is 
<» a “ 030/sec, corresponding to a period of about 210 sec. This low 

frequency cutoCC is of profound importance to the propagation of acoustical 
radiation from the granules upward into the solar atmosphere. The analy- 

O 

sis of the granule motions by Bahng and Schwarzschild suggests a mean 
granule life of 8.6 minutes or 616 seconds. Presumably the bulk of the 
acoustical radiation is produced near this characteristic period, which 
seems to be too long a period, by more than a factor of 2, to propagate 
through the temperature minimum. The radiation is largely reflected 
back toward the photosphere. There will undoubtedly be high frequency 
components for which cu > tt)g^,but one expects that they represent only a 

small fraction of the total acoustical power. The usual Kblmogoroff 



48 


E. N, Parker 


tobulence spectrum suggests tliat the acoustical power drops <ff as the 
3 6 power <a the period. Assumlug that such a spectrum is applicable to 
tte coavecuve motion beneath the photosphere, less than one-tenth the 
^ acoustical power output can pass the temperature minimum. This 
m n^nough to supply a major portion of the chromospheric and coronal 

Now consider the waves resulting from the negative sign. The f re- 
qnencjr ajproaches a maidmum value «i In the limit cf large k and k . 

At small wave numbers, m - 2( aJc^Y -ak. The propagation 

velocity in the horizontal direction is ( ai /k) (k^k) = a(kNow 

“ O.OS/sec near the photo^here and the temperature Tninimnm so 

^ the principal granule frequencies lie weU below this asymptotic value, 
on the linear portion of the curve. Then « for a typical wave, the 

torteon^ vdoclty is perhaps 0.5a. or about 4 km/sec. This is compar- 
^ to ito obse^ed grmule velocity. Bahng and Schwarzschild suggest 
tkat the correlation of the granule motione is not unlike a normal distribu¬ 
tion function eoq) with 4 


2 2 

thus e^ (-k^ I /4) suggesting a characteristic wave number k given by 
k^=2/4 =0. 4X 10 ^cm‘\ orawavelei^ X^=nf. =1.6X*iO®cm. 

® characteristic velocity X x/t = 3 km/ 
m close a^eement with the dispersion relation for the iCtemal 

considerations as these that Wxitakerl^ 
“I*® stable scdar photosphere are largely 
* 1 , oscillations, driven by the convertive 

persim approximation of their « and k to the dls- 

Sist ^ gravity wave suggests that much of their energy 

^534. M ««i up !»> Ite .our 

It shouH be noted that the temperature rises rapidly through the 
chromosphere and corona so that the low frequency liLt f 

propagatioa of acoustical waves decreases well below the chLacteristio 

times Thus 

nsequence of the growing relative amplitude of the waves ] p, / p Jcc p 1/2 

^ ^ hydromag- 

HTtmii yaiTO of the AlfvCn Photosphere because of the 


- 500 km. The Fourier transform is 
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hydromagnetic waves may be important m the chromosphere and corona, 
but probably only because they are generated there by internal gravity 
waves from the photosphere. 

\Wiitaker (1962)^^ has worked out coronal models based on heating 
by the dissipation of gravity waves alone. He points out that the dissipa¬ 
tion, if we ignore the possibility of the formation of shocks, etc., is due 
principally to thermal conductivity. The kinematic viscosity of ionized 
hydrogen is about one-twentieth as large as thermometric conductivity. 
Mth the numerical value 

H (T) =- 6 X 10 T ei^s/cm^/sec 

(9.10) 


for the thermal conductivity. he finds that gravity waves with the fr^ 
quencies generated in the granules will not diss4»te significantly until T 

reaches something of the order of 10® °K, whereupon they are rapidly 
dissipated by the steep temperature dependence of H . In this way tto 
model predicts, from, the observed granule motions, a temperature of the 

order of 10® °K for the solar corona. In such a model the chromosphere 
is heated principally by thermal conduction downward from the corona. 
And, of course, in any model thermal conduction downward into the 
chr^osphere appears to be the principal energy loss to the corona. 


10. THE HEATING OF THE SOLAR CORONA BY MEANS OF 
HYDROMAGNETIC WAVES 


Hydromagnetic phenomena contain generally two characteristic 
velocities—the Alfv^i velocity and the speed of sound. The AKven 
velocity represents the extent to which the magnetic field participates in 
the motions. "Hiey axe given by the following formulas 



( 10 . 1 ) 
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about 1 ^ «*served to have a large-scale magnetic field of 

solhatlbeAlf.ia 

6000°K Th™ ” of about 

-a4P.eticf^“K^“rpie?ri.^ Uieroleoflbe 

basis of this analyslTone would teS «»ermal motions. On the 

waves in Iheir ablllly to carry enentv fr 1*®**°“* ^®i bydromagnetio 

Cbere. The time It^ea a hL^ ^ ® granule in the solar photos- 

une takes a hydromagnetlo wave to cross a granule 

sec) is about 100 times greater +Ko« i« xa 
There is one possible excerrtlcm tn lifetime of the granule itself, 

spot. The field in this region Tnav ^ ^ ^ region of a sun 

bring file Alf^& velocliy to flie^Sif n** 

;^lociiy; the region on toe sSt tX® « «*e sound 

is observed toat toe corona over r« by sunspots is quite smaU, but it 
hotter. This could be attributed te f sunspot is noticeably 

We shall now tovSSfiS ^^ves. 

some 10,000 km above to^hoi^i. 2J®8tlon in toe lower corona 
compared both to the radluTrf^^^ ®’ tlimenslon 10^ km is small 
general 1-gauss m^eSfleS«*® 

The scale hei|3it for toe density in tet oh ®®“ *’® constant, 

so as one goes up even a am .11 ™ ™ Photosphere is about 100 km and 
a drastic am^TYnZ? '^® change 

The da« ^ ccmputatiou will illustrate this pol^ 

density in toe upper part of toe chromosphere is about lo'^^ gm/cm® 

reas in the base of the corona it is about 10 "^®Bin/cnn® Th 

Alfv€n velocity goes from 1 «*® 

in toe dhro 1. 7 ^ ®*® Photosphere to 10 ® am/sec 

to toe chromosphere to 10^ em/seo te «.«1 sec 

sound is also increasing but ^ ^ ^°^®' corona. The speed of 

base of toe corona wSe?e we Zi rte®® ®® *® 

a.««»»dta.bW r 

^ aeu. „„„ „ Vto bVsw. .tod 

«oe» op to,„“ ^ *« oito 

ihe decreasing number densify^^ ‘® ‘^°^®®8ing because of 
of toe magnetic energy deVito Sfthi ’flSr®*^®’ ®»P^o®chlng toe value 
Ing but not as tost as toe nu^eJ^S’ 7^® *®“P®rature is Increas- 
we reach the corona or toe upper chro^n s ^creasing. Therefore once 
toe magnetic field as far as wve « ®^® '^® ®“ “ ‘«“°*^® 

tag wave mottons must take on a *® concerned. AU propagat- 

reachlng the lower corona bydromagnetic ctoaracter upon 

n. «*««». « OPOOO,. 00 to. „rtooo 0, to. ™ to.. .«, to 
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speculations that they may be a source of heating of the corona by means 
of hydromagnetic waves. Spicules are sporadic spikes of gas which leap 
upward from near the sun^s surface and take up about a thousandth of the 
sun’s total surface area. Conservative computations place the ma ximum 

energy they could deliver to the corona at about 10 ergs/cm /sec. Since 
the corona consumes about this amount it would appear that spicule heat¬ 
ing of the solar corona is a possibility; however, the distinction between 
corona chromosphere is an artificial one which was brought about 
before the knowledge of the gas dynamics of the region had been analyzed. 
The fact that the two regions are coupled by thermal conduction which 

transfers 10*^ ergs/cm^/sec does not permit us to assume that the two 
regions are heated independently of one another. The spicules cannot 

7 2 

account for this large total energy flux of 10 ergs/cm /sec which the 
corona transfers back to Ihe chromosphere by thermal conduction. 

Of the three types of wave motion (acoustical, hydronaagnetlc, and 
internal gravity waves), the gravity waves are able to carry more energy 
than the rest in the photosphere. However, it is quite expected that as 
1h^ rise upward they are transformed alcmg with acoustical waves Into 
hydromagnetic waves. The ultimate question (see discussion by Oster- 
brock, reference 11) is then how does a hydromagnetic wave dissipate. 
The viscosity is not important so that we must look to other dissipative 
mechanisms. Thermal conductivity may account for the dissipation. 

The thermal conductivity across the magnetic field is depressed some¬ 
what by the magnetic field Itself, so that if a wave propagates perpen¬ 
dicular to Ihe magnetic field there may be dissipation; if the propagation 
acquires a component parallel to the field, then there may perhaps be 
enough dissipation to accomplish some of the heating. The characteristic 
time for dissipation is essentially the ratio of the wavelength squared to 
the thermometric conductivity. On the other hand, the Joule dissipation 
is negligible under ordinary circumstances. The electrical conductivity 

in an ionized hydrogen gas is about 10 x T esu. Joule dissipation 

has an effective diffusion coefficient c /c. Thus we have for the char¬ 
acteristic time. 


T * 



X o"® sec 


( 10 . 2 ) 


We are with dimensions of at least 1000 km so that we should have 

a tiTTift of at least 10^^ sec; thus, it is much too long (300 years). The 
conductivity is decreased by the presence of a magnetic field; however, 
tViia decrease is not a result of collisions. The part of the conductivity 
which is responsible for dissipation might be termed the inverse resistivity 
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and this Is solely a function of the number of collisions, which are 
fected by the presence of a magnetic fiaH . 


unaf- 


An electromagnetic wave propagating in a magnetic field tends to 
steepen its front. This can be inferred from the following physical 
arguments. Consider a ware or concentrated packet of magnetic enerar 
propagating to the right. In the center of the packet the field density is 
greatest while It drops off on both sides of the ware. Since the sum of the 
gas pressiffe and the maguetic pressure is constant, the gas pressure 
md hence the gas densily. in the packet suffers au Inrerse effect- i. e, it 
decreases where the magnetic field is strongest. We see that the rffec - 

tire Alfr^n velocity B/ (4 n ^ strongest. 

t J*® ^ The rising part of the wave tends to orer^ 

take the weaker parts ahead. This effect leads to the growth of a shock 

eS;nf V®" second-order consld- 


A£ > 
“B" ~ 




£ 


2 


477 


< 10 . 3 ) 


The motion of the wave is obtained by consideration 
laws. The energy in a tube of flow of cross section 


of two conservation 
A is conserved. 


1/2 pv^CA = constant 

and the magnetic flux through a tube of flow is conserved, 
BA = constant 

Thus a rstio of these two (quantities gives 

V OC 


(10.4) 


(10.5) 


( 10 . 6 ) 


The magnetic amplitude of the 


wave can be examined by arguments from 
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Simple harmonic motion. The maximum variation of the mastic field 
intensity represents variations in the potential energy of the system which 
must be equal to the kinetic energy, thus 


1 

1 


2 

pv oc 


(6B)^ 

8tt 


(10.7) 


and thus 


( 10 . 8 ) 


Thus the magaetic amplitude c£ a wave decreases significantly as the wave 
propagates outward throu^ the base of the corona. Thus, the waves can¬ 
not propagate from the region below the corona and have large amplitude 
in the corona. It foUows that if hydromagnetie heating of the solar corona 
is important, the waves must be generated in the lower corona, A con¬ 
sideration of the energy flux needed leads to the conclusion that. If enou^hydrc 
magnetic waves are generated in the corona to heat it significantly, (hen 
A B will be comparable to B and they will dissipate their energy in the 
form of shock waves. K the corona is heated by means of magnetic waves 
(which may have originated in the form of gravity waves), then one can 
arrive at the figure of a million degrees for the corona by the equivalence 
of the magnettc energy and the random thermal energy. A field of 1 gauss 
is to be taken for the coronal field. 

The temperature of the corona can, therefore, be deduced by two 
iTiHApfltiHflnt. methods. H you take the period of a granule and then ask at 
what temperature will the thermal conductivity give significant dissipa¬ 
tion for waves with comparable periods, you arrive at a temperature of a 

million degrees. Alternatively, T .< 10® °K is also the condition to build 
up a shock wave in the field of 1 gauss. Both these conditions give a 
temperature of one million degrees. Thus either or both phenomena could 

bo responsible for the observed 10 K temperature. 


11. THE STATICS OF ASTELLAE ATMOSPHERE 
AT ONE MILLION DEGREES 


We .V'.ii begin with a review of static models. In order to do this 
we must know the temperature variation in the atmosphere. For the pui>- 
pose of this analysis we shall assume a temperature dependence upon 
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density of the following form: 


o 


a-i 


(U.l) 


The cooditioii of hydrostatic equilibrium is the following: 


d 

Hr 


2NkT 


-]Sring(a) ( 

r 


( 11 . 2 ) 


to relate the pressure to the number 

The sTlutto^rfrt^^f temperature in the above assumed Eq. ai.2). 
The solution of the above equation for the pressure is, then, 


P = p„ (1 


,a/(a - 1 ) 


(H.3) 


Determine the 

star where the 
point being a. 
infinite is 


constant of integration at some reference point in the 

^I»r^e and pressure are known, the position of the 
iimiting form of the above expression as r becomes 


P=Po ^1- ^ 




ai.4) 


^ ^ ttkT < 1, then we have 

the other hand, we have 


a finite pressure at infinity. 


If, on 



(11. 5) 


t<® of thetoOT^^ represents the 

one can solve In this case 

atmosidiere Tha iflT.(roo 4 . i ^ ^ corresponding to the top of the 
a V8 .bid. 1. «» Of 

ystem consisting of a monatomic gas. The left-hand 
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side of the above inequality represents the ratio of the gravitational poten¬ 
tial energy to the random thermal energy. Therefore, if the atmosphere 
is too hot, then the quotient is small and the atmosphere will extend to 
infinity. On the other hand, if the temperature is low the atmosphere 
will be finite. 

We shall now malce some estimates for the sun. To be as conserva¬ 
tive as possible take a equal to 5/3, the largest possible value. If we 
put in values for the base of the corona, we find that conditions are well 
satisfied for the atmosphere being limited to a finite extent. However, it 
is obvious that the lower corona is not an adiabatic, but rather more 
nearly an isothermal system. Computing ( a -1) mga/ ol kT at larger 
distances from the sun, always with the conservative assumption that 
a = 5/3 immediately beyond the point of computation, leads to decreasing 
values which reach 1.0 at the limits of observation (see reference 14 for 
estimates of T) at 22RO. Since, in fact, we expect from the high thermal 
conductivity that a is more nearly equal to 1.1 or 1.2 than to 5/3 (see 
later discussion), (a-1) mga/ akT evidently falls well below 1.0. We 
conclude fba-t. the solar corona is too hot to he static. 

We shall now discuss a static model due to Chapman, who was the 
first to suggest that the corona extends far out into space, at least as far 
as Earth. Though the accuracy of this model can be questioned, it serves 
the useful purpose of pointing out that the corona can be quite extensive 
because of thermal conductivity. Chapman assumed that after a few solar 
radii one may neglect energy loss to the corona by radiation. The tem¬ 
perature of the corona is then determined solely by the heat flow equation 
in the steady state 


V. (KVT) = 0 


( 11 . 6 ) 


where 


Koc T 


5/2 


For the simple case of spherical symmetry, we have 


1 


r 


d 

TF 





0 


(11.7) 


Since the thermal conductivity is independent of the density, we are able to 
solve the above equation Independently of the barometric law. The solution 
is the following: 
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T oc — ^ _ 

^ 2/7 

r 

Assuming a temperature of two million degrees for the corona, the 
temperature at the earth's orbit (200 solar radii) is 400,000 degrees. 

This result is an Indication of how far out the sun's corona extends. We 
will now integrate the barometric equation. We will do this quite gener¬ 
ally by assuming the following spatial dependence for the temperature. 

T = T (5: )® 
o r 

( 11 . 8 ) 


The above equation is applicable to the CShapman model if we assign the 
value of 2/7 to s, 


^ » 2Kr + 2Nk -g- . 

(11.9) 

frc^ which we find the following barometric formula: 

ai. 10) 


Comparing the pressure at Infinity to that at the base of the corona 
we find a ratio of 1/10,000 which is much too large a ratio to be con- 
sistant with observation. The estimated pressure at the base of the 


corona is about 1 dyne/cm^ whereas that for interstellar space at r = 

—12 2 * 

Is ^out < 10 dyne/cnn . The Interstellar medium could not possibly 

^ enou^ to contain the enormous outward pressure p(*) 

^ corona. One sees that the main criticism of this 

™ 1.11 permit Ihe temperature to drop off sufficiently 

model brings out '&e Important point Ibat thermal conduc- 
^ Responsible for extending die solar corona out far into space. 

U one attempts to solve for the density, it diverges with the radius; in 

*■ ’ l*^ated densily, at a distance of 100 an 
s solar masses, l^erefore, one has to postulate an inwajrd 
which contains ihe atmosphere and does not allow the pressure 

is is ^ realistic one. and. therefore, we 

Bhall imdertake the study of a dynamic, rather flian static, atmosifliere. 
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12. HYDRODYNAMIC EXPANSION OF THE SOLAR CORONA 


Consider the hydro<fynianics of steady radial gas flow in an idealized 

corona with spherical symmetry about the sun. Conservation of mass 
requires that flie number density N(r) be related to the flow velocity v(r) 
by the equation 


N(r)v{r)r^ = 


( 12 . 1 ) 


where N and V refer to the values at the reference level r - a. We 
shall choose a to lie in the lower corona. The momentum equation is 


Nm V 


^ ^ (2Nkr) 


dr 


GMq mN 
r 


( 12 . 2 ) 


where m is the mass of a hydrogen atom. The hydrostatic 

the ionized coronal gas is 2Nkr. Instead of an energy equation we employ 

.a-1 


where a-1 is a 


the artifice of the polytrope relation T = T^(N/N^) 
measure of the extent to which the gas cools upon expansion during its 

outward motion from the sun. Observations suggest th^ “ 

the order of 1.0 to 1.2, though this is a very rough estimate. It can be 
shown that thermal conductivity is sufficiert to mai^n ^ 

Adiabatic conditions would be represented by a = 5/3. Wife the p y 
trope law fee momentum equation can be integrated to give Bernoulli's 
law, which may be written 


2 . 2a 


V 


a-1 


V?' 


I 




(12.3) 

upon elimination of N wife fee equation of mass conservation. We have 
put § = r/a and = 1/2 Mv^/kT^ so that V represents fee gas velocity 
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in unite of tto thermal velocity at the reference level. The symbol A M 
*o*i represents the gravitational potential energy at the 

reference level in units of the thermal energy. 

Now when V* > 0, Eq. (12.3) has the two asymptotic branches 


V - V. 


(a-l)V„ 


(!».«» 




at large 5 . Whenoi.< 6/3 there is the iq>per asymptotic branch 






«t small 5 , and if a < 3/2 there is the lower branch. 


V V 2a 

0 loT-l) A" 


iXa-i) (3-2a)/(a-l) 


(}»**% 


1 L with the aid of (12.1), the branch 

infinity ThM ifLf nonvanishing density and pressure at 

ty. Thus It does not meet the boundary condition i-im*- p 0 as 

wro^ hS^ri^lL^ discussed the special case that the solar 
zaiw w temperature which causes V„ to be irimtirsLUy 

Thus with V. > Owe^ 
adlMtion ^ on the i5)per branch, given by 0-2. 4), for whick 

• 0>^a«otherhand. it is observed 
f®«3y near the sun with V 

branch (12.7> at smaa^te^SSSl^C^ corona^ Hence the lower 
braa<^ <12 7> and the imna ^ crossover between the lower 

(V . SJ. ^ “* point" 

C (J tigate the crossover, differentiate (12. 3), obtaining 
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dV 


nr 



^a;2«i--ir J 


2av 


a-i 


^a-l^aaTT 



( 12 . 8 ) 


Od the one tianH, since the expansion velocity at the reference level in 

the lower corona is smaller than o , the coefficient of dV/d 5 is 
clearly negative at 5=1. The ri^hand side of the equation is also 
negative if A 4a, giving dV/d5 positive. The velocity is mcreM^ 
outward on the lower branch at small 5 • other hand, w * 

both the coefficient of dV/d,? and the right-hand side are positive on the 
upper branch as 5 - » . The two quantities n^t bo& pMS too^h 


upper oritueuao b • -- ^ ..... -i /rr 

zero somewhere between large and small 5 • The critical point (V^ 

is the at which they pass throu^ zero simul t a ne ously; hence 


5c> 


^ a+1^ 2a-2 , aV 
c c o 


a-1 2a-3 ^ 4 av ®"^/A 

^ c O 


( 12 . 9 ) 


Thus 


V 



A 


and 


V = 
c 


[ 



1 


] 


2(a - l)/(5 - 30) 


( 12 . 10 ) 


( 12 . 11 ) 
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Ejq«ading V( 5) about (7^, J It is readily shown that (12.4) and (12.7) 

are connected by the solution which passes straight across (V , 5 ), for 

which is given by substitution of (12.10) into (12.3). The solutions 

V( g ) beginning with smaller reach a maximum, where the right-hand 

side of (12.8) vanishes, at a value of V< V , and decline at large g on 

the lower branch aa. 5). Solutions beginnli^ with larger V than for the 

crossing the critical point turn around, where the coefficient of 
/ S vanishes, at a value of 5 5 ^ and return toward 5=0. Such 

solutions are without physical significance. 

***** ejipansion follows the lower branch (12.5) at 
? • The density and pressure axe 


N - N 




“So" 


7 ' 


■“■So-/ 


Qmthe^i^m 1 ** ** V. Pressure is only a few factors at ten less 

There is no known inter- 

na I I, ®®P®^ of pushing in on the coronal gas to Tnalnfnin thin 

tw absence of an inward pressure, we should 

since, au other things being constant, Voc> , and 
hence p at infinity, increase with lncreasii« V^. Thus the acceleration 
must continue untQ reaches the value sending V( g ) through the criti¬ 
cal point (V^, g^) and the velocity proceeds to infinity along the upper 

P “ l/€ as ? 

ibe interstellar vacuinn * a branch which is in equilibrluna with 

ate to the umier hranX’f ei^ansion is expected to accelei> 

cor^^Sf^ ^ ^ ^ interstellar pressure. The 

of the flow of gas from the sun. The velocity 

distances from the sun. *^»cbes supersonic velocities at large 


by the above eiqi^ion of the corona described 

quwions IS exactly analogous to the eiqiansion of a gas 
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through a Laval nozzle into a vacuum, vnth the gravitational fieM playing 
the cf the nozzle. This is readily demonstrated by noting that the 
equations for the flow through a nozzle with cross section A(s) can be 
written 



( 12 . 12 ) 


By differentiating this expression, we have 



(12.13) 


In a nozzle, V starts with a small value and increases as the cross 

section A diminishes (dA/ds <0) into the throat, beyond which dA/ds ? 0. 
It is readily shown that, if the nozzle exhausts into a vacuum, the gas 
follows the solution across the critical point, where dA/ds = 0, 

A = A and passes from the lower branch to the vgjper branch of V(s), 
min’ 1 V j 4 - 1 , 

giving supersonic velocity in the widening portion of the nozzle beyona the 

throat. The exact analogy between the nozzle and the expansion of the 
solar corona obtains upon establishing some convenient correspondence 
g = f(s) between s and g , such that V( g) = V(8), and adjusting Ito 
right-hand side of (12.13) to be equal to the right-hand side (12. 8). Then 
to duplicate a solution V( § ) we put 




A V°'^(s) 
2cif^(s) 

(12.14) 


The Integral of this equation is obtained by solving (12.12) for A/A^, 
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A(s) _ 


_ 1 _ 


C12.15> 


It would be interesting to try to duplicate the hydrodyaamics of corooal 
eaqpansion in the lal)oratory with such a nozzle. 

Now let us collect together the conditions under which the corona 
will expand into the interstellar vacuum with supersonic velocity, with the 
gravitational field acting as a Laval nozzle. First of all we must require 
that > 0 , in order that the supersonic branch of ( 12 .3) exist. Assum¬ 
ing that is small, this is equivalent to A < 2 a /(a-i). if it shouldl 

h^apenthat A > 2 ja/(a-l), it is readily shown that the corona becomes a 
static polytropic atmosphere with a top (N “• 0 ) at some finite radial dis¬ 
tance from the sun. Second, we require that with small < a ), the 

veloci^ shall increase outward from 5 = 1 , This is equivalent to the 
rta^ent that the r^ht-hand side of ( 12 . 8 ) must be negative at g = 1 , 
givii^ the restriction A > 4tt. The requirements are, then, tha't tha 
^vitationalfield, represented by A, must be strong enough to simulate 
m throat of a nozzle, but not so strong, of course, as to close oEi the 
entirely 0 ). Thus the corona will expand supersonically if 


4a < A < 


2 a 


(12.16> 


observations of the corona 

^ co^icludes that the effective value of a is probably some- 
0«dI.J. Itai. „ft,<ai, 

Ob-rmlo^ ottt. cor»i.l lem- 

i«r corona. Certainly the observations of comet 

seomagnetlc agitation, etc., 
kecent plant". olweivallonB tl>roushout the entire solar cycle. 

25?>lorerg XandXn h^oti * Lmik space vehicles and firoxn 

wtodatte strength of the solar 

Wind at the orbit of Elarth ia 1 * 8 9 

equal nnmber cf ele^^ of protoos/cm^sec (with an 

«t a few hundred fcn/sec. ’tkb ®®“ie 10 protons/cm® 

OJJalltatlve than quantitative and mo “lore 

quanutacve and may be taken outy to demonstrate the 
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existence erf a continual solar wind of the above magnitude without giving 
precise values of the density and velocity. The difficulty has been that 
the Soviet plasma detectors required large corrections for photoelectric 
emission when looking toward the sun, and the U. S. vehicles did not get 
clear of the enormously broad transition region between the geomagnetic 
field and the interplanetary solar wind. Forthcoming space experiments 
in both countries are expected soon to give quantitative data. 

As a final comment on the steady expansion of the solar corona, let 
it be emphasized that the actual corona may consist of such irregularities 
as hot and cold filaments, perhsps retaining their identity far into space. 
There may be large-scale variations of coronal temperature around the 
sun, and there may be many small-scale irregularities appearing in the 
solar wind in interplanetary space, as the result of small anisotropies in 
the thermal motions, shears, etc. Thus the present calculations must be 
viewed as a large-scale time-averaged view of the whole. It may be 
hoped that future observations in space will fill in the many interesting 
details that have been omitted in the present gross dynamical picture. 

The energy involved in the quiet-day solar wind turns out to lie 

017 Q Q 

somewhere between 10 and 10 ergs/sec and the solar mass loss near 

lO^^gm/sec. The mass loss amounts to about 10 ^ M. in the 5 x 10 
year life of the suu, and may be regarded as negligible. The energy 
expenditure is readily accounted for by thermal conduction in a tempera¬ 
ture gradient of the order of lOK/km at the base of the corona where 

T a. 2 X 10° °K (These numbers correspond to a scale hei^t of 10 km 
and a a. 1.1.) The total energy flux from the sun across a surface of 
radius r is 

F (r) = 4Trr2 { N(r)v{r) CSkT + 2Kr + 1/2 mv^ 


- G 


-4—3 


- k(T) 



a2.i7) 


where 3kT represents the coiwection of thermal energy across the surface^ 

TO wouWewectOiat .11 tlie MOTS aieasBgttto*”*!* 

ing two expressions for F(r) we obtain 
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^0^0 ^ 1 + 


G M M 
_® 


5CTo] - 


- X (^'A 

0 l^/o 


(12.18) 


where Is the solar wind velocity of r = « , and the subscript zero 

denotes liie values at the reference level r = a. Withv« = 300 km/sec. 

a - 10 km, and = 2 x 10 °K, the three terms on the left-hand aiHa 
axe (0.8 + 2^2 - 1.4) X 10 ® = 1.6 x 10“^ erg/proton. Mth NV = 2 x 10® 
protons/cm sec at the orbit of Earth, we have N^^v^, = 4.5 x 10^^ protons/ 
cm sec, ^so that with these numbers the total left-hand side is 7 x 10® 
ergs/cm sec, representing the energy flux at the reference level. The 
^rmal conductivity at 1 x 10® °Kis about 6 x 10® ergs/cm®sec per 
Vcm, and, at 2 x 10 °K, it is about 6 times as much. Thus a thermal 
gradient of iJk per km at r = a supplies 6 x 10 ® ergs/cm®sec if 

^ ergs/cm®sec if T = 2 x 10® °K: The lower 
thfi^Ifo ^ ^ adequate for an energy supply based entirely on 

them^ c^ndtZ 


13. STELLAR WINDS AND SOLAR PHENOMENA 


work ^ steady m5>anslon of the corona. The 

aw is . proto. 2L 

"»s^beU«4d U '“‘/ses- H ™ 

ssssts '“SW »r.» a. to 

Irotn oaer staro Hie ernlta***** ** posBlbaities of etellap wlnde 

««a.s ”r “r“‘"*”> ‘ 

corona is due, evidently to the 6000 K, The solar wind from the 

aenuy, to the existence of a convective photosphere. A 
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ionization of hydrogen becomes complete so matter which 

can ionize. Convection requires that we have 

becomes ionized with increasing coUisional 

specific heat of the medium through the absorption of e 

^,L Aeur,ltli.U«ht«npet««r«U»«d»e.<*penmtlblsp.» 

RAire from ionized to un—ionized matter to occur, 4 .__- 4 .‘Ucif 

exhibit some sort of mechanical or turbulent moUom As we 77 ®®“ 
this mechanical motion then leads to acoustical, hydromagnetic, or 

is suKcested to account for these line widths. It is 

isn., cop.ld«»>.te 

coronal heating in stars with photosphenc temperatur 

10 ^°K We would e^ct, ^^teira^aSewSR^yet and 

stellar winds. The next class of star s undw s^pici ^^^elopes with 

class B emission st^rs whidx «e "^active 

rising and falling columns of gas. ms m^ iieatine suggesting 

motion must lead to vigorous atmospher c ronditions favoiv 

rrCrS:s«o^ 

«ars .10. 0.«r moWO P^loOlc p.rtu,bMte.. iger 

would also represent a group of stars for which there should 

corona, and stellar winds. ..j have no turbulence. However the 

The dwarf stars ^ tove no turbulence 

sun from a distance of 1 parsec would that there 

either, so that the observations can not be taken as mmcawng 

Z L^UoTs^rve the ^olax 

observation of comet tails ‘^hiris^ <X visible evidence 

trajectories away from the sun, and so this is the only vism 

for the existence of the solar wind.Certain gi^s 

Sarrat S,out 3500®Khave by direct observation been credited with a 

visible mass loss. In particular the work of Deutsch^^ in his observations 
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1 2 

of a Hercules and its companion star pc which passes very close to it. 

o 

A displacement of absorption lines in the violet occurs when gc passes 

behind indicating velocities of about 10 fctn/sec. From this Deutsch 

“8 

estimates a mass loss cf about 3 x 10 solar mass per year. Thus in a 

7 

3 X10 years this star would lose 1 entire solar mass. On an astronomi¬ 
cal time scale this is quite large. This estimate for the mass loss is 
based upon a radiative model which, though it can be criticized still, is 
the most plausible model to be suggested. 

The only alternative theory to coronal e3q>ansion attempting to ex- 
fdain this mass loss is a catapault theory in which it is suggested that 
some mechanism is responsible for a sudden emission of material from the 
surface of the star and then radiation pressure supplies the additional 
energy to keep it going. This theory is motivated by the observations of 
flares and eruptions which occur frequently on the surface of the sun; but 
is without theoretical basis so far. There remains in the catapault 
theory to write down a fundamental Newtonian equation of motion. This 
leaves only the expanding atmosphere theory as a tool for theoretical re¬ 
search in investigating the possibility of stellar winds in other stars. 

Vfe shall now mafee some remarks concerning the numerics of this 
ysis of an e3q)anding atmosphere. We wrote down a conservation law 
^^h «^d the energies at some reference level at the surface of the 
Pfio^re to the energy at infinity. hiltiaUy most of the energy was in 
«^rgy Of the medium and the energy at infinity was in the 
rganized motion of the fluid. Thus we should have that 


V > 




the velocity fin tw. ♦ 08 I*ere is essentially isothermal, we expect that 
^ TClocity an this system of units) at infinity would be of ihe or^of 

somefracticM of **'®*^”^*^ energy in the solar corona was 

essumpuon shout the^ue of Oie depending on our 

we could say that this fraction « G®“erally 

down the 0-1. So (hat we may write 


kT a, 0.1 


GM M 
s 

- 

s 


(13. 2) 
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If KT should momentarily exceed this value by very muA, the 
enormous coronal ejqpanslon that results would soon reduce T again to 
this general level. On the other hand, It does not take much 
heatt^ to maintain T at a Uttle below this order of magnitude. Alto^tter 

we expect the relation to apply to any star with 

The ratio of the mass to the radius of a star is pretty much tte same 

for most stars of the main sequence. Combining (13.1) ® ® ° 

the conclusion that stellar winds blow outward from stars with yel^cifaes 
which are some sizeable fraction of the gravitating esca^ 
the surface of the star. This velocity is of the order of about 500 km/sec 

for most stars on the main sequence. 

Applied to the sun. Eq. (13.2) reveals the thermostatic nature of the 

solar corona which when calculated gives a temperature of the order of 

10® °K This represents the third independent method by which tj® tem¬ 
perature of the sun's corona is predicted to be the same 
S^ependent theoretical methods based on the 

jrra^dtv waves hydromagnetic waves, and the existence of the solar wind, 

combined with observations of the 1-gauss to^tte'samV'^ ^ 

the periods and wavelengths of the granules aU lead to the same 

10® °K for the solar corona. All these estimates seraa to occur independ- 
ely of one loS, leading one to speculate whether or not ^ey are 
coincidental Moreover the interestii^ question of whether or not otto 
stTstStnvltive photospheres would also yield these coincidences is 

one that is still open. 


Interplanetary Conditions 

In view of the knowledge of our previous developments we shaH nw 

fi.M We know that the slightest magnetic field wiU entrap m 
TsoSid tdr^r^ ^us we could not have any stationary proton in 

the bound electron from its proton nucleus, uniy wnero 

4. .a 4 0 in^will electrons have sufficient energy to ionize. 

i.vor,u^. 

we tovTSetime for a neutral atom of about 10 days inie toansU toe 

Trcm Se sun to the earth is about 5 days. Thus a high velocity proton 
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passes an atom, strips the electron from it, and exchangees a little 
kinetic energy. The newly formed atom now has, in effect, the former* 
proton^s velocity; on the other hand, the newly formed proton is accel¬ 
erated by the magnetic field In view of this analysis one can not postur- 
3ate a static bad^ound of interplanetary matter. Furthermore, the 
densities are so low that recombination is not significant and we can say 
that the state of ionization of the solar wind at the earth*s orbit will be 
si mi lar to that of the solar corona. 

It is of interest to consider collision times of the solar wind ions, 
compared with the transit time from the sun to, say, the orbit of Earth, 


M 300 km/sec the Sun-Earth transit time is about 5 x lO^sec, or 5 days. 

The protoa-proton collision time Is t = (w®/N) x 10“^® sec, where w is 
the proton thermal velocity. Since we have no present idea of the tem¬ 
perature of the solar wind at the orbit of Earth, consider the two eases 

T = 10 “Kand T = 10®®IC Then, for N= lO/cm®. we have t e: 2x 10® 

sec and 4 x 10 sec, respective^. It turns out that If the solar wind is 

w S X 10 K, the collision time Is long compared to the 
ti^it time, and the solar wind may be regarded as coUislonless in 
limnediately opens up the possibilities of 
motions, which may lead to the mirror and 
jH»^t^illties, etc,, and hence to small-scale disordering in the 

solar wind still satis- 

fiestto^^^c equations, of course, as noted earlier. 
Uettto^^n note 

high. It is diffte,* / f ^ *®“Perature the Eeynolds number is 
^ “k® nujht appear becaaaa 

^ klgk dacMiel , ciKDpoBed <rf hot aod cold filamenta. 

i>igh lectncal conductivity of the gas leads to a high magnetic 

Reyoohifi number at any temperature For i ® tt t, 

esu, so that ^ jor 10 k; we have a i 


10 


13 




-tva 

T 

c 


10l3-t-7-(-13 
—-10^2 


magnetic Revnolite mmiv,. 

At the corona we can safely same for the corona. 

JX « an tte liis^W 

tteM which passes throng the ernanditf geaeral 1-gauss solar 

to discuss the field in iSplanS^^^ ^ ^ order 

properties on the sun's surfa^ A^st investigate Its 

«ace. We observe the field on the sun by means 
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Oft the Zeeman effect in the photosphere (which indicates a field of about 
X gauss). This method, however, does not resolve the field and can give 
acdy an average field over a large area. If you look at the sun^s surface 
during an eclipse you observe streamers which are essentially radial. It 
is believed that these map out the magnetic lines of force. One concludes 
that the field is principally radial, except perhaps in the vicinity of 
active regions, where loops are often observed. The field is observed to 
be uniform about the poles down to a latitude of about 55®. At lower lati¬ 
tudes the field has no regular or fixed pattern. The observed field is 
everywhere of the order of 1 gauss intensity, except for regions with 
sunspots which will have a much larger field intensity. 

In the corona we have a balance between the magnetic field energy 
and the random thermal motion. 


NkT 




If the thermal energy were less than the magnetic pressure, then the 
field would, close over the equatorial region, connecting the polar 
regions in dipole fashion. As it now stands the particles carry out the 
lines of force so that they extend into space instead of closing at the sun. 
The magnetic pressure drops off more rapidly with distance from the sun 
than the dynamic pressure of the solar wind, so that to a first approxima¬ 
tion the magnetic stresses far from the sun can be neglected. It follows 


that the gas flows radially from the sun. 

If we extrapolate the field of 1 gauss from the surface of the sun^^ 
radially outward to the earth’s orbit, we obtain a value of about 2 x 10 
gauss. The sun rotates so that the lines of force tate the form of an 
Archlmedlan spiral. Rough analytical estimates place the slope of 
ules7i force at the earth’s orbit at about 45® relative to the radial direc¬ 
tion. The gas flows radially, of course. 

In 1958 it was observed that the magnetic field at one 
itself and then, a few months later it was followed by the o^er pole 

bee, obeervli* tte dlreettm « W 
elnce 1953 eo tbu we eumet eay If tbU reeerel » 


1 20 

with the sunspot 11-yoax cycle. 


Ejqpansion of the Active Corona 

So far we have discussed the steady quiet-day corona, this coroim 

consisted oE an expanding gas starting the 

ing in the gravitational field to supersonic speed ^s^ow ^ 
phenomena of an active corona, iu particular, the state of the corona 
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following a large flare. The largest flares have a lifetime of aromd 30 
min to 1 hr. Flares usually rise rapidly to a maximum Intensity and 
remain there for perhaps 15 min and then slowly fade away. The total 
energy esspenditure can run as hi^ as 10^^ ergs for the largest flares 

33 

which, when compared to the total luminosity of the sun of 4 x 10 ergs/ 


4 

sec, is quite a large value. The larger flares are as broad as 2 x 10 kna. 
They are associated with sunspot groups. Within a day or two after the 
observation of a flare, particle clouds from the sun arrive at the orbit of 
the earth, indicating a velocity of 1 to 2 thousand km/sec. The particle 
density of this gas has been estimated as high as 10® particles per cubic 
centimeter; however, one would suspect that the actual density is probably 

g O 

less than 100 particles/cm in most cases. A density of 50 particles/cm 
would be enough to explain most of the observed magnetic effects of the 
cloud at the orbit of the earth. We shall now examine the origin of this 
explosive outburst of gas in more detail from the point of view of hydrody¬ 
namics. In the model of the corona which we constructed we could calcih* 
late the asymptotic value of the velocity of the solar wind at the orbit of 
Earth for any particular temperature specified. A few results are com¬ 
piled in the Table 1. We see that temperatures of the corona greater thay* 

3 million degrees give velocity magnitudes comparable to the velocity of 
^ gas clouds produced by a flare. This suggests that the observational 
l^nomena following a flare can be e3q)lained by analyzing the effects of 
tt^ient ^sturbances of an expanding corona. Temperatures as high as 
rnimcm degrees have been estimated from coronal line width observar- 

aTwo-h Radio observations indicate temperatures perhaps; 

as wgh as 10 million degrees. 


Table 1 


CoroDal temp, in 
ndUlons °K 

Asymptotic velocity 
in thousands of 
km/sec 

1 

0.6 

3 

1.0 

4 

1.2 


•tmosphere. ft ^ 

"meathat some disturbance heats the solar corona 
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in the vicinity of the axstive region containing the flare to something of the 

0 Q 

order of 4 x 10 ^K. The superheated portion of the corona explodes out- 
v^ard into space. From Table 1, the velocity is over 1000 km/sec, so that 
presumably it would be greater than the steady-state expansion velocity of 
the corona of 300 km/sec and the velocity of sound ~ 200 km/sec. Thus 
these velocities will be ignored in comparison to the shock velocity. 

We shall also assume that the quiet-day particle densities in intezv 

2 

planetary space before the explosion drop off with distance r as 1/r . 

Before starting the formal calculations, we should like to make the 
following remark about the physical structure of blast waves from the sun. 
The actual gas cloud observed at the earth’s orbit is not composed of the 
particles present in the explosion in the corona, but rather of those 
particles picked up by the blast wave as it moves outward throu^ the 
solar wind. Therefore the initial cloud of gas arriving at the earth in the 
glast wave is not the cloud of gas that left the corona at the time of the 
flare. 

From the equations of mass, energy, and momentum conservation, 
we may write down three equations which express the relationship between 
the velocity, pressure, and densities before (subscript 1) and after (sub¬ 
script 2) the discontinuous shock transition. These equations are inde¬ 
pendent of the nature of the transition and are called the Rankine-Hugoniot 
relations. These relations are: 


Pl^i « P2^2 

Pl'"/ Pi “ P2 


(13.3) 

(13.4) 


1 

•5 


PlUi 


+ u. 



1/2 


'’ 2"2 



P2 


(13.5) 


where 


l/2f = ^ 

We shall assume that the velocity 
the thermal velocity of the iucomii« gas. 


u is so high that we may neglect 

We, therefore,' ignore the terms 
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coataining . Under these assumptions one gets the following rela¬ 
tions; ® 

(13.6) 

2 2 
“ Y + 1 


(13. 7) 


These equations are valid In the frame of reference moving with the shock 
front. If V is the velocity of the shock front then in a stationary frame in 
which the gaa in front of the shock wave has zero velocity, the gas behind 
moves with velocity 


(13.8) 

Furthermore, 

2 2 
p" yti Pi^ 

(13. 9) 



( 1 . 0 . 


We see that the density is bounded by 4 regardless of the fact that the 

rolocity is not bounded. Increasing the velocity of the shock merely heats 
the gas so that its compressibility is limited. In our analysis we are 
w asymptotic form of the blast wave at large r, assum- 

t ^ ^Bcnpave of the blast wave, to some degree, at the 
orbit of Earth. The equations for the blast wave are the foUowing: 

Mass conaervatinn , 


ap 


+ 


1 


(r pu) = 0 


(13-11) 
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Momentum conservation. 


^ + U -la- = i. |E 

Consistent with the assumption of an adiabatic process, we have 

II -(v H) 

(Ae) - 0 


(13.12) 


(13.13) 


(13.14) 


where 


s 1/2 pv^ + “^7^1 “ density 


(13.15) 


Ignoring the thermal energy ahead of the shock, the total energy of the 
blast wave is just 

E = dr(| pv^ +^) 

o 

(13.16) 


The foUowing slmilarlly form aUowB us to reduce this set of partial 
dlfferS^C^tSuB to a seTof ordtuary dlftereutial expiations: 


•n * 



where we let 



r 


£v(ti) 



(13.17) 


(13.18) 
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The profile of the blast wave is described by “n » and we assume that in 
the asymptotic solution everything is a function of r\ . The complete 
details of this treatment may be found in "Supersonic Flow and Shock 

Wives. 

The total energy written as 


(3/\) -2 


dn 

^ (3/K) + l 


1/2 fiv 


Y^) 


(13.19) 


To illustrate the meaning of the parameter X, suppose *T<gt we have a 

short-lived heating of the solar corona to 4 x 10® °K. The energy of the 
blast wave is then constant with time and we have 1 = 3/2. This 
us that the velocity of the wave will decrease as it moves outward. In 
other words as it expands and gathers more particles its velocity must 
reduce to conserve energy. However, in the sun the high temperature of 
4 milUon degrees observed for a flare sometimes lasts as much as a day, 
which means that energy may perhaps be supplied to the blast wave by the 
pressure of the corona for some time. If we take the extreme case of 
X = 1, we have the energy increasing linearly with the time which Ttiftflng 
^ blast wave wlU then have a constant velocity. In this extreme case we 
tove a scooping of interplanetary gas toward the rear of the blast wave 
due to the continuing pressure from the corona. For a 4 million degree 
corom, a rough estimate gives about 30 to 80 particles/cc at the head of 
ae blart wave when it reaches the orbit of the earth (approximate^ four 
times the quiet-day density), whereas the density at the rear of the blast 

wave mmy be a few hundred particles/cm® if the enhanced corona pushes 
firmly from behind. The expected blast wave velocities at this tempera^ 
time turn out to be 1 or 2 thousand km/sec. We would expect the actual 
situation to he between X = 1 and X = 3/2 even though the calculations 


for X = 3/2 seem to be more consistent with observation. 

In the case of X = 3/2 we can obtain algebraic solutions of the 
equations wMch allow us to solve expUcltly for all parameters. In this 
i^e we find that the density varies Unearly behind the shock wave. The 

13.1. The profile jumps up at most a 
factor of 4 in crossing the shock wave. 

^ *8 Isss than 3/2 we expect that the additional 
is ® ^ “P the tail of the blast wave as 

Maat -if Potat that is being illustrated is tlmi- the 

bla^ wave in both cases first scoops up the quiet-day interplanetary 
mortal forces it out in its expansion. Since the gas carries the 
interplanetary magnetic fields with it, the magnetic field immediately 
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behind the wave wUl be the compressed interplanetary field, 
magnetic field from the flare site could only appear at Earth 

«go soiviog th.~ ^ 
tloo. uialyllMlIy- Wop»t«to»toll»rlty ‘Oli«onsiiitottobjte«i^ 
cal equations and then define a new variable 


«2 P 

c =v -jr 


(13.20) 


This is essentially a measure 


of the speed of sovmd to an observer who 


moves so that t] is constant. 

The conservation equations become 


after considerable reduction 


[(i-xu)2.xV3n-^=tKi-u)(i-xu) 

+ [2X-3yXU] 


a3.2i) 


2 C( 1 -XU)^ 

+ 2yXU^ + 


-xV] 


2x2c2 
i - m 


T] dG 
"C d^^ 


(U - 


■ 2 + U (1-3X-3y+^v) 




(13.22) 
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[(l-XU)^-^ = 2 + U(vX - 3X - 3 y) 

+ 2yXU^ 

as. 23) 


The problem has been reduced somewhat in that we now have a set 
of ordinary differential equations to solve rather than partial differential 
equations. The procedure from here on is straightforward. We divide 
the first equation by the second to obtain an equation of the form dU/dC. 
The Rankine-Hugoniot relations then give us boundary conditions from 
which we can start integrating at the head of the shock backward, toward 
the rear. These R. H. relations are 


P<Tli) 


n{'ni) 


U(71j) 


^ _ 

X=^(Y+l) 




"x (y +1) 


as. 24) 


as. 25) 


as. 26 ) 


^ so we obtain U aa a function of C behind the shock wave. We note 
^ X and Y are constants in the problem. We need a value of U at 
^ rea of the blast wave in order to know where to cut the integration 
off. We obtain this by the following method. The velocity is 


*1^2 ^(1/X) — 1 



0(V 


(13.27) 


Since we know that this derivative 
the velocity, equating the two at 
dependence of U 


must equal the original definition of 
Tig gives us the proper asymptotic time 
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1 

X 


(13.28) 


We then stop the integration when U reaches tos value. We nw 
have vL a functiwi of C and so may solve the second equation ^d obton 
C as a function of T1. Similarly the third equation can be solved for P. 
5i?se when carried out exhibit the forms illustrated above. 

^£fwm n“allow us to consider the subjects at cosmic rays 
auror^T^^r xia^ic storms. These subjects are related very closely 
to the topics we have discussed up to this point. nnssaae 

» toe 1.thl, ..rtes of 

Of energy and material from the convective zone of the sim Into tte coron 

il3.taeetoto>««ee. Our toeutooe l»sbo» • 

“e^ to obttJo e .l»ple *“ ““ 

time. 
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perpendicular to the field. They give two coupled linear equations for 

and with an Inhomogeneous term G [(d .5 /dt),c^^ which is the 

^Itzmann operator of f*. The pressure tensor is diagonal in the local 
Cartesian system in all these cases of guiding center motion. 
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They take the moment equations and obtain 


•^0 

ir 


-^p« 


B)X B 
4Tr 


a 

at 


(Vjj XB) XB 


(Vj, XB) 


V • (V. X B) 


where the last two terms are small in the usual case that 

« pC 2 

8 n 

They also have 


dB 

W 


V X (Vq X B) , 


ap_ 

W “ - <PoV 


where the subscript zero denotes the unperturbed motion i . w ^ * 1 . 
electric drift, is the unperturbed density. The drifts’ of order (^Ll ^ 
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beat transport is neglected along the field, then 



>¥11016 d/dt « ( V ^t) + Vq* V . For slow variation along the field we 
have B oc Pq which frono. the first relation tells us that 



The second relation is the usual adiabatic invariant. 
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pinch effect and gives a formal derivation of hose instability and mirror 
instability. Noting page 455, one has 


r\ 




For the mirror instability let V 


0, i.e., k„ =0. Then (A9) becomes 


20(1 -Ti) + 1 < 0 


(i-Zl_) + 1 <0 

Pl. 



which gives instability if p„ is sufficiently small. 

instability. 

For the hose instability, let 9 = tt /2, i. e., 


This is mirror 

=0 and 
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(A9) becomes 

P(l-i) + 1 = 0 


1 - 




* 0 





< 0 


wMch gives instability if p is sufficiently large. Note that if 
2 
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INTRODUCTION 


In these three lectures, we shall attempt to trace as much of the Me 
history of a star as is presently possible, from its presumed birth to its 
supposed death, owing to the exhaustion of its nuclear energy supjdy. B is 
clear that some of the mathematical arguments will have to be presente 
in rather sketchy form and that some of the physical arguments will “^e^ 
sarX "ceive liss than their just due; but where this is necessa^. I sljU 
attempt to provide sufficient references to the literature so that the mter- 
ested reader may pursue these matters further. 
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1. OBSERVATIONAL MATERIAL AND DESCRIPTIVE ESTIMATES 


It seems fair to begin with a brief description of the observational 
evidence which must be fitted by any theory of stellar evolution. Detailed 
calculations, to which we shall have later reference, show quite clearly 
that the time scales associated with different stages in the evolution of a 
star may be different by many orders of magnitude; thus, the period of 
hydrogen burning, for a star of roughly solar characteristics, is expected 

to be of the order of 10^® to 10^^ years, but may be as short as 10® years 
for the most massive stars; the period of deuterium burning, through 
which a protostar may pass before reaching the hydrogen burning stage, is 
probably of the order of 10^ years, or less; whereas the final, cataclysmic 
stages of those stars that end as supemovae are probably to be measured 
in seconds or fractions thereof. 

It is evident that we have a better chance of observing stars while they 
are in their longer lived stages of development, and it is true that most 
(but by no means all) of the stars that are observed are in the hydrogen 
burning period. 

The fundamental data that form the basis for theory and conjecture 
can be described most readily by the Herzsprung^ Russell diagram. Here» 
on logarithmic scales, the absolute luminosity of a star is plotted against 
its temperature, or against some quantity representative of temperature. 

In Fig. 1.1, such data are plotted schematically. The curve ABCD repre¬ 
sents the majority of observed stars and is known as the main sequence. 



Fig. 1.1 
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Whed the Et-R diagram is constructed for all stars, independent of 
association with each other, the main sequence appears as a more or less 
indistinct band in the rather than as a single sequence. This fact 

is accounted for by differences in age, chemical composition, etc. On the 
other if the H-R H<fl gr a.Tti is constructed for a single association of 

stars, such as a globular cluster, the main sequence emerges quite 
clearly. In the case of a globular cluster, we can assume that,since the 
association was formed at a single epoch, the individual stars have the 
same age and chemical composition and differ only in mass. 

The upper right-hand comer of the H-R diagram represents a class 
of star known as the red giants, characterized by relatively low surface 
temperature and hi^ total luminosity (Implying a large radius). The 
lower left comer contains the white dwarfs, characterized by hij^ surface 
temperature and low luminosity, and, consequently, small radius. The 
rod and white dwarfs are believed to represent evolutionary, stages 

of stars that have left the main sequence after burning a critical fraction 

of their hydrogen supply. „ ^ . 

The B and C, indicated in Fig. 1.1, may be called the tumron 

and tumroff points of the main sequence. The significance of these points 
will be made clear in the siJjsequent lectures. 

It should be made clear that although the H-R diagram does, in fact, 
contain much of the evolutionary history of a star, the main sequence does 
not represent an evolutionary trackfor a star; that is, the motion of a star 
in the H-R diagram, as it evolves, is not from one end of the main se- 
qucQce to the other. 


2. PHYSICAL ESTIMATES FOR MAIN SEQUENCE STARS 


In order for a star to remain on the main sequence for any le^ of 

time it must be in hydrostatic equilibrium. Any departme from hydro- 

1. U» " 

times of the order of the free-fall time, (GM/R ) , 


which, for the sun. 


g 

is of the order erf only -f 10 sec. 

The equations of hydrostatic equilibrium are, 

metric star. 


for a sirfierically sym- 


dr 


P(r) 


QM(r)p(r) 

r2 


(1) 


^M(r) = 4TTr^p(r) 
dr 
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where P and p represent local pressure and density and M(r) is the 
mass interior to the radius r. Simple estimates of the central conditions 
can be obtained by assuming approsdmately linear dependence of P and p 
on r; we immediately find for the central pressure and temperature the 
approximate values (for the sun) 

Pq - atm r 10^^ dynes/cm^ 

T - lo'^ °K 
c 


The estimate of temperature is based on the assumption that the ideal gas 
law holds and that the star consists mainly of ionized hydrogen. 

The rate at which the sun radiates away its energy can be compared 
with its gravitational and thermal energy stores. It is found that the total 
gravitational and thermal energy of the sun are sufficient to account for a 
solar lifetime no longer than about 3 x lo"^ years; since good geological 
evidence exists for the fact that the sun has radiated at a quite constant 
rate for at least one hundred times that loi^, it is clear that something 

must happen at °Kto stabilize the star and to supply the radiated 
energy. 

Evaluating kT at lo’’ °K, we find kT to be of the order of 1 kev; thus, 
we ejqiect the essential i^iysics to consist of low-energy nuclear reac¬ 
tions in the kilovolt region. 

If a mass M of hydrogen is completely converted to helium, an nmnimt 

of energy 0,007 Me is liberated. This amount of energy, radiated away 

at the observed solar rate, leads to a solar lifetime of the order of 10^^ 
years. 


8. FORMATION OF THE PROTOSTAB* 


If we try to retrace stellar evolution to the earliest possible epoch, 
observational facts to guide us. The earliest stages are 
either noiduminous and hence not observable, or else short lived, and so 
also not observable. The principal observational material to which we can 
look for guidance is summarized in the following few statements; 


♦This material is principally taken from 
ence 1). 


an article by Hoyle (refer- 
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(1) Galaxies appear to occur in clusters, and at least one author 
considers that there is evidence for "deters of clusters. ” Hence, 
small groups of galaxies are formed in association mth each other. 

(2) The total mass of a galaxy typically lies between the limits 

3 X 10® < 3 X 


(3) The mass of a typical star of population n (those stars which are 
believed to be of galactic age) is of order Mq 

(4) An appreciable fraction of the mass of a galaxy occurs in the form 
of interstellar gas and dust. An appreciable fraction of the mass of any 
large sample of the universe probably occurs in the form of intergalactic 
gas clouds, presumably of hydrogen. 

The smallest density that can be realized by a gas cloud which is to 

-27 

contract under its own gravitational attraction is of the order of 10 
g/cc. This can be seen from the following rough argument. We suppose 
that any two particles recede from each other according to Hubble’s law 
for the expansion of the universe: 


V 



( 2 ) 


where T is Hubble’s constant. Differentiating to obtain the rate of change 
of momentum, 


. m. in 
P = 

This rate of change of relative momentom must be balanced by the 
attractive force due to gravity if contraction Is to occur. Assumii^, 
therefore, a spherically symmetric cloud, an elementary volume dV at 
radius r, experiences a net "force” 


F = PdV|_;r2 - 


GM(r) 1 


(3) 


g 

where M(r) is the mass Internal to radius r; M(r) c: ( 4 tt r p /3). Hence 
for contraction 

qM k) > -L. 

r3 ^ t2 
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or 

4 1 

gTTPG 


(4) 


Introdncing numfirical values for G and T, the figure of g/cc is 
arrived at for p . We note for future use that the contractioa Hma itself, 
T, for aiqr gaseous configuration, by which we mean the time to contract, 

say, to half the size, is cf the order of t „ ( pG)”^^, by dimen¬ 

sional arguments. 

It is known from radio observations that the intergalactic clouds can¬ 
not be more dense than about 10 g/cm^. Furthermore, mass motions 
are observed in such clouds with velocities in the range 10 km/sec 
< V < 100 km/sec. 

Assuming that this kinetic energy is turbulent, it is eventually con¬ 
verted into heat, and is therefore available as a source of thoymni 

energy, certainly in excess of 10 ergs/gm, and possibly as large as 
10^^ ergs/gm. 

Assuming the gas to be atomic hydrogen, the specific heat is such 

that from 10 to 10 ^ ergs/gm is sufficient to raise the gas to tempera^ 

tures of the order of 10^ at which temperature, coUisional ionization 

begins, becoming complete at 2.6 x 10^ °K. Thus, at slightly more than 

10 e^/gm, aU the hydrogen will be ionized. The gas will remain 
spproxLmately in this same state for a time of the order of the contrac- 

tiontime, i.e., t ~ (pG)"^^ ~ 10^'^ sec. 

Durmg this time, a certain amount of energy, £, is radiated away by 
the gas, which is optically thin at all wavelengths with the possible excep¬ 
tion of . According to Minkowski, 2 E is given by 

E=1.5TxlO-2'^^^fT |^ + ^^55;^i^Jergs/cin^ <5) 

The first term represents free-free transitions, the second, free-bound. 

At 2.5 X10 the gas is wholly ionized, and radiation escapes; 

Eq. then holds. At 1.0 x 10^ °K, is imprisoned, and the constant 
3.85 X10 is replaced by 6.5 x 10^, 
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13 

Thus, at a temperature of 1.5 x 10^ °K, we find E to be 3 x 10 


.4 o. 


eres/gm- at 2.5 x lO’ "K. E has the value 1.3 x 10^^ ergs/gm. ThMe 
amou^ are greater than the available thermal energy and greater than 
the nmniintB necessary to ionize all the gas. On the other hand, if no 
takes place at all, no appreciable amount (rf energy can be 
radiated. Conseciuently, the temperature must equilibrate in the neigh¬ 
borhood of 10^ ®K, unless enough energy is available to ionize aU the gas. 
In that case, flie temperature must equilibrate at a temperature near 

3 85 X10® Reference to Fig. 3.1 will make this point clear. The 
significant feature in this diagram is that the curve is very flat between 

temperatures of 2.5 x 10^ and 3.85 x 10® °K; the clmce is ^niall. Ih^e- 
fore that the available energy will have just that value to ca^e the gas to 
equilibrate at some temperature between these two values, m ay case, 
on the estimate of the available thermal energy quoted above, it is to 
expected that the gas will equilibrate at the lower temperature of about 

10'*®K. 



The virial theorem states that in order for a system to cortraet, the 
gravitational potential energy must exceed twice the thermal (kinetic) 
energy. Thus, we require 
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GM 

yVs 


> 5RT 


( 6 ) 


where M is the total mass of the gas, V, its volume, T, the temperature, 
and H, the ideal gas constant. Since the gas is assumed to be only partly 
ionized, the internal energy per gram is an average between 3/2 RT and 
3 HT; the coefficient 5/2 is taken as the approximate average. 

—27 4 

Putting M = P 0 V, with p ri 10 , and taking T to be 1. 6 x 10 , 

we find 



We find, therefore, that if a system is to contract at all from an initial 
“27 3 

density of 10 g/cm , it must have at least galactic mass. If the tem¬ 
perature is talcen to be 1,0 x 10^ the total mass is reduced to 
3.6xlO^Me • 

It is readily seen that as long as the gas is essentially transparent, 
so that Minkowski's formula [Eq. (5)] applies, the contraction must bo iso- 
thermaL The time taken to contract to half the original size is of order 

10 seci tto, by the arguments already given, is sufficiently long for the 
^ud to radiate away any excess in energy released by the contraction. 

A fur^r contraetton by half takes place in a time shorter by Jg": but the 
of r^ion increases by a factor of 4 due to the presence’of p 2 in 
m ^ argument goes through a fortiori. Until 

^ S'pSilue, coutrac- 

isothermaUy, at a temperature in the 

volu^er^ work done in an isothermal contraction of a differential 


dW = - p dv = - RpT dv = 


RT^ 

V 


per gram. Hence, 

9 -- *T* xo \iUXUU 

Vj to volume V^, the total work done is 


^rem volume 


W = MRT In 



<8) 
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The gravitational energy released is simply 


GM^ 

V^V3 



1 


(9) 


If we assume M >> M . , where M . is given by Eq. (7)> we can write 
mm mm 


> > 5MRT 

yVs 


( 10 ) 


Thus, for any appreciable volume ratio, the gravitational energy release 
is much larger than the increase in thermal energy. 

For the contraction to be quasi-static, however, the virial theorem 
requires that half of the gravitational energy go into thermal energy; 
otherwise, the additional energy must go into mass motions which serve 
to re-expand the cloud. 

It follows, therefore, that the gas cloud cannot contract quasi- 
statically and uniformly unless some other mechanisms exist for the dis¬ 
sipation of gravitational energy. Energy that appears in the form of 
shock waves or turbulence must go eventually into heat; and we are led to 
the consideration that subcondensations may occur. 

If in fact, this does happen, we find that the contraction time is 
uncha^ed, since it depends only on initial density; but the gravitational 
energy released by each subcondensation is now smaller, smce 

this term depends on hence it is possible to have aroro^te 

equality between the gravitational and thermal energies in each of the 
subcoSensations. It is evident that for such equality, the mass of the 
subcondensation must be of order 

Now, the ratio Vj^/V^ cannot much exceed 3 before the inequality re¬ 
expresses itself. The dependence of the gravitational energy on this 
ratio is much stronger than that of the ftermal e^rgy. 9 

We assume the following numerical values: - 3.6 x lo , 

p => 10"^^; and V /V = 3. We then find that the contracted size of the 
subcondensation is Wpraxhnately 13,000 pc, which is roughly the 

.o «»““‘x” “* 

thermal energies are no longer of the same magnitude, a new set of 
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subcondensatloiis must be formed in order for further contraction to take 
place. 

As a simple mathematical model, suppose that the system coatracts 
by a factor q in volume, and then divides into k equal masses. If 

represents the original radius, the k equal masses v^ill be characterized 


radius = 



density = PqQ 


mass 




If each set of subcondensations bears a constant relation to the previous 
set, we find that the contraction times form a sequence 


T, Tq"V2, Tq“^, Tq“®/2 ^ 

or that the total time occupied by n steps is 

1 - q "^2 

^otal“+ "•> = ~q-V2 


( 11 ) 


( 12 ) 


If we take q - 3, the total time necessary to go through, say, ten stages 
is essentially the time necessary to go through an infinite number of 
stages; and 


T 


(go) 

total 


2.3t 


(13) 


The final stages, of course, occur very quickly. 

in^ ^ sequence from wlnd- 

mlcrostars. The condition for ieo- 
contraction is necessarily violated as soon as the gas becomes 
opaque Complete opacity would mean, in essence, that the 

per Circumstance, the thermal energy 

per gram is (assuming the raho of specific heats to be 6/3) ^ 

-r Pdv= - KRj* v"®/3 dv 
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where we use the adiabatic relation 
T = 

Hence 


w = |rmTq 



(14) 


The dependence on the volume ratio is now stronger than the dependence 
of the gravitational energy; consequently, the gas mass, which is now to be 
called a protostar, can satisfy the virial theorem and continue to contract 
until the conditions for the release of nuclear energy are met at its 
center. At that point, the additional pressure either from radiation or 
from convection is sufficient to stabilize the star. 

Now, in terms of our simplified model, the gravitational energy re¬ 
lease in the n-th step is 




_ GUI (kq)^3 ,.ql/3_i3 



q"/3 

i?^3 


(q^/3_ 1) 


(15) 


The time for the n-th contraction is just 


, . (OP 

n n u 

If L represents the Ivminosity of the protostar, the condition for complete 
adiabaticity is clearly 
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or 


L << 


gmI 

vJ/3 


q“/3 


(qVs -1 )(GPq)V2 ci^/2 


(16) 


or, taking the approxlinate equality, and grouping all the numerical fac¬ 
tors together into one grand constant 


L 


. 3/2 


“o "o''" 


V. 


Vs 


Q 


(17) 


where Q is a number not too different from unity. Equation (17) thus 
gives approximately the luminosity of a protostar in terms of the initial 
conditions leading to its formation. 


4. STELLAK EVOLUTION TO THE MAIN SEQUENCE* 


Once a protostar is formed, its evolution toward the main sequence 
(M* S.) can be calculated. We shall make certain simplifying assumptions 
for heuristic purposes, but the only essential assumption is that the con¬ 
traction to the M, S, may be considered quasi-static . 

Consider a protostar of low density (e. g., a radius of - lOR^ ) and 

low central temperature (T^ < 10® °K). If we assume an initial value for 
T^, then, in principle, we may calculate the run of temperature and den¬ 
sity ( .p), as weU as the radius itself. For this calculation, we use the 
equations of hydrostatic equiUbrium [Eq. (1)]; the local equation of state 
relating P, T, and p ; and the equation of energy transports which, for 
the case of radiative equilibrium, takes the form 


’*&e E, Salpeter, reference 3, for a more detailed treatment as well 
as extensive references. 



STELLAK EVOLUTION 


97 




L(r) 

4TTr2 


(18) 


where a is Stephan’s constant, and fc , the mean edacity, and c, the 
velocity of light. 

Thus, from the calculated model we obtain the luminosity, L, and the 
total thermal and gravitational energies, and If models such as 

this are carried out for a sequence of increasing values of T^, then this 

sequence of models may be thought of as representing the quasi-statically 
contracting protostar. 

We may introduce a time scale by writing 

L = - ^ (Eth + Egr) = - (Eth + ®gr>^ 


Thus, we can ejqpress, e. g., the raxlius or any other pre^erty as a func¬ 
tion of time. We find, in fact, that a star spends relatively little of its 
ti-TTic, contracting, compared to the time spent on the M. S. Consequently, 
few stars are found in the pre-M. S. stage. The lower part of the Herz- 
sprung- Russell diagram is shown in Fig. 4.1. 



Fig. 4.1 
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Now, qualitative results may be obtained from the assumptLoa that the 
contraction is a homologous one, i. e., that the sequence of models differ 
only by a change in scale. We see at once that the density must scale 
as 


P 



( 20 ) 


The equation of hydrostatic equilibrium [£q. (1)] may now be used to 
determine that the pressure must scale as 


P 



and, since 


( 21 ) 


P =: 



( 22 ) 


where is the mean molecular weight, the temperature must scale 

as 


T - 


1 

R 


(23) 


One may show that Eq. ( 19 ) may be put in the fonn (after differentiation) 


dr 


= -6TTr^p% 



(24) 




as 


^ 2 d 

= -6rrr P ^logR 




(? 6 ) 
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standard techniques (provided a reasonable assumption is made about the 
temperature dependence of /c )• 

The results may be summarized as follows: 

(a) The product L remains approximately constant throughout 
the contraction 

(b) The contraction time (time to reach the M. S* values of L and R) 
is given by 


3 GM^ 
“ D LR 


(26) 


where D is a constant of order unity, but quite sensitive to the opacity law. 
The contraction time is essentially the gravitational energy divided by the 
luminosity—a ratio known as the Kelvin time. For a star of 1 solar 
mass, this time is about 10*^ years. 

Since the ratio M/R is roughly constant along the M. S., we obtain the 
rough law 

T M L Q (27) 


For a typical bright (upper M. S.) star of class BO, we find 
5 

T « 10 years 


5, MAIN SEQUENCE STARS AND POST-MAIN 
SEQUENCE DEVELOPMENT 


We pT'gn not discuss the structure of main sequence models, but 
shall instead discuss the me«dianisms for the relea« of nuclear en^. 
The reader interested in problems of structure ie referre o 
ture and Evolution of the Stars by Schwarzchlld. _ s- 

A star consisting only of hydrogen can release “ 

essentially one way, namely, by the proton-proton cycle. This process. 
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which sets in at a temperature of - 10 ^ is the following: 


(p. 

(p.y) He^ 

He^ (He^, 2p) He^ 


18 

The total energy release is 26.2 Mev/cycle, or 6 .3 x 10 ergs/gm, with 
0.52 Mer/cycle carried away by the two neutrinos. 

A 

According to Cameron, * when sufficient He has accumulated, this 
cycle may be modified as follows: 


He^ (He^ y) Be*^ 
Be'^ (p" v) Li'^ 

L J (p, a) He^ 


This modification may be more efficient than the original cycle. 

If C is present in the stellar core, hydrogen burning may proceed 
by the so-called carbonrnitrogen cycle, which will be dealt with below. 

When a sufficient amount of He^ has accumulated, it acts as a damper 
for the p-p cycle, and insufficient energy can be generated to support the 
outer portions of the star. The star must, therefore, contract untn the 
central temperature rises sufficiently for He burning to begin. At this 
point the star leaves the main sequence, and the stellar configuration 
conslste of a very hot core and a greatly expanded envelope. The star is 
now in the u^r right (red giant) region of the H- R ^Ingram 

He burning is extremely sensitive to temperature, and sets in 
abruptly at some value of temperature between 1.0 and i. 5 x 108 ok_ xhe 


*See acknowledgment at the end of this section. 
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process, kaown as the 3a reaction, is simply 
4 8 

He (a,v)Be - 95 kev 
Be®(o,Y)C^^ + mev 


Although the first step is endothermic, the net energy balance of this 
reaction is positive, as indicated. 

Since is easily destroyed by (a, y ) reaction to yield 0^®, Hoyle 
postulated that in order to account for the observed (terrestrial + solar 

12 

+ meteorite) abundance of C , the 3 a process must be characterized 
by a resonance. He predicted the spin and parity of the resonance and an 
energy of 7. 68 Mev. The resonance was subsequently found at 7. 65 Mev. 

12 16 

Thus, the end result of helium burning is C and 0 . At a temperar- 

ture of about 0.8 BK, * we can have 


C 


12 



+ P 
+ a 


where the proton/alpha is immediately consumed, 

^ (a » Y) rsactions, then, the group of elements from Ne to Mg is 
formed. Each process is characterized a threshold value of tempera¬ 
ture. which is reached by a contraction of the star whenever the previous 
process reaches erfiaustion. According to the calculations of Cameron, 
and of Chiu, at a temperature of 0.5 to 0.6 BK, a significant popu^on of 
electrons and positrons is produced by the tall of the Planck distribu^n. 
Occasionally (if the weak interaction theory is correct), positronrelectron 
annihilation results in a (v - v) 



-25 


> branching ratio - 10 ? 
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The Importance of this process lies in the extreme transparency of the 
star to neutrinos. Once a neutrino pair is formed, it escapes at once, 
and the star must compensate for this energy loss by further contraction. 
But, by the vlrial theorem, half the energy so released goes into raising 
the temperature, and, since the reaction rates are extremely sensitive to 
temperature,* all processes are speeded up enormously. 

Now, at 1.5 to 2 BK, (-y , a ) reactions can take place, and the first 
of these is 



+ a 

+ P 
+ n 


and at ~ 2 BE; 


„32 , , „.28 

S (y , a) Si 


Tv/r 24 , - ^.28 

Mg fo « y) Si 


There is thus a tendency at this stage for the abundances to cluster around 


At 3 to 4 be; all Coulomb barriers can be overcome, and we reach 
the Fe-Ni peak, with the abundances of all the elements determined by 
considerations of statistical equilibrium. Once this stage is reached, the 
further evolution of the star must be very rapid. The gravitational con¬ 
traction no longer results in a further production of energy, but, in fact, 
results in the "ionization” of iron nuclei into helium nuclei. Since this re¬ 
quires about 1.6 X 10^® ergs/gm, and the entire gravitational energy store 


hoodrf 0^2approximately as T®®. la liie neighbor- 
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Is only of the order of 0.3 Mev/gm, the star continues to contract increas¬ 
ingly quickly, and with an essentially isothermal core because of electron 
degeneracy. The neutrino loss is now very severe, and the contraction 
extremely rapid. Presumably the inward falling, outer layers, still 
containing unburned nuclear fuel, are rapidly heated, and the star ex¬ 
plodes in a supernova outburst. Needless to say, these final stages of 
evolution are highly conjectural. 

If now new stars are formed from interstellar gas which has been 
mixed with the products of nucleogenesis, the new stars will have some 
12 

C present in the initial stages of hydrogen burning. If the star is 
massive enough to require a high luminosity, the p-p cycle may be re¬ 
placed by the C-N cycle: 


c'2 

(p. 

y) 



(B+ 

v) 



(P * 

•y) 



(P . 

y) 




V.) 



(P 1 

a) 



Since the p-p reaction rate is dominated by essentially temperature 
independent nuclear factors, it is constrained to be slow, whereas the 
C- N reaction can go much faster if the temperature is raised slightly. 
Consequently, stars more massive than about 1 solar mass bum hydro¬ 
gen mostly by the C-N process. Both the C-N and jnp processes go at 
about equal rates in the sun. ^ 

Now, the C-N cycle has a side loop that is possible. The last step 


may be replaced by 


<P* 

y) 

o'® 

CO 

1—1 

O 

(P » 

y) 



(P+ 

v) 



(P* 

o) 
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The is returned to the C-N cycle, in consequence of which the 

abundance, of will be anomalously high. This makes possible the 
chain 


(a,Y) v> (a,v) 

22 

which is multiply resonant. Ne , at appropriate temperatures, may 
react with a particles: 

(a.v) Mg^® 

(a,, n) Mg^® 


The second reaction is slightly endothernaic, but may, nevertheless, 
represent an important source of neutrons which are needed for the 
buildup of heavy elements by capture by the Fe-Ni group. There are, of 
course, many reactions that may take place during the supernova explo¬ 
sion itself if sufficient helium is present; thus, for example: 

(a, n) Ne^^ (a,n) 


For further details on the buildup of heavy elements, the reader Is 
referred to the remarkable article by Burbidge et al. ® 

The role of neutrino emission in stellar evolution is discussed by 
H. Y. CJhiu, in several publications of The Goddard Institute for Space 
Studies, New York, * 

Many of the reaction mechanisnm discussed above have been sug¬ 
gested by A. Cameron, and^are reported with his kind permission from a 
lecture given by him in 1962. However, Efr. Cameron has not had oppor¬ 
tunity to evaluate this manuscript, and any errors must be considered to 
be due to the present writer. 


♦See also Chiu, reference 6. 
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6. DEGENERATE CONFIGURATIONS 


When the density in the stellar core becomes sufficiently high, 
electron degeneracy sets in, and the pressure of the electron gas must 
be considered. It was shown by Chandrasehhar'^ that a configuration with 
mass less than 1,44 M 0 can be stable even without energy generation. 
Consequently, the evolutionary scheme leading to the supernova, 
described above, requires stars of mass in excess of the ChandraseWiar 
limit. 

It can be shown fairly directly that a critical mass should exist, al¬ 
though its actual value can only be obtained from a detailed calculation. 
The pressure of a degenerate electron gas, in the nonrelativistic limit, 
is given by 


P oc 

Whereas in the relativistic limit, 


(28) 


P oc ^9) 

where we neglect the contribution from finite temperature. Thus, arguing 
from a dimensional analysis of the equation of hydrostatic stability, we 
have 


Pc 

T “ ^ r5 (30) 

where P represents the central pressure, and K represents an approxi- 
c 

mntft coostant. Introducii^ Eq. (28), for the nonrelativistic case, we 
have, approximately 



- k' ^ 


R® 


(31) 

:^/3r 

constant. 

(32) 



^06 


Jacks. Goldstein 


Thus, we find that the radius of a nonrelativistic degenerate configurar- 
tion decreases with increasing mass; however, as long as the configurar- 
tion remains nonrelativistic, there always exists a nonvanishing radius 
for every mass. 

If the mass is sufficiently large, however, the density, and conse¬ 
quently the Fermi energy, must increase to the point where relativistic 
degeneracy is reached. In that case, £2q. (31) is altered to 

- K''CEM^/R® (33) 


It is seen that the radius drops out of the equation of hydrostatic balance, 
and for a sufficiently large mass, the ri^-hand side (representing the 
gravitational contraction) must exceed the left-hand side (representing 
the pressure gradient). The configuration must therefore collapse for 
some critical value of the mass. 

A full treatment of very dense configurations may be found in the 
articles of references 8, 9, and 10. 
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I. INTRODUCTION 


It IS pwhaps K 5 )ressliig a truism to say that few soUds in nature are 
free from defects and Imperfections of some type. This fact has for 
some toe. b^n recognized and taken into account in the development of 
of soUd-state physics—notably those dealing with the 
medical or plastic properties of soUds and in semiconductor physics, 
8olid-«t^ J^spect, l^ice dynamics has lagged behind other branches of 

Steffects of defects and disorder on the 
bratu^ properties of solids is of comparatively recent origin. The 

^ r, 

to fS ^ approximation, 

^ ^ freedom, its practitioners proceeded first to 

»«l>» b«U, « progro.- 

««uc mooeis. This kind of work, which is still going on 
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today, bas been significantly aided in recent years by the development <rf 
neutron spectroscopy and the discovery of the Mbssbauer effect, which 
provide methods for the experimental study in great detail of the dynamics 
of crystal lattices. 

To my knowledge, the earliest studies of ths effect of defects and dis¬ 
order on the vibrational properties of crystals were those carried out by 
I. M. Dfshitz and his collaborators in Russia beginning in 1943 and con¬ 
tinuing up to about 1956. ^ Their earliest papers, published during the war 
in relatively inaccessible journals, in a rather inaccessible language, went 
largely unnoticed by other workera in the field until virtually all their work 
bad been redone, simplified, and extended. A similar program of re¬ 
search was undertaken by Montroll and his collaborators at the University 

2 3 

of Maryland in 1955, and more recently Litzman in Czechoslovakia and 

4 5 

Hori and Teramoto in Japan have been actively engaged in this kind of 
work. 

Studies of the effects of defects and disorder on the vibrational 
properties of crystals can be divided into two not-always-distlnct cate¬ 
gories: those which deal with the effects of defects and disorder on 
equilibrium properties of a crystal, and those which deal with their 
effects on dynamical properties. Into the former category fall the calcula¬ 
tions of the discrete frequencies associated with the spatially localized 
vibration modes from isolated impurity atoms and the calculations of the 
changes in additive functions of the normal mode frequencies, such as the 
thermodynamic functions, resulting both from isolated impurities and from 
finite concentrations of impurities. Roughly speaking, this category is 
composed of those problems that require explicit or, more usually, 
implicit knowledge of the frequency spectrum of the perturbed crystaL 

Into the second category fall those calculations that deal with the 
effects of defects and disorder on the motion of individual atoms or in 
which individual normal modes play the dominant role. Examples of 
problems of this type are the calculations of the optical absorption in 
mixed or isotopically disordered alkali-halide crystals and of the second- 
order Doppler shift in the energy of a y-ray emitted In a recoilless tran¬ 
sition by a nucleus bound in a crystal. 

Of these two kinds of probl^s, I think it is fair to say that the first 
Is by far the more extensively studied and the one for which a rather well- 
developed theory exists. It is now possible to work out any of the thermo¬ 
dynamic functions of a three-dimensional two-component isotopically 
randomly disordered crystal for a wide range of mass ratios and composi¬ 
tions without explicit knowledge of the frequency spectrum of the dis¬ 
ordered crystal over as much of the temperature range, as it is feasible 
to do such calculations for a perfect crystal. 

It is also possible to evaluate, by numerical methods, the frequencies 
and atomic displacements in the localized vibration modes associated with 
isotopic impurities for realistic models of three-dimensional crystals. 
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The extension of such calculations to take account of force-constant 
chants as well as mass changes is hampered at present only by compu¬ 
tational complications. With the advent of highr-speed computers it has 
became possible to calculate by purely numerical means the frequency 
spectra of disordered two-component linear chains with nearest-neighbor 

g 

interactions. Dean and his co-worhers at the National Physical Laborar- 
tory in England have already discussed the extension of these machine 
methods to the calculation o(f the spectra of disordered two-dimensional 

7 

lattices, and I am sure that it will not be long now before such calcula¬ 
tions are carried out for three-dimensional lattices. 

1 do not want to give the impression that all the problems of the 
equilibrium theory of imperfect lattices have been solved. The effects 
of extended imperfections, such as dislocations, on the vibrations of 
crystals have not yet been treated quantitatively to any great extend, and 
there is a whole host of unsolved problems in the equilibrium theory of 
disordered crystals. Some of the more interesting of these are those in 
which correlations in the positions of the defects are considered. A re- 

Q 

cent calculation by ELrkwood and Wojtowicz of the vibrational contribu¬ 
tion to the specific heat anomaly in S-brass at the critical temperature 
is the first significant contribution to the study of this kind of problem. 
Interesting problems also arise when the simultaneous effects of defects 
and lattice anharmonicity are considered. However, the more Interesting 
of these, for example the calculation of the lifetime of a localized vlbrar- 

Q 

tion mode, and the determination of the lattice thermal conductivity of 

isotopic mixtures,^® fall more properly into the category of dynamical 
problems. 

Thus, in summary, the main problems in the equilibrium theory of 
the vibrational properties of imperfect lattices are well understood, some 
of them have already been tacMed successfully, and the main areas in the 
subsequent development of this subject will probably consist of calcular- 
tions based on more realistic mod^s of crystals, and on more realistic 
models of Impurities and defects, and of generalizations such as have 
just been mentioned. 


In contrast to this reasonably favorable stage of development in 
which th© equilibrium theory fluds Itself, the (tynamical theory of Imper¬ 
fect crystals, which is of more recent origin. Is rather less well 
^veloped. It Is a theory, however, that deserves to be developed more 
fully at tile present time. The recent emergency of x-ray diffuse scafter- 
^ tech^ues, neutron spectroscopy, and the MOssbauer effect, as sensi¬ 
tive probes of the dynamics of individual atoms, combined with theoreti¬ 
cs anSsrees of ^se dynamical properties should yield results of interest 
wrt only to the ttoory of lattice dynamics, but, as I shall try to show In 
these lectures, to other branches of physics as well. 

hideed, althou^ one of my alms in giving this series of lectures is 
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to present the elements of an exact theory of the effects of defects and 
disorder on the vibrational properties of crystals, more importantly, I 
should like to apply the results of the theory to the explanation of several 
recent experiments in which localized vibration modes due to impurities 
play an important role, and to the discussion of possible new experiments 
that would show up the effects of impurities on the vibrations of crystals. 

The outline of these lectures is as follows; After a brief discus¬ 
sion of some defect problems for a linear chain, in which case many prob¬ 
lems can be solved exactly, we present the elements of the theory of 
lattice dynamics for crystals containing few or isolated defects. This 
case corresponds to problems that are of interest in themselves, and also 
provides a set of results that are useful in calculations of the effects of a 
large number of defects on the vibrational properties of crystals. We then 
turn to a study of the vibrations of randomly disordered crystals and 
describe ways of calculating equilibrium properties of such crystals, such 
as the thermodynamic functions and the frequency distribution function. 

We also show how one can calculate time-dependent properties of dis¬ 
ordered crystals as well and illustrate them by obtaining expressions for 
the optical absorption coefficient of a disordered crystal, and the cross 
section for the absorption of y-rays by an impurity atom in a crystal. 

We conclude by presenting a calculation of the lifetime of a localized im¬ 
purity mode due to its coupling with the other modes of the crystal through 
anharmonic forces. 

The present suirv-ey is not intended to be exhaustive. In particu¬ 
lar, we discuss only briefly the interactions between defects through their 
vibration fields and the scattering of sound waves by defects. The former 
problem is discussed, for example, in the papers quoted in Ref. 2. The 

latter problem been discussed by Lifshitz, and a more recent study 

by Kbster of the scattering of conduction electrons by defects in a 
crystal is also relevant to problem. In addition, we do not discuss 
explicitly the time dependence of the individual normal coordinates of a 
disordered crystal. This problem is discussed in Ref. 13, and some of 
the discussion in Sec. VH of these notes also bears on it. Finally, we re¬ 
mark that since even the calculation of the simplest vibrational property 
of a perfect crystal, its frequency spectrum, requires extensive numeri¬ 
cal work, it is not surprising that the more difficult calculations that 1 
shall be describing should lead to more difficult numerical computations. 
Accordingly, in the applications of the theory to particular examples we 
shall quite frequently adopt cubic Bravals crystals as the unperturbed 
crystals and shall sometimes assume a Debye frequency spectrum. These 
two assumptions will enable us to carry out analytically calculations 
which otherwise would be intractable without the aid of highrspeed com¬ 
puters. 
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n. A ONE-DIMENSIONAL EXAMPLE 


1. Vlbratioiis of a Perfect Linear Chain 

In this section we introduce some of the techniques we shall employ in 
the r em ai n der of these lectures hy applying them to a simple example. We 
study here some of the effects on the vibrations of a linear that are 
produced when one of its atoms is replaced by an impurity whose mass 
differs from that of the atom it replaces* Even in one dimension this proI>- 
lem has all the features which are found in its three-dimensional analog, 
but it can be discussed without the complications of notation and computa¬ 
tion that necessarily attend the latter problem. It also gives us results to 
which we can refer at corresponding points in the subsequent more general 
analysis. 

We begin by reviewing briefly some properties of the vibrations of a 
perfect linear chain. 

The Hamiltonian for a linear chain of N atoms interacting with nearest 
neighbor forces is 



Ji 
2 

E 


•2 1 


n = 


JL 

2 

E 

■I- 






( 2 . 1 . 1 ) 

where (t) is the displacement of the n-th atom from its equilibrium 

position at time t, M is the atomic mass, and y is the nearest neighbor 
atomic force constant “the second derivative of the interatomic potential 
function evaluated at the nearest neighbor separation. 

In writing Eq. (2.1,1), for reasons of mathematical convenience, we 
have adopted the cyclic boundary condition on the atomic displacements. 
This condition can be e3q)ressed as 


^ " S+N 

( 2 - 1 . 2 ) 

In the limit of very large N the adoption of this rather artificial boundary 
condition leaxls to a negligible error in calculations of bulk properties of 
the crystal and also in calculations of properties associated with individual 
atoms. 
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Since = M is the momentum conjugate to the displacement x^, 
the equations of motion of the atoms of the crystal can be written 



or 






n = 



N 

T 


(2.1.3) 


The time independent equations of motion of the linear chain are ob- 

i/iH* 

tained from Eq. (2.1.3) by makli« the substltutiou = UnC . 

where u is independent of time. The equations satisfied by the {u ) 
n " 


Mtu^ Y [u^+i - 2u^ + ° 


n ® 



»• • • ^ 


N 

2 


(2.1.4) 


The solutions of this set of equations can be written 


= 


(2.1.5) 


provided that the frequency (u is related to the phase angle i by 


Mu)^ 


2y - 2y cos i 


( 2 . 1 . 6 ) 


The values of ^ are not arbitrary. According to the cjrclic boundary 
the following condition must be satisfied: 
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_ i(n+N)^ 

6 * c 

SO that 




2tts 

N 


s 


- N 

2 


+ 


1 


$ * • • » 


N 

2 


(2.1.7) 


where s is an integer. The restriction of s to the interval (- ^2) + 1, 

N/2 is due to Ihe fact that, if we replace s by s plus any multiple of N, 
we merely reproduce the solution that corresponds to s in this interval* 

All the distinct solutions to our problem are thus found in the interval 
(-N/2) + l;$s ^N/2, and we see there are as many solutions as there are 
degrees of freedom in the chain. The ^-interval (- n , rr) in which all 
the distinct solutions lie is called the first Brillouin zone for our simple 
crystal* 

From Eqs. (2.1.6) and (2.1* 7) we see that the allowed frequencies of 
the linear chain are given by 


tt)g = I Wl sln-^l 



1 N 

* $ • » • » * 2 “ 


( 2 . 1 . 8 ) 


1/2 

where = (4 y /M) ^ is the largest frequency of our one-dimensional 
crystal. The solutions of £q. (2.1.4) corresponding to the frequency 
u) are doubly degenerate since they are given by the two linearly inde- 

pendent expressions u^ (s) = exp (2 iri sn/N) and u^ (-s) = exp (-2 tt i s n/N). 

By taMng suitable linear combinations of these solutions, we can construct 
solutions having either even or odd parity about a given atom. 

The frequencies {lUg} are called normal mode frequencies of the 

chain. The name derives from the fact that we can perform a principal 
axis transformation on the Hamiltonian of the chain to reduce it to a sum 
of N linear harmonic oscillator Hamiltonians, each with its own charac¬ 
teristic frequency. The set of the characteristic frequencies is the set of 
• Since we shall make frequent use of this transformation in 

what follows, we outline it briefly for a one-dimensional crystal. 

The principal axis transformation is based on the fact that the func¬ 
tions In exp (2TTisn/N) } form a complete oithonormal set. They 
satisfy the direct and inverse orthonormality conditions 
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L 2TTisn ") r 2Tris*n 1 * 


r 2TTism r . 2TTisn*n * 

I {>'“}{>' ”} ■%■ 


(2.1.9b) 


where A (s) equals unity if s = 0, ± N, i 2N, .,., and vanishes otherwise. 
In the present case, since both s and s* are restricted to the interval 
(-N/2) + 1, N/2, we can replace A(s - s») in Eq. (2.1.9a) by the usual 
Kronecker symbol 6 

We now e^qpand x and k as 


^ "/NM 


I 


2nisn 
e N 


(2.1.10a) 


^ ZTTlsn . 


(2.1.10b) 


Because x and k are real, Q and Q must satisfy the conditions 
n n s s 


Q. 


s 



Q. 


Q 


* 

s 


( 2 . 1 . 11 ) 
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If we sijbstitute these expansions into Eq. (2.1. D and use Eq. (2.1.9ai 
we obtain for the transformed H ami ltonian 


H 




s s 


( 2 . 1 . 12 ) 


where ou is given by Eq. (2.1.8) 
From^ Lagrangian, 


4 E 


• * • 2 ^ 

Qg Qs - ais Qs 


we find that the mamentum conjugate to Q is 

D 


SL . 
P = —~ = Q 


(2.1.13) 


so P* and Q are conjugate variables. Hamilton's equations, 
s s 


A - 

^s “ 3P* 
8 


.P . an 2 o 

. »«• • s 


give us the equation of motion of the coordinate Q^: 


% “s ^s 


(2.1.14) 


hi the theory of small vibrations the coordinates {Q^ } are called normal 
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coorditiates, essentially because each of them is indepeudent of all the 
others. There are as many normal coordinates as there are degrees of 
freedom in the crystal. Each normal coordinate describes an independent 
mode of vibration with only one frequency, and such vibration modes are 
called normal modes. When the crystal is vibrating in one of its normal 
modes every atom in the crystal is vibrating with the same frequency and 
a phase which varies from atom to atom according to the factor 
exp (2 TTisn/N). In general, we see from Eq. (2.1.10a) that the motion 
of the crystal as a whole is a superposition of normal mode motions. 

After these preliminaries let us see what happens when we disturb the 
perfect periodicity of our crystal by introducing a defect into it. 


2. A Mass Defect in a Linear Chain 


Let us denote by L the difference operator operating on u^ to produce 

Eq. (2. 1 .4). Now suppose that because of the presence of defects in the 
lattice some force constants and masses are different from the others. 
Then the coefficients of certain of the u*s are different from those given 
by Eq. (2.1.4). The new equation which shows the effects of these local 
disturbances is 


LUq = 


E 


“'nk k 


( 2 . 2 . 1 ) 


where the constants C^ characterize the defects. For example, when we 

change the mass of the particle at the origin of our lattice 0 ^ = 0 ) from 
M to M» and leave the force constants unchanged, C . vanishes unless 

uiw 2 

n <= k = 0, and the coefficient C is given by (M - M') .ai . In. all that 
> oo 

follows we always describe the mass of an impurity atom M» in terms of 
the mass of the atom it replaces by the parameter which is defined by 
9 =* 1 - (M*/M). The coefficients the case of a mass defect 

can be expressed compactly as 

» eMu )2 6^0 ®ko (2.2.2) 


The most convenient way of solving Eq. (2.2.1) is through the use of 
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Green*s functions. We introduce the function which is the solution of 


Lg =6 
®nin mn 


(2.2. a) 


where 6 is the Kroneclpwr symbol. We immediately verify that the 
mn 

solution to Eq. (2. 2.1) is given by 


u 

n 





(2.2.4) 


since an s^plication of the operator L to both sides of this equation with 

the aid of Eq. (2.2.3) leads to Eq. (2.2.1). 

An esjpression for g^^ can readily be obtained as follows. "By writ-' 

ing 6^„as 
mn 




mn 


1 

N 


s= 


N 


2 



arris 

N 


(m-n) 


(2.2.5) 


and 


^mn 


as 


*mn 


1 

N 


N 
2 

I ^ 


arris 


(m-n) 


( 2 . 2 . 6 ) 


we obtain- the following expression for f on substituting Eqs. (2.2.5) and 

s 

2. 6) Into Eq. ^.2.3): 
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£g = - 2 y + 2y cos -Hgs] 

We thus have 


-1 


2 


& 


L N ^ 


2tt1s 

N 


(m-n) 


^ s=-^l " 2v + 2 ycos ^ 

2 


(2.2.7) 


It is easily shown (by replaoing s by -s as a siurunation variable) that e 

depends on m and n only through the magnitude of their difference. Be¬ 
cause of this it is often convenient to write it as a function of only one 
index, g^, where /. = | m - n | , 

It is also important for subsequent applications of the theory being 

described here to note that the matrix formed from the elements e is 

®mn 

the inverse of the matrix of the coefficients of the {u^ } in Eq. (2,1.4). 

This conclusion follows directly from the defining equation for 

Eq. (2.2.3). The matrix of the coefficients of the {u^} in Eq. (2.1.4) 

will be denoted by (uu) in what follows. 

The sum appearing in Eq. (2.2.7) can be evaluated in the foUowing 
way. If we put 


1 



cos i <fi < TJ 


( 2 . 2 . 8 ) 


the ejqpression for g^ 


becomes 


So 



1 

TrrT 

IT 


- cos 4 


(2.2.9) 
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Logarithmic dif^ereatiatlon with respect to 


^ of the relatloa^^ 


cos N - 1 


nN-1 





cos 



( 2 . 2 . 10 ) 


leads to the result 



COt-g- 

sin i 


( 2 . 2 . 11 ) 


The general solution of the difference equation (2.2.3) for n 0 can be 
expressed 

= A cos + Bsin|n|^ 


( 2 . 2 . 12 ) 

If we set n = 0 in this result, we see that A = g , whereas from Eqs. 

(2.2.7) and (2.2.12) we find 


«1 ” 8-1 “ 80*^°® ^ ^ 

so that B = (2v slnji)~^. Cambining these results we obtain finally 
that 

° 2v L? QcotNl oosn^+sinlnl 

(2.2.13) 


We Rovi apidy this method to a simple example, namely the change of 
the mass of a single atom without any change in the force constants. We 
suppose that the impurity atom is located at the origin so that the coeffi- 



VIBRATIONS OF IMPERFECT CRYSTALS 


123 


cients are given by Eq. (2.2.2). It is clear that only the symmetric 

modes, i, e., those for which \ ^9 ar© affected by the presence of 

this defect, since the antisymmetric modes (u^ = - u have a node at the 

position of the impurity and hence do not feel the mass change. 

Equation (2.2.4) reduces to 

2 

u = CMO) u g 
n o®n 

(2.2.14) 

Since this equation holds for all n it must hold for n = 0. The new normal 
mode frequencies are obtained by setting n = 0 and solving the equation 


1= g 

(2.2.15) 

2 

for . This equation can be rewritten with the aid of Eqs. (2.2.8) and 

( 2 . 2 . 11 ) 


tan = G tan 4 

(2.2.16) 

The solutions of this equation substituted into Eq. 2. 8) give the pez^ 
turbed normal mode frequencies of the lattice. To a first approximation 
we have 




s 


~ 2ns 
" “IT 



tan”^ (e tan ^) 


8 = 1 . 2 , 


N 

2 


(2.2.17) 


so that the s-th normal mode frequency is given approximately by 
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+ 


cos^ tan”^ (etan™' 




N 


s — 1» 2f •.. f 2 


(2.2.18) 


Because we are considering only the symmetric modes, which are the 
only modes affected by the perturbation, we have restricted s to lie in the 
interval (1, N/2), since we get no new frequencies outside this interval. 
The number of symmetric modes given by this restriction taJken together 
with an equal number of (unperturbed) antisymmetric modes gives the 
correct total number of independent normal modes for the lattice. 

We see from Eq. (2.2.18) that if the Impurity has a mass which is 
lighter than that of a normal atom (e > 0), the frequencies are in¬ 
creased above their unperturbed values, whereas they are decreased if 
the impurity mass is heavier than a normal mass. 

In the case that > 0, a solution to Eq. (2.2.16) exists which 
corresponds to a frequency which is greater than the maximum frequency 
of the unperturbed lattice. This solution is obtained by replacing ^ by 


^ « TT + iz 

Equation (2.2.16) becomes (in the large N limit) 
e coth-j = 1 

and has the solution 


(2.2.19) 


( 2 . 2 . 20 ) 


( 2 . 2 . 21 ) 


The frequency of this mode is found from Eqs. (2.2.8), (2. 2.19), and 
(2.2. 21) to be 


(jU 


2 



l-e2 


( 2 . 2 . 22 ) 


Since the time-independent amplitude of vibration of the n-th atom 
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when the crystal is vibrating in its s-th normal mode is given by 
u^(s) CD e^^^s 

(2. 2.23) 


we see that the displacements are wavelike in the cases described by the 
in-band solutions, Eq. (2.2.17), but that they die off exponentially with 
increasing distance from the impurity in the case of the special mode 
whose frequency lies above the band of allowed frequencies: 


u oc (-1)^ 
n ' ' 



(2.2.24) 


For this reason such a mode is referred to as a "localized mode." 

The preceding results are a special case of a general theorem due to 
15 

Lord Rayleigh which can be stated; If in a dynamical system composed 
of an array of masses coupled to each other by Hookeian springs a single 
mass is reduced by ^ M, all frequencies are unchanged or increased but 
by no more than the distance to the next unperturbed frequency. An in¬ 
crease of a single mass by 6„M leaves the frequencies unchanged or 
reduces them by amounts no greater than the distance to the next unper¬ 
turbed frequency. The increase (decrease) of a single force constant has 
the same effect as the decrease (increase) of a single mass. 

Since the shift in the maximum frequency of the lattice in the presence 
of a light mass impurity is independent of the dimensions of the lattice, 
whereas the shifts of the in-band frequencies are of 0(N^1), it follows 
that in calculations of the effects of defects on additive functions of the 
normal mode frequencies, the contribution from the localized mode fre¬ 
quency is of the same order as the total contribution from all the in-band 
frequency shifts. 

In addition to the bound state problem we have just discussed we can 
also study scattering problems by essentially the same formalism. How¬ 
ever, we now require a different form for the Green»s function, one which 
corresponds to an outgoing wave. We can obtain the desired form in the 
following way. We formally pass to the limit N oo and replace the 
discrete variable 2tts/N a continuous variable and replace summation 
by integration: 

e - -1 1 . 

*n 2y IStt Jq cos i - cos ^ 


(2.2.25) 
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'Where we have put 


U) 


2 





(2.2.26) 


The result <?. 2.26) Is purely formal since we have not as yet given a 
prescription for dealing with the singularity in the integrand. We now do 
SO with the aid of the boundary condition on the Green's function. We maice 
a change of variable 



and obtain 
Sn 


1 

2ni 


(z - (z - z 




dz 


(2.2. 27) 

where the integral is carried out around the unit circle in a counterclockn- 
wise sense. 

Let us first consider the case n 0. The integrand in Eq. (2,2. 27) 

possesses simple poles at z = and z = Since | z^j « 1, these 

poles lie on the contour of integration, and the value of the integral do- 

pends on the way in which we integrate around these singularities. A 

moment's reflection shows us that in order that the Greenes function 

describe an outgoing wave traveling in the positive x-direction, we must 

choose our contour so that it includes the pole at z z_ but excludes the 

o 

pole at z = z^"^ (see Kg. H. 1). Accor<ftng to the residue theorem we 
obtain for g^ the result 

1 *0 
o o 


(2. 2.28) 
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Fig. II. 1 The integration contour for the evaluation of the Green’s 
function integral for scattering problems [ Eq. (2.2.27) ]. 


In the case that n < 0 the integral (2.2.27) takes the form 


«n 


1 1 
Y 


/ 


[nr 


1 _ 

(z - z^)(z - z-1) 


dz 


( 2 . 2 . 29 ) 


and we see that tl^re is an n-th order pole at z == o in addition to the 
poles at z = Zo» • It is readily found that in order that the outgoing wave 

condition be satisfied we must again choose the contour shown in Fig. II, 1. 
The result for g^ in this case is found to be 


g 


n 


eilnMo 

2iY slnji^ 


(2.2.30) 


We can now consider the problem of the scattering of a wave by a 
mass defect. We assume that we have an incident wave whose frequency 
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is u) and which is described hy a propagation constant i . In order that 
this wave be a possible traveling wave in the crsrstal, according to Eq. 

(2.1.6) (u and i cannot be independent but must be related by 

u)^ = ou? sin^c(2. We assume as the solution to Eq. (2,2.1) the 

sum of me incident wave and an outgoing wave: 

u = + c «MUJ^ g 

(2.2.31) 

The coefficient c^ is determined by substituting Eq, (2.2.31) into Eq, 

(2,2.1), In this way we obtain 


e^^ pMu]^ - 2 y + 2y cos + c 6 

= G C % eMU)^g^ ^ 

The first term on the left side of this equation vanishes in view of 
Eq. (2,1.6), and we find 

c = 

^ 1 + ie tan-| 

(2.2.32) 


We can finally express the atomic displacements as 




i+ ietan| 


n ^ 0 


(?. 2.33a) 


_ >l«( 

- e - d ® 

1+ le tan— 


n< 0 


(2.2.33b) 
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The transmission and reflection coefficients are given by 


T = 

ri+ tan^i 

r- 

r *.2 2 -1 


L ^ 


U)» - J 


R “E^tan^l IjL + e^tan^ 

X [tt!^ -{1 - ou^J ^ 


(2.2.34a) 


(2.2.34b) 


These coefficients can also be computed in an approximation which is 
equivalent to the first Born approximation in scattering theory. The 
results of this calculation are 


T = 1 - (^) 2 


R = e^(-S!-)^ 


(2.2.35a) 


(2.2.35b) 


We see that the results obtained by the Bom approximation can differ 
appreciably from the exact results even for moderate values of 


m. GENERAL THEORY FOR ISOLATED DEFECTS 


In the preceding chapter we have described briefly a calculation of the 
in-band frequencies and the localized mode frequency for a linear chain 
containing a-mass defect. Green's functions methods were used in these 
calculations and they yielded convenient expressions for the displacement 



130 


A. A. Maradudin 


amplitudes, as well. However, calculations of the norm^ mode frequenr 
cies and vibration ampUtudes of a crystal containing drfects repMsent 
only two aspects of equilibrium defect problems m ^ce dj^ics. 

There is yet another (of course closely related) problem wMch hM to be 
discussed. This is the problem of calculating the changes in ad^tive 
functions of normal mode frequencies as a result of the introduction of 
defects into crystals. We shall show in this section how the solrtion rf 
this problem leads also to the normal mode frequencies and amplitudes of 

the perturbed crystal. , _ , 

In our discussion of a mass defect in a Unear chain we used Green's 
function methods to obtain the normal mode frequencies and amplitudes of 
the perturbed crystal. The use of these methods is not essential for Uie 
one-dimensional problem. At least two other nonperturbative methods 
are available for use in this case. However, these methods depend in an 
essential way on our ability to order points on a line and cannot readily 
be extended to three-dimensional problems. The use of Green's function 
techniques, however, is not restricted to one-dimensional problems, and 
of aU dimensions can be treated on an equivalent basis. The use 
of these techniques in addition provides us with formally exact solutions 
to the defect problems being studied. And although the price we may have 
to pay in certain instances for this formal exactness niay be the expendi¬ 
ture of heavy numerical computational effort, nevertheless, even in those 
cases 'vdiere exact numerical results cannot presently be obtained, tho 
formally exact expressions that we have can serve as the starting point for 
sensible approximate calculations. Accordingly, we base the treatment of 
defect problems which follows on the use of Greenes function techniques* 
Since we shall be concerned in this section with formulating a theory valid 
for arbitrary crystals, we begin by summarizing briefly those oloments of 
the theory of lattice dynamics whi^ will be required in the remainder of 
these lectures. 

We can consider a crystal to be made up of N unit cells each of which 
contains r atoms. The position vector of the -t-th unit cell relative to an 
origin located at one of the atoms in the crystal is given by 


X U) = 




(3. 1. 1) 


where a^, a^ are three noncoplanar vectors which arc called the 

primitive translation vectors of the crystal, ^ , I are throe intc- 

gers which can be positive, negative, or zero, and to which we refer 
collectively as 1. The position vector of the ^t-th atom in a unit cell is 
denoted by x(h) (k = i, 2 .r), and it is convenient to adopt the con¬ 

vention that x(H = 1) = 0. Thus the position vector of the H-th atom in 
the /t-th unit cell is given by 
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X (^) = X (I) + x>) 

P.1.2) 

Crystals which contain only one atom per unit cell are Bravais 

crystals; all others are called nonprimitive crystals. 

The atoms of the crystal execute vibrations about the equilibrium 
positions (3.1.2). If we denote the o -Cartesian component of the dls- 
{dacement of the atom ( t h) from its equilibrium position by u» (f x), 
then the Hamiltonian for the vibrating crystal in the harmonic approxima¬ 
tion can be written (omitting the energy of the static lattice) 


H = 


_ 1 


z 

iKCL 




I . 

-C-na 


a3 


(«•') 


HX* 


5< u u 
a V 0 


(3.1.3) 


is the mass of the x-th atom in a unit cell, and the . {Ik.; } 

are the general second-order atomic force constants for the crystaL 
They are the second derivatives of the potential energy with respect to the 
displacements evaluated in the equilibrium [i. e., all u-(-tH) * 0 ] con- 
figtmation, “ 



(3.1.4) 


They are the generalization to three dimensions and an arbitrary range 
for the interatomic forces of the force constant y introduced in con¬ 
nection with the one-dimensional model in the last section. 

We assume the cyclic boundary condition on the dia pin<.Ai««nta 
which in the present case takes the form 
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X ' 


(3.1.5) 


where L denotes a vector with components (L, L, L) m terms o£ which 
l 3 = N m this case, because of resulting invariance of the crystal 
against a rigid body translation throu^ one of the vectors x (-t ), 

5 ^ (IK-, t'x') depends on t and f only through their difference. 

The equations of motion of the crystal are 


. I 


■ ■ itf, •« 6 


(3.1.6) 


S we mahe the substitution 






(3.1.7) 


the independent ampUtudes I (.i,H)}satisfy the equation 

* ap ^ xx'^ ° 


(?. 1 . 8 ) 


wMch is the generalization of £q, (2.1.4). 

The condition that the set of equations (3.1.8) have a nontrivial solu¬ 
tion is that the determinant of the coefficients vanishes 

= 0 

<3.1, 9) 

and the roots of this equation are the normal mode frequencies of the 
crystal 

If we make the additional substitution 








V 


a 'x 




2nik* xU) 
e 


(3,1,10) 
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then the eigenvalue equation for the normal mode frequencies can be 
written 


2 

(U V 




6k' 


(3.1. H) 


where 




(3.1.12) 

For each value of k there are 3r solutions for ai^, and we donate 
this fact by writli^ the frequencies as lu^^(k), (J = 1,2,..., 8r). To each 
there corresponds an eigenvector v<x), and we indicate this fact by 
rewriting v^(k) as e^(K 1 k j). The eigenvalue equation thus becomes 


E Dae<K^') j) 

Bt' 


j (Is) (k|^) 


(3.1.13) 


The 3r x 3r matrix D (k) whose elements are obtained from 

) by pairing the indices ( k a) and (k' p ) is readily shown 
to be Hermitian, and the eigenvector components can be constructed so 
that they satisfy the orthonormality and closure relations 

ax 

a 1.14a) 

i 


(3.1.14b) 
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We can also choose them to satisfy the condition 


(3.1.16) 


The mode frequencies can be shown quite generally to satisfy the 

condition 




For Bravais crystals we suppress Ihe basis index h In the preceding 
results. The eigenvectors f e(kj) 3 are purely real in this case. 

Just as in the one-dlmenslonal case the values of the wave vector 
are not arbitrary but are restricted by the cyclic boundary condition. It 
is easy to show that the allowed values of k are given by 



(hjbi.kjbj+hjb,, 


. 

where b , b , b are the primitive translation vectors of the reclp- 
12 3 

rocal lattice and are defined by 




“ij 


(3.1.17) 


Equation (3.1.16) shows us that the allowed values of Jf are uni¬ 
formly and densely distributed throughout a unit cell of the reciprocal 
lattice. It is usu^^jr more convenient to restrict them to a more sym¬ 
metric volume of the reciprocal lattice. This volume, which Is called 
the first Brillouin zone of the crystal, is obtained by drawing vectors from 
the origin of the reciprocal lattice to all the other lattice points and con¬ 
structing the planes which are the perpendicular bisectors of these vec¬ 
tors. The smallest volume enclosing the origin and bounded by those 
planes is the BriUouin zone. It can be shown to be completely equivalent 
for our purposes to the unit cell of the reciprocal lattice. Note that the 
Brillouin zone defined here is smaller in volume by a factor of (2n)"^ 
than the zone defined in Sec. n-1. 
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The functions satisfy the direct and inverse 

orthonormalify conditions, 



2Tilk*x(-t) 


J 1 2mk’-xa) 

w® 


A(k-k') 



2mk*x(^) 




(3.1.18a) 


x{ 1 2TTik-xa')l* _ . 

(3.1.18b) 

where A (k) equals unity if k = 0 or any translation vector of the 
reciprocal lattice, and vanishes otherwise. Since k and k* are 
restricted to lie in the first Brillouin zone, the only translation vector 
of the reciprocal lattice k - k ’ can equal is zero. We could therefore 
replace the A -function in Eq, (3.1,18a) by the Kronecker symbol 

^ kk' 

Since there are N allowed values of k, and to each of these 
correspond 3r solutions of Eq. (3.1,13), we see that there are as many 
normal mode frequencies as there are degrees of freedom in the crystal. 
Since N is large, k can be regarded as a continuous variable, and sum¬ 
mations over k can be replaced by integrations throughout the volume of 
the Brillouin zone according to 

r d^k 

k Bz 


(3.1.19) 
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where V = Na^ • ^ Is the volume of the crystal. 

We now turn to the problem of evaluating an arbitrary additive func¬ 
tion of the normal mode frequencies of a perturbed crystal. For conveni¬ 
ence let us denote the normal mode frequencies of a perturbed crystal by 
t uj } where the index j runs over all the normal modes. We are thus 

concerned with the evaluation of functions which have the general form 

s =Y. 

i 4 


(3.1.20) 


For example, S will be the Helmholtz free energy iff(a)) = kT In 
{ 2 sinh htt)/2kT) ] - To evaluate S we use a theorem from the theory 
of contour integration. If the {(«, } are the roots of an equation which 

we denote by ^ 


I M (oj) I = 0 


then S is given by 


S 



f (z) dlnlM (z)| 


(3.1.21) 


(3.1.22) 


where C is any closed, counterclockwise contour which encloses all the 
zeroes of | M (z) 1 but none of the poles of f (z). 

Since the value of S for a perfect crystal can be calculated by 
strai^tforward methods, e. g., through the use of the frequency spec¬ 
trum, we shall regard it as known, and shall concern ourselves here 
only with a calculation of the change in S resulting from the presence of 
defects. To do this we note that the secular determinant in Eq. (3.1.21), 
whose zeroes are the {Wj }, can be rewritten 
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1 M (u,)| = I Mq (u.) + 6 M ((„)| = I (c«) II I + Mq“^(u)) 
><8M(U))| =|Mq (u)>| I A((«j)| 


(3.1.23) 

where | Mq (iB) | is the secular detennlnaat of the perfect crystal, and 
6 M((u) is the matrix whose elements describe the changes in Mg(iu) 
as a result of the introduction of the defects. For example, in the one- 
dimensional problem discussed in section 5, the matrix 6 M is the 
negative of the matrix C = (C^. In obtaining Eq. 1.23) we have used 

the fact that the determinant of the product of two matrices is equal to 
the product of the determinants of the individual matrices, using the 
additive property of logarithms, we see from Eqs. (3.1.22) and (8.1.23) 
that the change in S resulting from defects is given by 

AS = f f (z) d In I A(z) | 

•'o 

(3.1.24) 

The change in an additive function S because of a aingia defect at 
some point in a crystal denoted by a can be expressed as 

= 2^1 / f (z) d ln| Ag^Cz)! 

■'c 

(3.1.25) 

The quantity As^ is often referred to as the "self-S" of the defect. 

In an infinite crystal or in a crystal satisfying the cyclic boundary condi¬ 
tions, AS(x is independent of a . We can also introduce the "interactlon- 
S" between a pair of defects located at points a and 5 of the crystal. 

This is defined as the difference between the value of S for the crystal 
containing tte two defects at a and |9 and its value when the defects 
are infinitely separated. The latter quantity is just the sum of the 
self-S*s for each of the defects. We thus find 
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AS 


ap 


1 

2TTi 


/ 


f (z) d In 


I 

1 A(j(z)|| Ap(z)| 


a 1-26) 


in an obvious notation. 

It should he pointed out that the matrix }JL (0) is not the dynamical 
matrix for the. perturbed crystal, that is, it is not the matrix v^hose 
eigenvalues are the normal mode frequencies of the perturbed crystal. 
The matrix M (uu) can be written formally 


M((b) = M'lu^ - *' 


(3.1.27) 


where M' is a diagonal matrix whose (^xa) a) element is Ihe mass 
of the H -th atom in the I -th unit ceU. The matrix has for its (t x o) 
(f^x'p) element the coefficient which contains the effects 

of any force constant changes produced by the defect. If we divide the 
elements of every row and column of M(U)) by the square root of 
the mass appearing in the corresponding diagonal element and change 
the sign of each term, the resulting matrix has the form D - 
and D is called the dynamical matrix. We accordingly have the following 
relation: 


I M(u))| , A I D - l| 

1 UJim)\ A^l - «)2l| 


I + M^^ (lu) 6M((i))| 


(S. 1.28) 


where A is the product of the masses of the atoms in the perturbed 
crystal and AqIs the corresponding quantity for the imperturbed crystal. 
Dq is the dynamical matrix for the unperturbed crystal. Since the per^ 

turbation matrix 6M ordinarily has a simpler form than the perturbar- 
tion matrix for the dynamical matrix would have, we have developed our 
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formalism in terms of the matrix rather than in terms of D. 

Since the value of the determinant of a matrix is unchanged if we 
carry out a similarity transformation on the matrix, if we carry out the 
transformations which diagonalize D and Dq , respectively, we can 
rewrite Eq. (3.1.28) as 


I A(tw)| 


A 


(3.1.29) 


where {3 and { U)^} are the normal mode frequencies of the un¬ 
perturbed and perturbed crystals, respectively. From Eq. (3.1.29) we 
obtain the result 



The result expressed by Eq. (3.1.30) has the following consequence. 
H, for large | z | , f (z) increases no more rapidly than \z » where 
ot < 2, we can use for C the D-shaped contour consisting of a semi¬ 
circle of radius R in the right-hand half-plane together with the portion of 
the imaginary axis in the interval (-iH, iR) (see Fig. !£[ . 1). In the limit 
as R , the contribution from the semicircle vanishes in view of 
Eq. (3.1.30), and we are left with only an integration down the imaginary 
axis. All of the thermodynamic functions lead to functions f (z) which 
satisfy the above criterion. When the contour of Fig, in. 1 is used, only 
the even part of (i ) contributes to the integral. This result follows 
from the fact that | A (ou) |i is a function of and thus an even func¬ 
tion of U), so that d/du) In I A(U)) | is an odd fixnctlon of u). 

From Eq. (3.1.29) we see that the roots of the equation 


i A (tu) I = 0 


(3.1.31) 


are the frequencies of the normal modes which have been altered owing to 
the introduction of the defects. The normal mode frequencies that are not 
changed by the presence of the defects are not given by Eq. (3.1.31) be- 
2 2 

cause the factors of - uu which would give rise to these roots are 
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z - plane 


Fig, in, 1 The integration contour in the complex frequency 
plane which Is used in evaluating changes in 
additive functions of normal mode frequencies. 


canceled between the numerator and denominator of the expression on the 
right side of Eq. (3.1,29). This result provides the first connection 
between the problems of determining the normal mode frequencies of a 
perturbed crystal and of calculating changes in additive functions of these 

frequencies, . 

A final useful property of the determinant | A (u)) | is its relation 
to the change In the frequency spectrum of the crystal resulting from de¬ 
fects. The frequency spectrum g(^) is defined in such a way that 
g ( ( 1 }) d(u is the fraction of normal modes with frequencies in the 
interval ( (ju, o), + d uj ) in the limit as du) -* 0. To. obtain a fonnal 
expression for the frequency spectrum of a crystal, let us first intro¬ 
duce the function N( ) which gives the number of normal modes with 
squared frequencies less than or equal to uo A formal expression for 

N(od^) is 


N (u)^) “ J ^ 6(x - (li?) dx 

0 3 


0.1.32) 


since unity is added to the right side of this expression whenever the 
integration variable passes one of the normal mode frequencies. In terms 
2 

of N(u) ), the distribution function for the squares of the normal mode 
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2 

frequencies G ( ^ ) is given by 


G (ou^) duj^ = jJ- [n (o? + do)^) - N (u?)]] 
= N' (u)^) du? + O ((diB^)^) 


(3.1.33) 


where X (= 3r N) is the number of degrees of freedom in the crystal so 
that ’ 


G (lu^) = E 6 (u)^ - (B^) 

^ J 


If we use the results that 


(3.1.34) 


fi(3d = - Im 11m —^ 

and that the frequency spectrum g ( jb ) is related to Gju)^ by 

g(w) = 2«iG(ou^ 


then we obtain the result 


g(ui) = % Aim 11m 


n 


6-0+ 


y 1 

4 u?-i6 - ti? 

J J 


(3.1.35) 


(3.1.36) 


If we combine Eqs. (3.1.37) and (3.1.30) we see that 
0+ -i6 


(3.1.37) 
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s 2U) Im lim 
6-*0+ 



1 


2.^2 

») 


= *aAt 


few -BoW3= Xtt Ag(m) 


(3.1.38) 


At this point we could well argue that knowing the change in the fre¬ 
quency spectrum of a crystal resulting from the introduction of defects, 
we have, at least formally, solved the problem of determining the change 
in the thermodynamic functions of the crystal. This is the point of view 

adopted by Lifshitz and his collaborators. ^ It should be remarked here 
that the calculation of the change in thermodynamic functions through the 
use of A g ( tf)) is somewhat simplified if we first integrate the expres¬ 
sion for the change by parts and work instead with the change in the inte¬ 
grated frequency spectrum, since the latter function usually has a simpler 
form than A g ( u)) itself. For example, we can write the change in the 
Helmholtz free energy as 


00 

AF = >AcT r In I 2 stnh ^ 3 A g(u)) dm 
Jo 


'2' 


eo 

f An 
Jo 


(ttJ coth ^ du) 


(3.1.39) 


where 


An((i)) Ag( 5 )d 5 


(3.1.40) 


is the change in the integrated frequency spectrum. From Eqs, (3.1.40), 
(3.1. 38), and (3.1.29) we find 


8n((») = rr-M 11m In |A(a)) 

(3.1.41) 

Equations (3.1.39) and (3.1.41) are lifshitz* result for the change in free 
energy produced by defects. 

However, from a purely practical point of view it is often more con¬ 
venient, and certainly simpler, to compute changes in thermodynamic 
functions by methods which do not involve an explicit determination of 
Ag(uj) or An((»). A similar situation exists in the computation of 
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the thermodynamic functions of perfect crystals, where a great deal of 
effort has gone into the development of techniques for their evaluation 

directly from the (fynamical matrix of the crystal. The of 

the change in the frequency spectrum resulting from defects is more dif¬ 
ficult than the calculation of the spectrum of a perfect crystaL Very re¬ 
cently, a calculation of what is essentially A n(o)) produced by a 
defect in a face-centered cubic crystal has been carried out by Nardelli 

and Tettamanzi. Their calculation suggests that the evaluation of 
An (UJ) even for a mass defect in a crystal of lower symmetry, or for 
a more copupllcated defect in a cubic crystal, will present formidable 
(though not necessarily insurmountable) computational problems. In 
addition, it is often desirable, and even necessary, to know the analytic 
dependence of a change in an additive function of the normal mode fre¬ 
quencies on such parameters as the mass of an impurity atom and the 
force constants which characterize its interaction with the host crystal, 
and on the temperature. Such information is lost in a purely numerical 
calculation based on Eq. (3. 1 .39) or on Eq. (3.1.24) for that matter. 

For these reasons, although we keep in mind the possibility of 
Eq. (3.1.39), in what foUows we emphasize the development of techniques 
for evaluating the change in additive functions of the normal mode fre¬ 
quencies of a crystal as a result of defects, which do not require an 
explicit knowledge of either Ag(U)) or An(tu). 

We now proceed to obtain expressions for the change in the Keimiir.it 7 ; 
free energy of a crystal resulting from the introduction of defects. From 
these expressions we can obtain the remaining thermodynamic functions. 

Since we shall use the contour of Fig. III. i in evaluating the integrals 
which appear in the theory, it is convenient to introduce a new function 
n (f) by the relation 


n(f) = ln| A(iu.T f)| 


df 


n(f) = 2 f 








1.42a) 
f?. 1.42b) 


The variable f = (uV with similar definitions for f, and f_.. 

^ J °l 

To evaluate the change in the Helmholtz free energy by the methods of 
this chiq>ter it is convenient to eiqiand f( lu ) as 


f((«) = kT In {2 sinh^} =i flai ^ 


where p - (kT) This form is valid for all temperatures but is 


(3.1.43) 
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particularly useful at low temperatures. The expression for the change 
in the free energy becomes 


hF(T) = AEg - W 2^ ii 


(3.1.44) 


where 

j z dlnl h(z)l 
c 

(3.1.46) 


‘yx) ■ ^toUte)! 


(3.1.46) 


ff the contour of Fig. HI. 1 is chosen, these expressions reduce to the 
following real integrals; 

**o ■ -f 

J o 

(3.1.47) 

ee 

hi (T) » — f n(f) sin a f df 
n TT L n 


(3.1.48) 

where . At low temperatures is very large and we 

can integrate Eq. (3.1.48) by parts to find 
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Ayr) 


.. 1 rn(o) n"(o) 

IT a „3 



(3.1.49) 


If we substitute this expansion into Eq. (3.1.44) and carry out the sum 
over n we obtain finally 


AF(T) 




(3.1.50) 


This expansion can be shown to be valid for one- and three-dimensional 
lattices (in the latter case n(o) = 0]; however, for two-dimensional 
lattices p (f) has a branch point at f = 0, and the evaluation of the low- 
temperature e:q>ansion of AI^(T) requires special techniques. This 

case is discussed in reference 18. 

In the high-temperature limit the free energy can he in 

inverse powers of the temperature 


F(T) = kT ^ In-^ + kT ^ ^ 


B 


2n(2n)! {'Wj 


2n 


j n=l 


where the are the Bernoulli numbers 



B, 

4 30 



(3.1.51) 


(3.1.52) 
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If we interclmnge the order of summations over j and n and recall the 
definition of the 2nr-th moment of the frequency distribution function, 


2n 


2n 


2n 




2n 

‘"i 


<3.1.53) 


we obtain 


F(T) 


kT In 




f. +/rkT 
3 


I 

n=l 


(- 1 ) 




( 2 x 1 ) 1 2n 


Tj 


2ii 


(3.1.54) 


where we have put @ = expansion is valid for all lattices 

and is Independent of the dimensionality of the lattice. It converges for 
( p /T) < 2tt. However, methods exist for extending its validity to 
lower temperatures. These are presented in reference 19 and will not be 
discussed here. 

We can rewrite the first term of Eq, (3.1,54) as 


kT In n 

^ J 






.WkT In 



+ kT In n 

^ j 


■j 


(3.1.56) 


However, from Eq. (3.1.29) we see 


n 

j 


'I 


■°3 


A 


o 


A 


U(o)l 


(3.1.66) 
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so that finally 


AF(T) 


1 ^ 
- rr% 

2 K i m A 


h(0> I 


XkT Y. 

n=l 


X 


^2nSn 
2n (2n)l 



2n 


(3.1.57) 

where is the change in the 2n-th moment resulting from defects. 

An alternative derivation of Eq, l. 67) has been given by Yamahuzi and 
Tanaka.^® 

can be calculated from c ^ in the following way. We expand 

n (f) for large | f | in inverse powers of j f |, and from Eq. (3.1.42b) 
we obtain 


n(f) 





+ 



6 

21 -.. 


n*l 



1.58) 


where we have used Eq. (3.1.53). Thus fi(^ is a moment-difiference 
generating function for an imperfect crystal 

It only remains to obtain an explicit expression for l,A(io) L 
In the presence of defects, the time independent equations of motion 
(3.1.8) take the form 
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Z- ^a|3 

(3.1.59) 

\vhere the matrix Aap (-tn; -t’XOdescribes the effects of the perturbation. 
If we define a Green's function tu) by the condition 


I'V^y 



r 


w) 


II' HK» aB 

(3.1.60) 


then the formal solution to Eq. (3.1.59) is 

\<i> “ Z Gae(ii’-'“>>^8x 

(3.1. 61) 

Since Eq. (3.1.61) must hold for all ( iKa ), it must be satisfied by 
the amplitudes { Vq^(^h) } which are those directly affected by the pei> 

turbation described by 

E ‘(CB C'> ''b 


Thus, if we set (-tna) successively equal to the values of () for 
which the right side of Eq. (3.1.61) is nonvanishing, we obtain a set of 
homogeneous equations for the displacement amplitudes directly affected 
by the defect. The determinantal equation which e^qpresses the condition 
that this set of equations possess a nontrivial solution is the equation 
whose roots are the altered frequencies of the perturbed crystal. 

We can obtain this result alternatively in the following way. If we 
identify the matrix k*) with the matrix - 6 m of Eq. (3.1.23), 
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and the matrix G . (4x ;^'h';ou) wltti then the determinant 

I . a3 I ^ ® 

I A((«J) I can be written explicitly 


I A (in) I = 16 


-t-t' ^x' 


E 


Gax 




(3.1.62) 

^ equation | A (U)) [ = 0 is recognized to be nothing more than the con- 
mtion tha.t the set of homogeneous equations for the amplitudes directly 
involved in the perturbation have a nontrivial solution. The rank of the 
determinwt |. A (m) | is just the number of degrees of freedom in the 
crystal directly affected by the perturbation. For a localized defect this 
is a comparatively small number, and it is this fact that makes the 
methods described in this section so useful for treating defect problems. 

To obtain an explicit expression for we proceed 

essentially as in the one-dimensional case. We use the fact that 


*hh' *06 “ N X! ^ I 


X g2TTlk-(X(i) -x(-t')) 

(3.1.63) 

and expand Gj^g('Oi;f,'H';o)) as 



X g2mk.(x(t)-x(/.')) 


(3.1. 64) 
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If v/e substitute Eq. (3.1.64) into Eq. (3.1.60) and use Eq. (3.1.63) we 
find that f(k]) is 

S _ - _ 

u)^-ti)^(k) 

(3.1.65) 


with the result that 


N\/M^ M^* kj 




J 


^ ^2TTlk-(X(<.) -XC/-*) 


(3.1.66) 


We conclude this section with a simple 1-D example of the applica¬ 
tion of the results we have so far obtained. We compute the change in the 
zero-point energy when the mass of the atom at the origin is changed 
from M toM» = (1 - e ) M. From Eq. (2.2.14) we find that the determi¬ 
nant IA (u)) I is 


A (tti) 1 = 1 “ eMu)^g^(u) 


(3.1.67) 


from which we obtain the result 


n (f) 




II .. 

O J 


(3.1. 68) 


In obtaining this result we have replaced (u by f in Eq. (2.2.7) and 
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have , converted the sum into an integral, since the summand no longer 
singularities at the unperturbed normal mode frequencies. We obtain 
explicitly 

fi (f) = - _ s __ 

(3.1,69) 


According to Eq, (3.1.47), the change in the zero-point energy is given by 


AE 

o 


huu e 
L 

2n 



sin 9 d 9 
1-0 sin 0 




cos 



(3.1.70) 


It should be emphasized that this is an exact result, not merely a small 
6 result. Since for 0 ^ e < l the localized mode contributes 

0 ^ 0 < 1 

(3.1.71) 



to the zero-point energy (see Eq, 2,2.22), the ire-band contribution is 
readily found to be 



(3.1.72) 

and we see that the two cojntributions are of comparable magnitude. It 
also foUows from Eq. (3.1.70) that AE^^ is positive for c > 0 and 

negative for q < 0. These results are what would be expected in light of 
the general increase of all symmetric mode frequencies owing to the 
presence of a light defect and of their decrease owing to the presence of 
a heavy defect. 
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We now turn to an application of the results of this section to a three- 
dimensional defect problem. 


IV. A MASS DEFECT IN A THREE-DIMENSIONAL CRYSTAL 


1, Properties of the Normal Modes 

To illustrate the rather formal results of the preceding Sec. HI, we 
devote this section to a detailed study of the effects of a mass defect in a 
three-dimensional crystal. The results we obtain here are of interest in 
themselves and will also be useful in later discussions of dynamic proper¬ 
ties of disordered crystals. 

We shall now study the effects of the defect on the normal mode fre¬ 
quencies and vibration amplitudes. The change in the crystal’s vibrar- 
tional free energy produced by the defect will be discussed in Sec. IV. 2. 

We consider first the case in which the impurity atom corresponds to 
the H = 1 atom in the t = 0 unit celL If we denote the mass of this 
atom by 


= (1 - e) 


(4-1.1) 


the coefficient (IK; takes the form 

Vi‘«6 


(4.1. 2) 


With this result the expression for the displacement components, Eq. 
(3.1.61), takes the form 




CM, 


I 


0 

'k 1; 


u;) 




(4.1.3) 


If we put -t = 0 and h = i, and let a assume the values x, y, z, 
successively, we obtain the eigenvalue equation for the normal mode 
frequencies of the perturbed crystal: 
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/ /0\\ 

v;> 

i 

- e u)^ 

i 1 

1 /0\ 
Vi’ 



\Pzx(?r“>>Gzy<u’“>>°zz<fJ‘«y 

\ / 
WiV 


(4.1.4) 


The expression for (01; 01; u ) is explicitly 


,00 

ae Ml 


;(u) 



kj 10 - u)j (k) 


(4.1.5) 


We now specialize to the case of a cubic crystal containing two ions 
per unit cell, each of which is at a center of inversion symmetry. The 
alkali halides provide an example of crystals of this type. In this special 
case the function (01; 01; o)) can be simplified somewhat. The 
simplification stems from the fact that for such a crystal the product 
©a I ^ J) e p*** (11 kj) transforms as Icq^ k g under any real 
orthogonal transformation of crystal axes which takes the crystal into 
itself. The frequency Wj (k) is invariant against such a transformar- 

tion. In the case of a crystal of the NaCl structure, the set of S 3 nnmetry 
operations applied at a lattice point which take the crystal into itself 
coincide with the operations which take a face-centered cubic crystal into 
itself. These results have the consequence that GQ^g(0l; 01 ; tu) is 
diagonal in a and p , It is moreover isotropic since the crystal is 
invariant under a rotation through 90® about any of the coordinate axes. 

We can thus write g(01; 01; W) as 

e(llj)-e*(l|k) 

(k) 




I 

kJ 


(4.1.6) 
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The eigenvalue equation for the normal mode frequencies reduces to 
three separate equations, each of which is 


1 


0 uu 


2 1 
3N 


E 




(4.1.7) 


SO that the frequencies of the perturbed crystal are triply degenerate. 

We make no further use of the foregoing results here and put them 
aside for future reference. 

We now turn our attention to Bravais lattices. The expression for 
the displacement components associated with a mass defect in such a 
crystal is obtained from Eq. (4,1.3) by suppressing the basis indices k 
and H 


v^U) = eMu)^ E 
P 


(4.1.8) 


The eigenvalue equation for the normal mode frequencies of the perturbed 
crystal becomes 






Vy(0) 

= 0 M(ju^ 

Gy^(00;(B)Gyy(00;a)) Gy^(00;u.) 

v»> 



ip2X^00;u,) G^y(00;u,) G^^( 00;u.y 



(4.1.9) 

For orthorhombic, tetragonal, and cubic crystals we can use sym¬ 
metry arguments s im ila r to those used above to show that the matrix with 
elements G (00;^)) is diagonal: 
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G^q{00;(«) = 6, 


a0 


1 

NM 


I 

kj 




U) - l»J . 


(k) 


(4.1.10) 

This means that for orthorhombic crystals the eigenfrequencies are the 
roots of the three equations 


e 0)' 


2JL 

N 


I 

kj 


!a<i) 




a) 




a = X, y, z 


(4.1.11) 


For tetragonal crystals with the fourfold rotation axis along the z-direction 
we obtain a pair of equations for the normal mode frequencies, 


1 


. 2 1 
e,.i ly 


I 

kj 


e (^) e (^) 


^(k) 


1 = 



(twice) 


(4.1.12) 


Finally, in the case of cubic crystals we obtain a single equation repeated 
throe times 


1 « 


ew 


3N 




1 

- w j (k) 


(4.1.13) 
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la all that follows we shall emphasize the case of cubic crystals, 
siuce they provide us with a practically important category of crystals, 
and one for which many of the calculations we shall encounter can be 
carried out analytically rather than numerically. 

In the remainder of Sec. IV-1 we study the solutions of Eq. (4.1.13) 
and discuss their consequences for the displacement amplitudes. 

In the one-dimensional example discussed in Sec. 11, it was possible 
to evaluate the sum appearing on the right-hand side of Eq. (4.1.13) in 
closed form, so that the problem of obtaining solutions of this equation 
was greatly simplified. Unfortunately, no one has succeeded in effecting 
a similar exact evaluation of the three-dimensional form of the sum. 
However, an approximate way of solving Eq. (4.1.13) has been indicated 

by Lax. 

Let us replace ay by X , and let us denote the distinct eigenfre- 

quencies of the unperturbed crystal ( k) J by Ixj , where 

3 

is the square of the largest normal 
mode frequency. Then Eq. (4.1.13) can be written as 

_ 1 _ , I Y" /l 

cx M l_, V- X. 

i ^ 


(4. 1. 14) 

where Zj is the multiplicity, or degeneracy, of the eigcnfrequency 
and satisfies the normalization condition 




3N 


(4.1.15> 


In both Eqs. (4.1.14) and (4.1.15) the sum over ] is carried out over only 
the normal modes whose frequencies are distinct. 

If we plot the right side of Eq. (4.1.14) against tho left side we see 
that the solutions of this equation interlace the unperturbed normal mode 
frequencies IX. j 1: there is only one solution in the interval 

(^ ^ _Li )• Tkl® conclusion also follows from the fact that 

r r+1 
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is always negative, for X ^r+1^' 

The separation between consecutive unperturbed eigenvalues is 
-1 "1/3 

typically of order L = N ' , because this is the order of the separar- 
tion between neighboring k -values. However, it must be remarked 
that this result is strictly applicable only in cases where the frequency 
spectrum has only a single branch, because in the case of overlapping 
branches, although the separation between neighboring eigenfrequencies 
-1/3 

may be 0(N ' ) in each branch, it can happen that the separation be¬ 
tween two eigenvalues belonging to two different branches is much 
smaller. In what follows, however, we make the assumption that 

=0(N"^/V 

We now ask for the shift in the p-th eigenfrequency, , Setting 
X equal to X^ + A X ^ we can rewrite Eq. (4.1.14) 

1 - ^ ^ 1 1 r* 

e(Xp+AXp) ■ 3N SIT A 


(4.1.16) 

where the prime on the sum excludes the term with j = p. The summand 
in the second term of this equation is a smoothly varying function of j 

—2/3 

since each term Is of no larger order than O (N ' ). This follows from 
the fact that - Xj j^ = 0(N' -1/3^ 

and AX^ must be smaller than the 

distance between X and X , or between X and X ^ depending on 

p+1 p p p-1 ^ 

whether e is positive or negative. We Ihus replace the sum in Eq. 

(4.1.16) by a Cauchy principle value integral over the frequency spec¬ 
trum of the unperturbed crystal, and find that to lowest order in N"^ 


AX, 




1 - eX. 


^ go(^) 

i 



-1 


(4.1.17) 


where go ( ? ) is frequency distribution function of the perfect host 

crystal (normalized to unity), and is the maximum frequency of the 

perfect crystal. The frequency shift can be written in the more usual 
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notation as 


Acu j(k) 


ez{^) 


0,2 (k) 


1 - eii)j(k) 



go(?)dr 


-1 


(4.1. IS) 

In view of the approximate nature of this result, which is the best anyone 
has succeeded in obtaining to date, it is certainly fortunate that we do 
not need to know the in-band frequency shifts in order to be able to cal¬ 
culate changes in additive functions of the nonnal mode frequencies. 

In the case that pij is larger than the maximum frequency of the 
unperturbed host crystal we can rewrite £q, (4.1.13) as 


1 



UJ - 5 


d? 


(4, 1. 19) 


For s. in the interval (0,1) we shall show that Eq. (4, X. 19) can have a 
solution. 

For all realistic models of crystals the function on the right side of 
Eq. (4.1.19) is finite and positive for u) > u)][^ , and has its largest 

value for o) == . This means that unlike the situation in the one¬ 

dimensional case where a localized mode appears for any value of c in 
the interval (0,1), in the three-dimensional case e has to exceed a 
certain critical value before a solution of Eq. (4.1.19) appears. This 
critical value of e is given by 


e 


cr 





-1 


(4. 1 . 20) 
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For one- and two-dimensional crystals the integral in Eq, (4.1.20) di¬ 
verges, so that here this respect the Debye spectrum is 

also unrealistic, since the integral in Eq, (4.1.20) diverges if a Debye 
spectrum is employed. 

Although the use of an electronic computer for the solution of Eq, 

(4.1.19) is a sufficient condition, it is not a necessary one. We proceed 
by expanding the right-hand side of Eq. (4.1.19) in inverse powers of ; 



(4.1.21) 

where the equation 

o 


(4.1.22) 


is an alternative definition of the 2 n-th moment of the frequency spectrum 
of the unperturbed host crystal. Equation (4.1.21) can be put into a more 
convenient form if we introduce the dimensionless moments and frequency 
which are given by 


U 


2n 





(4.1.23) 


In terms of these quantities Eq. (4.1.21) becomes 


(4.1.24) 


It is a general result that for all three-dimensional crystals whose 
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■ma yiTin^im frequency corresponds to an analytic or to a fluted maximum in 
the surfaces of constant frequency in reciprocal space, the frequency dis¬ 
tribution function behaves like constant - tw 2^1/2 

in the limit as 

22 

u) -* (D . It can be shown that such a behavior of the frequency 
spectrum leads to the following asymptotic form for the moments 

23 

{ u. } in the Umlt of large n: 


u 


2n 



(4.1.26) 


The value of the constant A can be found if the expansion of tu ^ ( 1^ ) 

as a function of k about its maximum value is known. A cruder, but 
simpler, way of determining A is to fit £q. (4.1.25) to the highest known 
moment. 

The e3q)ansion (4.1.24) converges for x - 1, so that the critical 
value of e which must be exceeded in order that a localized mode appear 
is given by 




(4*1.26) 


Moments of the frequency spectra of models of various different 
crystals have been computed by several authors. The most extensive 

24 

calculations are those of Domb and Isenberg who have computed the 
even moments up to for nearest and next nearest neighbor models 

of face-centered and body-centered cubic crystals for many different 
ratios of the next nearest to nearest neighbor force constants. We use 
their results for a nearest nei^bor central force model of a face- 
centered cubic crystal to illustrate the dependence of the local mode fre¬ 
quency on the defect mass. The maximum frequency of this model i« 

. 25 
given by 

/b (ro)\ /eaoB 
"’l “ M j “ ^ M 



(4.1.27) 

wbere ^(r) is the interatomic potential, is the nearest neighbor 
separation, B is the bulk modulus, and a^^ = is the lattlco 
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parameter. The dimensionless moments for this model are 


24 


Uq = 1. 000000 

'^lO 


0.138824 

Ugo = 0.065643 

u^ = 0.500000 

^^12 

= 

0.115788 

Ugg = 0.058308 

u^ ^ 0.312500 

4 

^14 

= 

0.098590 

U24 = 0.052123 

u. = 0.222656 

0 

'^le 

= 

0.085196 

'^26 ^-^4^355 

u^ = 0.171631 



0.074451 

u^^ 

8 

18 



28 = 0.042332 


u.. = 0.038421 

(4.1.28) 

Fitting an expression of the form of Eq. (4.1.25) to we find that 

30 

A £ 2.232. This result, together with the fact that 




iRc n 
. 11 


3/2 


2048k 


k 


) 


2 

V2 


1 4 - 


4k 


16 k^ 


768k^ 


(4.1.29) 


enables us to evaluate the right-hand side of Eq. (4,1.26) with the result 


1 


e 


cr 


I * L 

3.0233 + 1.1337 
4.1570 


2.232 


(4.1.30) 


This means that e > = 0.2405 in order that a localized mode can 

appear. ^ 

A table of . c as a function of x calculated from Eq. (4.1.24) is 
given in Table IV. 1. 

We now ask, ^^What is the nature of the displacement amplitudes as¬ 
sociated with in-band impurity modes and with modes whose frequencies 
have been removed out of the band?** For this purpose it is convenient to 
consider the behavior of the Green’s function Gap large 

I. x( t) If since it is this function which describes the displacements. 

In the case of in-band modes we can write Oq^p(^ ;U)j (k)) as 
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(1)^ - uu^ (k) 


^2nik*x('t) 


^ I 

k’J* 


«a<S> > 


(u.^(k)-u)J,(k'))p 


^2nik* •x('t) 


(4.1. 31) 


Table IV. 1 

The mass of an impurity atom £U9 a function of the local 
mode frequency for a face-centered cubic crystal with 
nearest neighbor, central force interactions 



e 

X 

Uj/lUL 

M'/M 

0.0 

1.0 

0.0 

ee 

0 

0.1 

0.9494 

0.3162 

3.162 

0. 0506 

0.2 

0.8972 

0.4472 

2.236 

0.1028 

0.3 

0.8432 

0.5477 

1. 826 

0.1568 

0.4 

0.7869 

0. 6325 

1.581 

0. 2131 

0.5 

0.7277 

0. 7071 

1. 414 

0.2723 

0.6 

0.6647 

0. 7746 

1. 291 

0. 3353 

0.7 

0.596 

0. 8367 

1.195 

0.404 

0.8 

0.519 

0. 8944 

1.118 

0. 481 

0.9 

0.43 

0. 9487 

1. 054 

0. 57 

1.0 

0.2405 

1. 0000 

1.000 

0. 7595 


2 2 

In the first term we replace siu - u) ^ (k) by the expression given 

by Eq. (4.1.18). This results in a wavelike dependence of this term on 
X (). In the second term we use the definition 

d) = Imllm f dt 

* P 6-0+ 


(4.1.32) 
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to rewrite it as 

00 

-g- ^ y dt J d\' sin (U)2(k) - U|2,(k*)) t 

j' o Bz 

X e^(^|) eg(^,) co8 2Trk'.xW 


(4.1. 33) 


where is the volume of a unit cell of the crystal. An evaluation of this 

integral by the method of stationary phase for large | x il) | shows that it 
is waveMfee as a function of J x (^t) ] . Thus the Green's function, and 
hence the displacement amplitudes, are wavelike in nature for those 
normal modes whose frequencies lie inside the band of allowed frequencies. 

The displacement amplitudes associated with normal modes whose 
frequencies lie above the band of allowed frequencies decay faster than 
exponentially with increasing distance from the defect. This can be seen 
in the following way. We consider the contribution from a single branch 
only. The Green's function has the form 




va 

M 


/■ 

Bz 


d^k 




UJ 




^2Trik*x(-t) 


"“■j 


(4.1.34) 


For large | x (^) | the integrand oscillates rapidly as a function of k , 
and throughout most of the Brillouin zone contributLons from different 
k-values tend to cancel. The exception to this comes from the region of 
k-values for which the denominator is as small as possible, i.e., the 
region about the maximum in the surfaces of constant frequency in k - 
space. About this point, which we denote by k^, the ex¬ 

pansion 

Y. "‘r- 

rs 
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E 


aJ?? 5 e + . . . 

rs s 


(4.1.35) 


The linear terms vanish because we are expanding about a maximum. The 
matrix A is the matrix of a positive definite quadratic form. Assuming 
tiiat there is only one maximum in the zone, we can now rewrite Eq. 

(4.1. 34) as 


*^08 (- I .;!*))-~ 

u-H M 3 P 3 


X 



f dh y I 

J^eo r rs 


(4.1.36) 

where having made a small g expansion about we can then extend the 

5 -integration over all space with little error. Since 6(^(kj) is ordi¬ 
narily a smoothly varying function of k , we have replaced it by its 
value at k = ,, and have taken it outside the integral. Strictly speak¬ 

ing, we should take into account the angular dependence of eQ^( k i) 
about the point k = JSq • This, however, will affect only the angular 

dependence of our result, and not its dependence on the magnitude of 
X (-t). In this way we obtain the result 


G«> a 

00 

/ 


dt e 


L 


X 
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3/2 

X <2?I- ^ . t 

■ t**"’ 


1^11/2 ,3/2 




(A)XgW 


2TTlk •x(-t) 


o ' ' va ko ko _i2TT) 
M ®a^ j ' ®8'j ' |l/2 



(4.1.37) 


We see that the rate of exponential decay increases the higher uj is 
above the top of the allowed band. 

It can occur that because the three branches of the frequency spectrum 
have different cut-off frequencies, a frequency can be out of the band for 
one or two of the branches and still in the band for the third branch. In 
such a case we see from the foregoing analysis that the displacements at 
large distances will be determined only by the in-band modes, with the out 
of band contributions being exponentially small. 


2. Thermodynamic Functions of a Cubic Bravais Crystal 
Containing a Single Mass Defect 

In the case that a mass defect is introduced into a cubic Bravais 
crystal the determinant I A (u)) | obtained from Eq. (4,1,9) is 


1a(i«) 1 = [1 - eMiu^ Gj|^(0;u))]® 


(4.2.1) 


Consequently the function 0(f) is given by 
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n(f) 


- J- 

df 


In 




3d 

df 


In^ 


2^2 

60)^1 

w- 


k 

J 


<"j (k)l 


(4.2.2) 


Since the summand in this e3q>ression is nonsingular, we can pass to the 
^it N Tt “ and replace smnmation over and j by integration over the 
frequency spectrum. In this way we obtain 


n (f) » - 3e MG(f) -t; f^G'(f) 
1 - ef^ G(f) 


(4.2.3) 


where we have introduced the functions 


G(f) 



dx 


G'(f) 



P(x) dx 
(f^ + x^)^ 


(4.2.4) 


which are defined in terms of the dimensionless frequency spectrum. 


P(x) = 


(4.2.5) 


The change in zero-point energy is given by 
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2n 




ef^G(f) 


df 


(4.2.6) 

The frequency spectrum P (x) is known numerically for many models of 
different cubic crystals. The functions G (f) and G’ (f) can then be ob¬ 
tained by numerical integration, and a second numerical integration 
yields Essentially this procedure has been carried out in connec¬ 

tion with a closely related problem which will be discussed in Sec. IV-3, 
However, since our aim in this section is to illustrate techniques as well 
as to obtain specific results, we resort here to a simpler procedure. If 
we assume a Debye frequency spectrum for the host crystal 


/ V 3u)^ 
go(«') = — 

= 0 


we find 


0 < U) < 




G(£) = 3 (1 -£tan"^y) 


G'(f) = 3 


1 + 




tan 




(4.2.7a) 


(4.2.7b) 


The change in zero-point energy is then given by 


AE, 


9ehujj^ 

2n 


r“ - 3f^ 4 ^^2 

Jq 1 - 3e (f^ tan‘^j) 


9€6u) 


2n 




TT 2 4 3 

2 sin X cos x + slnx cos x-3xcosx dx 


3 2 3 2 

sin X - 3e(slu x cos x - cos x) sin x 


(4.2.8) 
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This integral has been evaluated numerically for several values of c 
and the results are given in Table IV. 2. 


Table IV. 2 

The change in the zero-point energy of a crystal containing a 
mass defect, calculated in the Debye approximation, as a 
function of . e. The change A je 3^ is given by 

(9ftUJj^/2TT) €l(€) 


e 

1(e) 

-4 

0.03434 TT 

-2 

0.05261 TT 

-1 

0.07306 TT 

1/4 

0.1555 TT 

1/2 

0.2089 n 

3/4 

0.3378 n 


J the Change in the Helmholtz free energy at low but finite 

temperatures according to Eq. (3. 1 .50) we must know the smaU I f I 
tehavior of ^(f). jf we make use of the fact that at low frequencies the 
frequency spectrum of a three-dimensional crystal has the eiqiansion 


go(«)) = 


V 


.2 


A^u)^ 


AgO) 


,6 


(4.2.9) 


then it can be shown that the small | f | eiq,anBion of G (f) is given by^® 




+ C f4 + , 
4 


(4. 2.10) 
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where Cg, C^,..., are coefficients which cannot be eiipressed simply In 

terms of the . It is then straightforward to obtain the results 

that 

n(0+) =0 

fi" (0+) = gSTTO^ Ag 

(0+) = 180 eml (e Ag - A^) 

(4.2.11) 

According to Eq. (3.1.50) the low-temperature expansion for the 
change in the free energy is given by 



(4.2.12) 

Esqperlmental values of the minus second moment |i can be ob- 

—z 

tained from the temperature dependence of the Debye-Waller factor at high 
temperatures (see Sec. IX). The coefficient A is related to the O^K 

a 

value of the equivalent Debye characteristic temperature 0^ by 



(4.2.13) 

Finally, values of the coefficient A^ have been calculated for models of 

several face-centered cubic crystals by Horton and Schiff^*^ and by 
28 

Marcus. 

In the higlb-temperature limit we need the large | f | expansion of 
f). We readily find 
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f2 f4 ^6 ^ • 


where the u are the dimensionless moments 


1 

’^2n • J P(x)dx 


With the aid of this result we obtain the expansion 


(4.2.14) 


(4.2.15) 


fi (f) ~7(3N) ( ^ 1 -ii. 

f \ 3N 1 - e .2 ^ W ~e 




from which, together with Eq. (3.1.58), we obtain 


A, j — 1 3 c 

^’^2 -m ’^2 




(4.2.16) 


(4.2.17) 


1 ^ 0 ) 1 = 1 . we find that the change 
Helmholtz free energy at high temperatures is given by 

AF(T) = - Jn (1 - e) + isT I—( _ 3e 

2 124 \^TJ ~e "2 
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1 

2555 



3e" 


( 1-€)2 



(4. 2. 18) 


The first term inside the curly brackets can be formally simplified if we 
introduce the limiting higb-temperature value of the equivalent Debye tem¬ 
perature 


@ 

00 





2 


(4. 2.19) 

If anharmonic effects are small, it is possible to obtain from ex¬ 

perimental specific heat data. We accordingly obtain 



(4.2.20) 

This completes the catalogue of the effect on the free energy of a 
cubic Bravais crystal resulting from a single mass defect. We see that 
qualitatively the effect of adding a light impurity atom to the crystal 
(0 < 0 < 1) is to increase the free energy, whereas the addition of a heavy 
impurity ( e < 0) reduces the free energy. This is to be expected since 
kT In [2 slnh ft t«/2kT 1 is a raonotonically increasing function of 
uj for fixed T, We wish to emphasize again that none of these results are 
small e results but are valid for all e<i. This fact illustrates the 
advantages of using the Green's function formalism. 

If we have a very dilute solution of mass defects in a cubic Bravais 
crystal, then it has been shown in the paper by Montroll, Maradudin, and 
Weiss listed in reference 2 that the change in the free energy of the host 
crystal is given correctly to terms linear in the concentration of impuri¬ 
ties simply by multiplying the results of this section by the impurity cotJr 
centration. In Sec. V this result will be obtained in a different manner. 
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3. Example: The Second-Order Doppler Shift in the Energy of a 
Becoilless Gamma-Ray Photon 

The preceding discussion has dealt with studies of the effects of a 
defect on individual vibration modes of a crystal. In this section 1 wish to 
discuss a problem in which the dynamical behavior of an individual impur¬ 
ity atom is of primary interest. 

Whenever a nucleus bound in a crystal decays from an excited state to 
its ground state by recoilless y emission, the energy of the emitted 
Y ray is not just that given by the relativistic expression mc^* 
where 6m is the difference in the nuclear mass between its ground and 
excited states. The decrease in nuclear mass during the y-ray emission 
increases the normal mode frequencies of the crystal, in accordance with 
Rayleigh^s theoremsi and hence the energy of the crystal increases 
slighdy. This energy must come from somewhere and in fact is drained 
off from the v^ray, Avery simple derivation of the expression for the 
fractional shift in the y-ray energy produced by this process has been 
30 

givea by Josei^on, and proceeds as follows. 

If the i-th nucleus in the crystal emits a y-ray of energy E its 

mass changes by the amount feij = - E/c^. Because of this change in 

mass tte energy of the crystal changes by the amount of the change in the 
mean kinetic energy of that nucleus. This change is given by 


6E = <AH> = 




(4.3.1) 

of toellc enersy rf the omlttih, 

in the pure hoet crysM It le ^ f®® ®f htome 

of on n,; ^ ® ^ ;^«f tke ""nan kinetic energy 

«em,« t. 

■eeet.h-eteer Ik,^I.r 

het e^ «ir,riT! “»«»l-orher Djppler shift afeno 

ehia I ehsu Lu L ’^2' nhlft, ” ee well. This totel 
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order thet the value of the Isomeric shift can be obtained from an experi¬ 
mental determination of the center shift, we have to be able to subtract 
off the value of the shift given by Eq. (4.3.1). The isomeric shift can be 
taken to be independent of temperature, and this fact ultimately provides 
us with a means for accomplishing this subtraction. 

The expectation value of an operator O in the canonical ensemble is 
given by 


<o> = 

Tr e 


-eHo 


(4.3.2) 


where H is the Hamiltonian for the system described by the ensemble. 

In the present case our system consists of a crystal, one of whose 
atoms is replaced by an impurity atom whose mass differs from that of 
the atom it replaces and whose potential of interaction with the other atoms 
in the crystal differs from that of the normal atom at that site. If we de¬ 
note the mass of the H-th atom in the ^-th unit cell by M , and if 
we assume that the impurity atom is the h = l atom in the ^ 1 = 0 unit 
cell, the Hamiltonian for the perturbed crystal can be written 



(4.3. 3) 

In £q. (4.3.3) is the mass of the H-th kind of atom in the unit cell 
of the perturbed crystal, and we have omitted the now unnecessary super¬ 
script I on the masses in the second sum of this equation. V represents 
the potential energy of the crystal and contains the effects of any force 
constant changes associated with the introduction of the impurity. If we 
write the mass of the impurity atom as 

=(1 - e)M^ 


(4.3.4) 
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the kinetic energy operator of the crystal can be written 


1 - e 9ivr ^ 


1 - e 2M 


P 

2M., 


JiK 


The operator O in our case is 


O 



1 

1 - c 


r > 2 / 0 . 

2M, 


(4,3.5) 


(4. 3, 6) 


so that Eq. (4.3,2) becomes 
-P 




„2/0» 2/Ox 

e P m' P (i) 

- i- -inn- 

1-e 2M- °2 m7^ 


_ Tr e 


2M. 


( 0 ) 


-3 


n 2 / 0 ^ 

e P M' 


Tr e 


1-c 


eTT^ Tr e 


tx 2 / 0 v 

-fi ® ^ 1 OXJ 

^T=T^ssq 


^ F(e,T) 


(4. 3. 7) 




P (e,T) = F (T) 
o 


+ AP(e.T) 


(4. 3. 8) 
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where F^(T) is the free energy of the unperturbed crystal, and 

AF( 0, T) is the change in the free energy resulting from the introduc¬ 
tion of the impurity. AF (e, T) depends both on the parameter e that 
characterizes the mass change and on the parameters that characterize 
the force constant changes as well, although we have not indicated the 
latter dependence e3q)licitly. We have thus obtained the result that the 
mean kinetic energy of the impurity atom is given by 




2M, 


^.(1. e) -^AF(€,T) 


(4. 3.9) 


The second-order Doppler shift in the y^ray energy is, accordingly, 
given by 



A F (e,T) 


(4.3.10) 


This result is convenient since we can use the results of Sec. Ill for the 
change in the Helmholtz free energy resulting from defects to obtain 
6 e directly. 

Thus, for example, if the emitting nucleus can be approximated by a 
mass defect, we find from the results of the preceding section that the 
relative shift In a cubic Bravals host crystal is given by 


6E \ ^ 7 2f^G(f) + f^G«(f) ,. 

i^lo^ Mc^ 0 [1 - 0 f^G(f) 


T-0 


6E' 

E 


+ 

qOk Me 


TT 


(4.3. lla) 
4 


To 


= - A,)(^ 




(4.3.12) 
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(4. 3.13) 


The zero temperature shift can be evaluated numerically as a func¬ 
tion of e once the frequency spectrum of the host crystal is known. If 
we assume a Debye spectrum, we find that 



7 , 


2Bln^x cos^x + sin^x cos^x - 3x cos^: 


[jsii?x 


3 e (sin X cos^x - x cos^x) 


X sinx 


dx 


(4.3. lib) 


pe tategral in Eqs. (4.3. Ua) has been evaluated numerically as a func¬ 
tion of e for a moderately realistic model of copper as the host 

crystal,^® The integral in Eq. (4.3. lib) was also evaluated numerically 

appropriate to copper. The results for the 
mean kinetic energy of the impurity atom are plotted in Fig IV 1 The 
su^st tlu^ the use of die Debye spectrum is not t®; L 
fOT heavy im^iSti^* ^purities, but becomes a poorer approximation 

Precedii^ results have been obtained for the case of a substitu- 
ho^ mpi^ty whose mass is different from that of the tSom !t replwL 

interaction wffh S 

evaSite the se^torf “ appears to be possible to 

without heavy numerical Jo^Sy tatteT w”® “ impurity 

this case we have ^ lugh-temperature limit. In 
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MVM 


Fig, IV, 1 The mean kinetic energy at O^K of a mass defect atom in 
copper plotted as a function of the ratio of the impurity 
mass to the mass of a copper atom. 0 is the O^K value 
of the Debye characteristic temperature for copper. One 
curve is calculated on the basis of a realistic frequency 
spectrum for copper, and the second is based on a Debye 
spectrum for copper. 


(^1 

1^1 T-* Mc^ 

X ^(3NAH2) + 




(4.3.14) 


The first term of this expansion does not reflect the change in the atomic 
force constants since it is a general result that the mean kinetic energy 
of an atom in the classical limit ( 0) is independent of the potential 

energy. The leading correction to the classical result, however, al¬ 
ready shows the effects of the force constant changes, and these can be 
determined as follows. For simplicity, we consider only a Bravais 
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crystal; however, the generalization to nonprimitive crystals is straight¬ 
forward. 

We require the change in the second moment of the frequency spec¬ 
trum of the host crystal, resulting from the introduction of the impurity. 
Let us rewrite Eq. (3.1.55) in the form 

V9' '■ 


(4.3. 16) 

where describes the change in the force constant matrix 

produced by the impurity, and M. is the mass of the -t -th atom. If we 
replace the I by new amplimdes 


y{i) 

CL 


VmT 


we see that the normal mode frequencies are the eigenvalues of the 
matrix whose elements are 


Dg^^UV) 






(4. 3.16) 


^ ^ ^ eigenvalues of a matrix equals the 

we find that the second moment of 
the frequency spectrum of the perturbed crystal is given by 


= 


w, - 


(4. 3.17) 
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If we assume that the impurity atom occupies the cell = 0, then we can 
write Eq. (4,3.17) in the form 


1 - ® a 


^ -4 5 

(4.3.18) 

where we have used the fact that (IV) depends on and V 

only through their difference. It follows that 

^ ONAUg) 




(4,3.19) 


It is a general result, however, that 


•„a<0) = - 5 «aa(^> 

(4.3.20a) 


(4.3.20b) 


where the prime on the sums indicates that the point ,4- - o is to be 
omitted. Equations (4.3.20) follow from the fact that an arbitrary, rigid 
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body translation of the crystal cannot change the net force on an atom in 
the equilibrium configuration. 

By combining £qs. (4.3.14), (4.3.19), and (4.3.20), we obtain 
finally 





(4. 3. 21) 


This result holds for an arbitrary Bravais lattice. Since *!(,«(<«) Is 
assumed to be known, as is e , in a given ejqwriment, measurements of 
(OE/ E). at high temperatures can yield some information about 
A*aa( -1'). The contribution from hither moments can bo obtained In 
a similar fashion, but rapidly become more cumbersome. 

I don't want to go into a detailed discussion of how an experimental 
measureinent of the center shift is carried out. However, I should like to 
say enoug^i about this point to show how the preceding theoretical results 
^ ^ 'wed together with eiqjerimental values for the center shift to 
oDtam information about the isomeric shift. 

pliotons are generated by the recoilless 
te^ltim fr^ an excited state to its ground state of an appropriate 
mcleus ^und m one crystal (the source). The y ray in Sen absorbed 

Ssortert “i^SsTbf different crystal (the 

eneSvrf fi, ^orbing nucleus is raised to an excited state. The 
ergy of the emitted y ray can be written as E + dEg (isomeric) + 

AEg (s. 0 . D.), whereas the energy change of the absorbing nucleus is 

E^ (isomeric) ^E^ (s. o.D.). The subscripts S and A refer to 

"bare'* raer^d^^’ ^ these expressions E is a kind of 

that would eS^t ?excited states 
resuJSr^“tt^^;„^i® “ on the nuclear levels 

suffered no mass niiani^ )„ thf and if the nucleus 

general, these two e^v ®**^®®ion and absorpUon processes. In 
ences between the envir^^te ^ because the differ- 

to different values for the isain« • ® ®*^d absorbing nuclei lead 

two cases. To ai^em m Doppler shifts in the 

meve an energy balance and hence a resonance condition 
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experimentally, we impart a velocity to the source relative to the 
absorber to (first-order) Doppler sMft the emitted photons. The change 
in the energy of the emitted y ray produced by this step we denote by 
AE The energy balance or resonance condition then becomes an 

equation for AE which can be written A E _. = A E . (isomeric) - 

Vr Vr A 

APq (isomeric) + AE (s.o. D.)- AE- (s.o.D.). The e3q)ression for 
S A b 

AE ^ is simply E (A V/ c), where 4^ is the velocity imparted to the 

source and c is the speed of light. In writing this result we can safely neg¬ 
lect the isomeric and second-order Doppler shift corrections to E . The 
resonance speed imparted to the source is thus given by 


AV. 




A E^( isomeric) 
AE. 


(s.o.D.) 


AE (isomeric) 
s 


AE (s.o.D.) I 
s 


a AV^ (isomeric) - AV^ (isomeric) 
+ AV^ (s.o.D.) - AVg (s.o.D.) 


(4.3.22) 


where we have expressed the various relative energy shifts as velocity 

shifts. It is AV that is measured experimentally, for example, by 
r 

measuring the intensity of the Y rays transmitted by the absorber as a 
function of A V. The Intensity shows a marked decrease when 
A V = AVr as given by Eq. (4.3.22). 

Mth the aid of Eq. (4.3.21) we can rewrite Eq. (4.3.22) 

AVj, = AV^ (isomeric) - [AVg(isomeric) + AV^is.o.D.) ] 


+ 


3kT 


1 + 


1 M 
30 M' 



(4.3.23) 


whore 


©2 s _ 
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E' 

la 






> 0 


(4.3.24) 
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If ^^aa(^) = 0, @reduces to 0® defined by Eq. (4. 2.19). 

According to Eq, (4.3.23), if we plot A - (3kT/2M’c) against 

1/T for the absorber at high temperatures, with the source at constant 
temperature, we should obtain a straight line, the slope of which 
determines and the intercept of which is 


AV Adsomeiic) - AV^(isomeric) + AV„(s.o,D,) 
A s s 


K we do this for two cUfCereat absorbers, using the same source at cott- 
stant temperature, the difference of the two intercepts gives directly the 
difference between the isomeric shifts for the two absorber materials 
independent of the prc^erties of the source and fully corrected for the 
second-order Doppler shift. Such an experiment has been carried out for 

Fe in beryllium and in stainless steel, and the results are shown in 
Fig. rv.2.2® 
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It might be thought that Eq. (4.3.23), which has been obtained for a 
Bravais crystal, is inapplicable to nonprimitive crystals, such as 
beryllium. In fact, it is valid for nonprimitive crystals provided we 
define the characteristic temperature ® in this case by 


5 

/M' 

fi l2 

' d 


|Tr| 

^TT 

ST 

1 


3rN AU. 


where r is the number of atoms in a unit cell. The interpretation of 0 in 
terms of changes in atomic force constants and masses is somewhat more 
cumbersome in the case of beryllium than it is for a cubic Bravais lattice. 
In any event, because of present eaqperimental uncertainties in the determi¬ 
nation of 0 , no attempt was made to extract information about the 
effective force constants between an impurity and its neighbors in either 
of the two cases studied experimentally. 

A least squares fit of the data shown in Fig. IV. 2 are given in 
Table IV. 3. The isomeric shift is clearly determined far more accurately 


Table IV. 3 


Absorber " [AVg(i) - AVg(s,o*D.)] ®(^K) 


Fe in beryllium 

Fe in 304 stainless 

Isomeric shift 
Be-stainless 


-0. 570 ± 0. 004, mm/sec 1210 ± 240 
-0. 253 t 0, 003 510 t 75 

-0. 317 i 0. 005 


than the effective characteristic temperature ,0 , since the slopes of such 
curves are much more sensitive to errors in the esiperimental data than 
are the intercepts. The results for 0 , however, are not unreasonable. 
The limiting hi^-temperature value of the equivalent Debye temperature 

for beryllium is 900^K. Comparison with the result suggests that an 

iron atom in a beryllium lattice is somewhat more stiffly bound than are 
the beryllium atoms themselves, but the large uncertainty in 0. makes 
this suggestion quite tentative. The Debye temperature for stainless 
steel is not known, but since the values for the constituent elements are 
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all in the range from 400® to 500®K, the result quoted above is reasonable* 
We see finally that nuclear spectroscopy by means of the Mbssbauor 
effect is different, from nuclear spectroscopy carried out by more con¬ 
ventional methods in that in the present case it is not possible to measure 
an energy shift absolutely: only the difference between relative energy 
shifts for nuclei in different environments can be determined. 


V. THERMODYNAMU:C FUNCTIONS OF ISOTOPICALLY 
DISORDERED CRYSTALS 


1. Introduction 


We have so far been concerned with the effects of isolated Impurities 
on the vibrational properties of crystals. We turn now to study the follow¬ 
ing problem. Consider a Bravais crystal at every lattice point of which 

__ —A _ *_. 


there is either an atom of mass M or an atom of mass M 

1 2 


so that the 


total number of atoms of mass is pN, whereas the total number of 
atoms of mass is (1 - p)N, where N is the total number of atoms in the 

crystal. Wb now ask how this mass disorder affects equilibrium proper” 
ties of our crystal, such as tlie thermodynamic functions and the frequency 
spectrum. ki the present section we discuss the evaluation of thermoUy- 
namc functions and the determination of the frequency spectrum of a dis¬ 
ordered crystal is discussed In Sec. VI. 

One of the earliest calculations of this type was carried out by 

Frigogine, Mngen, and Jeeuer, who studied the effects of disorder on 

mixtures by perturbation theory. -ITicy 

senaration rf, between isotopic impurities can lead to the 

separation of isotopic mixtures into different phases at very low tempora- 

3 |imilar conclusions were reached by Chester in a subsequent 

developed a formal method for calcu- 
^ ^ randomly 

results for either of of their method to obtain numerical 

^ ctSou ^ out- 

normal mode frequencies arbitrary additive function of the 

.. 36 ^ disordered lattice was studied by Weiss and 

Maradudin who used a * 

to discuss the conveivence of expansion which enabled them 

BecenUy, th^ Z ^ resulting series solution. 

Cbeo oa n t extondod by 
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In the initial statement of this problem we postulated that our crystal 
contains exactly pN atoms of mass and exactly (1 - p)N atoms of 

mass Mg, It is, however, convenient to relax this restriction slightly in 

the followii]^ way. We assume instead that the atom at each lattice site 
has a mass with probability p, or a mass Mg with probability 1 - p. 

Then the lattice will contain k atoms of mass M^ with probability 

If we now consider an ensemble of binomial lattices, the distribution of 
the number of lattices withk atoms is found to be approximately 

1/2 

Gaussian with mean Np and a standard deviation equal to [Np (1 - p)] ^ . 
As N becomes infinite, the law of large numbers assures us that the 
probability of a large deviation from the mean number goes to zero. Thus 
the results we shall obtain apply, to a very good approximation, to the 
case of a crystal containing exactly pN atoms of mass randomly dis¬ 
tributed over the lattice sites. 

Although we have formulated our problem in the preceding paragraphs 
in terms of a Bravais crystal, this is not a necessary restriction. How¬ 
ever, in considering nonprimitive crystals we make one restriction, dic^ 
tated primarily by a consideration of the applications to which the results 
of the present analysis will be put. The restriction is that only one of the 
sublattices is disordered, whereas the remaining sublattices are pei^ 
fectly ordered. This assumption corresponds to either of the following 
physical situations: a mixed alkali-halide crystal or a diatomic crystal 
in which some atoms of one of the constituent species are substituted by 
one of its isotopes. An example of the former situation would be an 
NaCl crystal to which we add some KCl substitutionally. The sub- 
lattice of chloride ions will remain perfectly ordered, but the sublattice 
of positive ions is now disordered. An example of the latter situation 
would be a crystal of LiF in which some of the ^Li^ ions are replaced 

randomly by ^Li'** ions. 

Strictly speaking, the results we shall obtain in this and the next few 
sections are valid only for isotopically disordered crystals. However, 
this is probably too severe a restriction, and our results probably hold 
for alloys or mixtures of chemically similar elements. 

We conclude this section by deriving the eigenvalue equation for the 
normal mode frequencies of an isotopically disordered crystal in a form 
that is convenient for our subsequent discussion. 

The equations of motion of an isotopically disordered crystal can be 

written 
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^ r/ ^V8' p(’‘V 

(5.1.1) 

We rewrite these equations 



(5.1.2) 

In these equations M ^ is a mean mass of the atoms of the H-th sub- 
lattice. We have sotae freedom In choosing In some cases it is con. 

venient to define as the arithmetic mean of the masses of the atoms on 
H-th sublattice, 

“k " tJ- ^ 


(5.1.3) 


interested in studying the effects 

«US. is convenient to choose for the mass of the x-lh type atom in 

< 5 - 1 - 2 ) 

is the equation Of motirnl^’Srmma^nS^^^^ 

the 


u 

a 





g2TTik • x(-t) 


(5.1.4) 
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If we substitute Eq, (5,1.4) into Eq. (5.1.2) and use the orthonormality of 
the eigenvectors le(»() |kj)}and of the functions 

/ 1 2n ik • x(-t) 

\fr 

we c^tain the equation of motion satisfied by {Q(kj) }: 


«(i') 


(5.1.5) 


where the [ (k)} are now the normal mode frequencies of the mean 

mass lattice, and 

''k k'\ 


i 


i f 






M 


K 


(5.1.6) 


If we assume a harmonic time dependence for Q (In ]), 



(5.1.7) 


then the equation for the coordinates tQ ( kj becomes 



188 


A. A* Maradudin 


The coaditioa that this set of equations have a nontrivial solution is tliat 
the determinant of the coefficients vanish, and the resulting equation is 
the secular equation for the normal mode frequencies of the disordered 
crystal, 



+ [luldO -ou2]A(k-kt) 6^^, 


= 0 


( 0 . 1 . 9 ) 


2. The Helmholtz Free Energy of an IsotopicalJy Msordored Crystal 

The starting point for our calculation of the Helmholtz free energy 
an isotopically disordered crystal is the contour integral formula 


F(T) = ^ J KT ]n {2 slDh -glj. 3 d In I D(z) | 


(5. a. 1 ) 


where j d{u)) | ^ is the secular determinant whose zeroes are the normal 
mo* fi^uencies of the disordered crystal. This determinant is eivtm 
exphcitly by Eq. (5.1.9) which we rewrite 



( 0 . 2 . 2 ) 



+ (k)- u)^]A(k-k«)6. 

J jl' 


^TSd^y what han 

ofacrystald^ndson (a only thro^^h^SffuSL^® 
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Let us write I D (lu^) | 


formally as 


1 D (U)^) I = n - 0)^) 


(5.2.4) 


where J are the normal mode frequencies of the disordered crystal, 
and ^ runs over all 3r N degrees of freedom in the crystal. From 
Eq. (5.2.4) we obtain 


1d««2)1 = 




(5.2.5) 


and this is seen to be the same as 

gA.lii|D(uJ^)| = 2u)Tr D’^{tt)^) 



where is the matrix which is inverse to D(u)^) 

The elements of 4D “ ^ (uj^) satisfy the equation 


(5.2. 6) 



Mk-rttjj, 


If yre substitute Eq. (5.2.3) into this equation, we find that 

Mk-k 06 ^ 


-1 




u)?(k) - 10“ 
3 


UU?(ld - 
3 


(5.2,7) 



190 


A. A. MBrsdvtdisx 



Wb now proceed to solve this equation by iteration. We obtain the formal 
expansion 


l/k k* ...2 


3 J* 




^(k-k»)6 




1 

dTH 

J 


X( 



1 _ + 

cTlFT 

^1 


1 

dj(k) 

J 



1 

djTF)- 


'Aere we hove introduced 

dj(k) « “j (W - 


(6. 2. 9) 


(5. 2. 10) 


taot^impurWMc^tte configuration of the 

Jnwwledge of what the confieuration ^ priori 

kinds of atoms o4r the’lattiL°Iite?if^^“’^^® configurations of the two 
wjth the occiqationprobahiUties stated "‘® °o“P®tible 

the s^ weight to each configuration^ ^ Preceding section, assigning 

We thus consider instead of Eo fs 2 

"I- (5-2.9) the expansion 
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(5.2.11) 

We now have to consider the nature of the averages of products of the 
$ coefficients. It is at this point that we invoke the assumption we have 
discussed in the preceding section, namely that in dealing with nonprimi¬ 
tive crystals we assume that only one of the sublattices is disordered. Let 
us denote the sublattice which is disordered by +. The coefficient 
i (kJ;k*J’) now assumes the form 



-2ni(k-k») . x(l) 

X e 

(5. 2.12) 

where is a mean mass for the + sublattice. We now introduce the 
notation 



(5. 2.13) 

We can now write out the averages of products of several I'^s. We have 
first of all 
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<*(f 50 >a-»i 


(k') 






(5. 2.14) 


^ conunute. 


4 (j ?' )>A ■ 1 ‘). e(+| j; ) a[k . k.) 


2.15) 


where we have used the relation 




= NA(k) 


(5. 2.16) 


The average of a product of two J.s u formally 


'ij-'G'!; 


X e*( + 




X e-2’^(k-l^)*x(tj)-2tii(k^.k.).3^. ) 


(5.2.17) 
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We now break up the sums over and into those terms for which 
I and those terms for which The average of the 

double sum thus becomes 


a 


2 


E 

h 


-2Tri(k-k') • xU) 

@ 


+ 


E 


2TTi(k-ki)-x(^i) g-2TTi(ki-k*)-x(^2) 


(5.2.18) 


since in the second term there is no correlation between the masses at 
the distinct lattice points x ( and x ( To evaluate the second 

sum we add in and subtract off the terms with I The expres¬ 

sion in (5.2.18) becomes 


CgNACk-k’) + (k-kj^) A (k^-k*) - NA(k-k*)] 


(5. 2.19) 


and we finally obtain 


w (k )w ,(kM 


<’(f i^) ‘(S'i 

«,•(+! ‘)- = fifj) ‘*(*1?;) •'("' 

Xe*(+1 e (+1 Mk-k-)Mk-ki) 


( 5 . 2 . 20 ) 
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Averages of products of more s are obtained in the same way. 

We split the multiple sums over ..., into a sum with all 

indices unequal to each other, plus sums with two indices equal in the 
various possible combinations, plus sums with three equal, plus sums 
with two pairs set equal separately, and so forth, down to a single sum 
with all indices equal. In each sum indices that are not explicitly set 
equal are restricted to be different from each other. We may now average 
each sum over the quantities associated with each index separately. After 
the averages are carried out and all the dependences on the masses have 
been removed outside the sums, we then add in and subtract off terms in 
the summand in such a way that the sums over the distinct indices can be 
carried out independently of each other over all N values that each index 
can assume. 

The results eapressed by Eqs. (5.2.15) and (5.2.20) already show the 
essential features of all higher^order averages. We see first of all that 
each average is diagonal in the wave vectors k and Itf. This is a 

general result which follows from the translational invariance of the crys¬ 
tal after we have performed the configuration average: every lattice site 
on the disordered sublattice is equivalent to every other site on the same 
sublattice. The fact that J and J’ are not necessarily equal is referred to 
as polarization mixing. In addition we see that averaging over all con¬ 
figurations has the effect of forcing some of the summation variables 
i k- } appearing in the eaqwuision (5.2.11) to equal k . 


We can give a picturesque description of the various terms which 
appear in the expansion (5.2.11). A free phonon of momentum k and 
polarization j (if we may use this term in a purely classical problem) 
described by the function d."l ( k) is scattered by an impurity at some 

lattice site, propagates freely again for a while, is scattered by the same 
or by a different impurity, propagates freely again, and so on until it 
merges with the same "momentum” k , but with a different polariza^ 
hon. Each A -function in the averages (5.2.15) and (5.2.20) corres¬ 
ponds to the scattering of our phonon from a different lattice point. 

We can depict graphically the various terms which appear in Eq. 


p. 2.11). Each free phonon propagator d."^ ( k ) is depicted by a solid 

whereas each interaction with an impurity is de- 
^ ^ ^ corresponds to tto lattice 

2* ID- ah interaction lines 

from tte sa^ noS spring of a phonon by the same impurity emanate 
Am same pomt These are essentially the diagrams introduced by 

JSf “ disordered chain. In Fig. V. 1 is shown 

average 

y Eq* ( . . 15). In Fig. V.2 are shown the diagrams which 
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kj' 

kj 

Fig. V. 1 Diagram correspoading to the first-order term 
in Eq. (5.2.11). 


kj’ 


kj' 


kill 


k j 



kiii 

kj 


(a) 


(b) 


Fig. V. 2 Diagrams corresponding to the second-order terms 
in Eq, (5.2.11). 


correspond to the two secondrorder terms in Eq. (5.2.11). 
corresponds to the first term of the average in Eq. (5.2.20) md descnbe 
the double scattering of a phonon by the same impurity; Fig.JL a co^ 
rAsnonds to the second term of the average in Eq. (5.2.20) and^scr 
Se s'Se scattering of a phonon by two different impuriUes. The third, 
order diagrams are shown in Fig. V. 3. 






(a) 


Fig. V.3 


(b) 

Diagrams corresponding to the third-order terms 
in Eq. (S* 2.11) • 
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-1 2 

Atypical diagram contributing to <^D (kj; k* J’; c« )> has 

A 

the following structure. A free phonon line (kj) enters the diagram at 
the bottom, interactions of all degrees of complexity occur, and a free 
phonon line (k J*) leaves the diagram at the top. From Figs. V. 1, V. 2, 
and V. 3, we see that these diagrams fall into two categories: those that 
can be separated into two unconnected parts by cutting a single solid line; 
and those that cannot. The former type of diagram is called ’’improper”; 
the latter type is called "proper." Examples of proper diagrams are 
Figs. V, la, V. 2a, V. 3a, and V. 3c, whereas Figs. V. 2b, V. 3b, and 
V. 3d depict improper diagrams. 

The average matrix element <D”^(kJ; k'J»; can be ex¬ 

pressed in terms of contributions from proper diagrams only. This is 
convenient because it greatly reduces the number of diagrams whose con— 
tribi^ons have to be considered. Let us introduce a function G ( k J JO 
that is defined as the sum of the contributions to the expansion in curly 
brackets in Eq. (5.2,11) associated with proper diagrams only. 

G ( kj j») is called the proper self-energy. In terms of this function we 
obtain 



equation 


te thus given by the solution of the 3r X 3r matrix 


(5. 2 . 21 ) 
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(5.2.22) 

If it \vere not for polarization mixing we could solve this set of equations 
directly. 

In a sense, we have now formally solved the problem of determining 
the Helmholtz free energy of an isotopically disordered crystal. From 
Eq. (5.2,22) and the definition of the proper self-energy G ( k j J’) we 
-1 2 

can solve for D (kj ; w ) to some preassigned degree of accuracy. 

This function, together with Eqs. (5. 2.6) and (5. 2.1), determines the 
free energy. However, as it stands, a great deal of computational effort 
would undoubtedly be required to translate our formal e^qpressions into 
numerical results. It is, therefore, of considerable interest to see how 
much farther we can proceed in a purely analytic manner before we are 
finally forced into numerical calculations. 

To proceed beyond this point we need to know something about the 
function G ( k j j*^). In the case of a nonprimitive crystal, we shall only be 
interested, in subsequent applications, in a result that is correct to terms 
linear in the concentration of impurities. For this purpose it is conveni¬ 
ent to define the mean mass M^ as the mass of the ions comprising the + 

sublattice in the unperturbed crystaL If the mass of the substitutional 
impurity is denoted by , then we have 

® with probability 1 - p 

= with probability p 

(5.2. 23) 

The average defined by Eq. ( 5 . 2 . 13 ) is given in this case by 



(5. 2.24) 
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We now determine G(kj J ’) correct to terms linear in p. To terms 
linear in p we find 


(fr)>A-“i "?<“•*(* I ?)■ " (^1 ? ) 


11)^ (k)u)?,(k) 


(5.2. 25a) 


\ \iil) *VJl3V/A ‘^2 -^ 




In general, the term linear in p in the average 


1 ■ e +1 


(5.2.2Sb) 


[ti >•)>- 

toSi^SSr*^* “ summation variables are set equal 

xCij) = xU^) -= x(i) 

, it IS the term pr<^ortional to in the average of a product of 

s repeated scattering of 

The function G (1?. j j.) is given' expUcitly by 

- E <L(SKif')>A| 


?! restricts the sum 


(5. 2. 26) 


«ly. a*8titutingEqs. (5.2!25TJrto 
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\ 

"IT 


ZZ 

aS 







(5.2.27) 


The diagrammatic representation of this series is given in Fig. V. 4. 



Fig. V. 4 Diagrammatic representation for the expansion which 
yields the proper self-energy function G ( k j j») 
correct to terms linear in p. 


Let us introduce the 3r x 3r matrix K whose elements are given by 


K. 




7 i) 


(5.2.28) 


In terms of this matrix we find 

G 


ae ^ 


‘ae *^9 
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's (*l y) 

(X 3 



Vfe can rewrite as 

gtp 


kj 



(S. 2. 29> 


(5. 2. 30) 


% using the arguments of Sec. IV-l, we can assert that Is iso- 

is at a center of inversion 





la this case we obtain finally 




\K 


(5. 2. 31) 


(5. 2. 32) 
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For Bravals crystals the leading contribution to G (k j]*) is given 
by 

(«•) ■ "i"""‘a' 

(5.2,33) 


where o is now 



(5.2.34) 

and we have used the orthogonality of the eigenvectors corresponding to 
the same k vector but belonging to different branches. The fact that 

\ k j j*) is diagonal in j and J’ suggests the following way of solving 
Eq. (5.2,22). We divide G (k jj*) into its diagonal and nondiagonal 
parts, 



(5.2.35) 


We now rewrite Eq. (5, 2.22) as 
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This equation can now be solved by iteration and we find 


D'lf = _iiL_ 

W / d,(k)+GW 

J \ 3 i 


(6. 2.37) 



1 


/ d (k)+Gf^,) 

J \ J / 




(5. 2. 38) 


nee G ( k j j) has no diagonal elements and thus is of second order itt 
* 'S, we find that the diagonal element jj; ou^) is given 

with an error of fourth order in the J's by 


^ — 'iy 

/ d.(k)+G ¥ 

J [3/ 




fflj (k) - ou^ + G 
Wb thus have the result 


(5. 2. 39) 


ar I 




210 \ , 1 

kj “ (f) 


(5. 2. 40) 
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For a Bravais crystal G ( k j) is given (to second order in the perturba¬ 
tion) by 



(5.2.41) 


For cubic crystals this result reduces to 




(Og - ) u)^(k) 

3N 




If we assione that 

= Mj with probability p 

= Mg with probability 1 - p 

and that 

M = pMj + (1 - p) 


we find 


p(i - p) 


(Mj^ - Mg)^ 
MiMg 


(5.2.42) 


(6.2.43) 


(5.2.44) 


(5.2.45a) 
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2^1 -^2 


^2 - <^1 = P(1 - P) M 


Mth this result we obtain 

/t\ (M, - M,)^ 2 

° (f)- p(>-p> ‘I'W 

'•p«-p>“ (-npiq^) 






ir E Vi. 

01) - U’ 


P.5. • 


(5. 2.45b) 


(5. 2. 46) 


More interesting, however, is the result for G ( k j j^) for Bravals 
crystals in the limit that the concentration of impurities is so low that we 
can be satisfied with knowing G ( k j jt) correct to terms linear in the 
concentration. This result is readily obtained from the analysis leading 
to Eq, (5,2.29), In fact we can obtain the desired result from Eq, 

(5,2,29) Itself, if we suppress the index + and recall that the eigenvectors 
are real in this case. In this way we obtain 


G 



= pXttt^dO 


I 






with 


K = - X6 + 

^ IT 


I 

kj 



(5.2. 47) 


(5. 2. 48) 
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where now 



In the special case of a cubic Bravais crystal these results simplify to 


Kap = [- 1 ^ W Z 0,2 . ] 

■- k3 3 "■ 


= 

(6.2.50) 


(5.2.51) 


where we have used the orthonormality of eigenvectors belonging to the 

same ,k hut to different J values. 

G { k j j') is diagonal in j and j' to terms linear in p, we can 

solve Eq. (5.2.22) directly with the result 


(5.2.52) 


We are finally led to the result that, for cubic Bravais crystals, 


Uil D(u.2)1 = 2U) Y, 
kj 



(5.2.53) 


The use of this result together with Eq. (5.2.1) would yield a result for 
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the Helmholtz free energy of an isotopically disordered cubic Bravais 
crystal that is exact at* least to terms linear in p. 

We have not yet said anything about the contour of integration C in 
Eq. (5.2.1). A convenient choice is the contour shown in Fig. V. 5. If we 



Fig. V. 5 A possible contour which can be used in the calculation 
of the Helmholtz free energy of an isotopically dis¬ 
ordered crystaL 


use this contour then, as we shall see in the next section, the analysis 
here is equivalent to solving for the frequency spectrum of the disordered 
crystal. Alternatively, we can use the contour shown in Fig. EGL 1* How¬ 
ever, since (d/dw) In |b(w^) |behaves like | u) as I w | , 

we must compute the change in the free energy from its vsilue for the un¬ 
perturbed mean mass lattice. This is accomplished by replacing 

(d/dui) Inl D(ai^) | inEq. (5,2.1) by 


g|-lnlD(«)2)| -^In 1 Djj(u)2) | 



The various results obtained in Sec. m can now be used to simplify the 
calculations. 

Fi^y, we remark that there should be no difficulty, in principle, in 
extending the calculations of the present section to yield the contribution 

to G(kjl') which Is 0(p®). Such a calculation has been, carried out by 
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38 

Langer for the linear chain. The calculation is somewhat more compli¬ 
cated for three-dimensional crystals because of polarization mixing, but 
in the special case of a cubic Bravais crystal it is likely that the result 
would take a moderately simple form. Its inclusion in calculations of the 
free energy would undoubtedly necessitate rather heavy computational 
effort. 


VL FREQUENCY SPECTRUM OF AN ISOTOPICALLY 
DISORDERED CRYSTAL 


1. Introduction 

Although we have shown in the preceding section that the thermody¬ 
namic functions of an isotopically disordered crystal can be determined 
directly, without the necessity of knowing the frequency spectrum of the 
crystal, the problem of determining the frequency spectrum of a dis¬ 
ordered crystal possesses intrinsic interest and a great deal of effort has 
been expended in attempts to solve this problem. 

The first rigorous calculation of the frequency spectrum of a dis- 

39 

ordered crystal was carried out by Dyson, who was concerned with a 
linear chain with nearest neighbor interactions. He showed that the fre¬ 
quency spectrum can be expressed as a double integral over a function 
which is the solution to an integral equation. In one special, but nonphysi¬ 
cal, case he was able to solve the integral equation and evaluate the 
double integral, and thus obtain the frequency spectrum. Although I^son»s 

40 ^ , 41 

analysis has subsequently been simplified by Bellman and by Englman, 
it has not been possible so far to obtain a result for the frequency spectrum 
of an isotopically disordered linear chain by his methods. They also have 
the disadvantage that they are incapable of being extended to crystals of 

higher dimensions. Slchmidt^^ has also shown very elegantiy that the fre¬ 
quency spectrum for the one-dimensional chain can be found in terms of 
the solution to a certain functional equation. The use of his method is also 
limited to the one-dimensional case only. The normal mode frequencies 
of an isotopically disordered Unear chain were obtained by second-order 

perturbation theory by Rubin and Fleishman, but no attempt was made 

to obtain the frequency spectrum. 

The first pictorial representations of the frequency spectra of iso- 
topicaUy disordered crystals were obtained by means of the moment trace 

method. ^ This method consists of approximating the spectrum by a 
polynomial of 2n-th degree in lu whose coefficients are determined by the 
conditions that the spectrum yield the even moments of the spectrum 
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correctly up to . In the calculations of Doin-l> ©t al, * the even 
u n 

moments up to )i-* were emplo 5 recL The mocoaent trace method, however, 
20 

suffers from the fact that the calculations of the higher moments become 
very tedious and the convergence of the method may be slow if the 
spectrum being approximated by a pol 3 momial is not a smoothly varying 
function of frequency. 

A calculation of the frequency spectrum of a disordered linear chain 

45 

has also been carried out by Hori via the moment trace method. 

38 

Recently Langer has calculated the frequency spectrum of a dis¬ 
ordered linear chain by a diagrammatic analysis of its perturbation expanr 
Sion. He obtained an e 3 q)ression for the frequency spectrum which is 
exact, at least to terms linear in the concentration of the light isotopes. 

His results show that, because of disorder, an impurity band occurs near 
the local mode frequency associated with an isolated impurity. 

With the development of high-speed computers it has become possible 
to obtain the frequency spectrum of a long (and finite) disordered linear 
chain by purely numerical methods. Most of the calculations of this typo 
have been carried out by Dean and his co-workers at the National Physical 
6 7 

laboratory In England, ’ The spectra obtained by these authors are 
characterized by a great deal of fine structure at their high-frequency 
ends, which has been interpreted by Dean as resulting from localized 
modes owing to small clusters of light atoms. The theoretical explana¬ 
tion of these results remains one of the more interesting problems in 
this entire field. 

In the present section we describe and give the results of some of the 
recent work on this problem. 


2 . The Frequency Spectrum in the limit of Low Impurity Concentration 

lo&c. Vwe saw that the dynamical matrix for an isotopically dis¬ 
ordered crystal is the matrix whose (kj) (k'}*) element is given by 


i j' ' ^ 

+ [iD^. (k) - (# 2 ] 

13 



Moreover, we saw that if we denote the eigenvalues of D (0) by 
*”5 2.3r N), then we have the relation 


( 6 . 2 . 1 ) 
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2u) 


E 


3 


1 


' 3 


= 2ii)Tr D"‘^((o^) 



( 6 . 2 . 2 ) 


The frequency spectrum of a crystal is defined by 


g (liu) = 


2(13 

3rN 


3 


(6.2.3) 


so that using the fact that the 6 function is an even function of its 5 

argument we obtain 


g(u)) - 


2uj 

3rN 


Izn lim 
6 -* 0 + 


1 

TT 


E 



(6.2.4) 


By comparing 
2u) 


g(ui) = 


TT 


Eqs, (6.2.2) and (6.2.4), we ohtaln the result 

Im lim Tr D‘^ (i*)^ + i6) 

6-^+ 3rN 


2UJ 

IT 


Im lim 
6-^+ 


1 

3rN 




( 6 . 2 . 5 ) 
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Again we argue that it is not in the frequency spectrum of a crystal with 
a particular impurity configuration that we are interested. We can only 
ask for the frequency spectrum averaged over all possible impurity con¬ 
figurations since we have no a priori knowledge of the impurity configura¬ 
tion in any given crystal. Our basic result, therefore, is 



( 6 . 2 . 6 ) 


-1 2 

We have obtained an e3q)ression for <D (k j;k* J*;(« ) > . 

A 

for a cubic Bravais crystal in the preceding section exactly to terms 
linear in the impurity concentration. The result is 


<D" 


1 



Mk-Wjj, 


_ 1 _ 

uj^.(k) - (kj) 

3 


=» A(k-k')6 

JJ 


1 


Ak) - +pXUJ^.(k)- - -y- 

3 J 1 - 


(6. 2. 7) 


Wb, ttorefore, have the formal result that, correct to terms linear in the 
impurity concentration, the frequency spectrum of this crystal is given by 


<g (a.) ^ imHxn ~ 


kj 


6 -» 0 + 
1 


3N 


2 9 U)^.(k) 

tu j(k)-ifi-U)^+pX -L_ 


-Xg(u)^+i6) 


( 6 . 2 . 8 ) 
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Because of its simple form we can rewrite Eq. (6, 2.8) in a form well 
suited for numerical evaluation. From Eq. (5.2.49) we obtain 


Um g(u)^+i8) = -1 +(«)^ fS («i^)-iTrGp(uJ^) 

6 -* 0 + L 


-] 


( 6 . 2 . 9 ) 


where 




JL v 1 . r*" 

^ (u)^ - u)j(k))p J o (u)*-?")p 


L 

r 


d? 


( 6 . 2 . 10 ) 


and where is the distribution function for the squares of the 

normal mode frequencies of the unperturbed crystal. In terms of these 
functions we obtain 


<«(>") 


2u) 

TT 


■“ TIT 


Z 


- u}'^ - 16 


u)^.(k) 






eu)% irreuu^G (w' 
o o 


r,] 


We can replace the sums over k and J by an integral over the frequency 
spectrum of the unperturbed crystal: 


. V 2ud 

<g(««)>A - — 


Im lim 
6 -* 0 + 



gJO d? 





( 6 . 2 . 11 ) 
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It Is convenient to introduce the two functions 


a(u}) 


1 - eU)2GQ(«>^) 

[1 - euj^GQ(i«)^)3^ + iT^e'-^iu^GQ^Cu)^) 


P(a)) 


TT eu)^Gg(u)^) 


Cl - €m^GQ(ui^)]^ + Tr^e^ui^GQ^(uj^) 


Since G ( iiT) is nonvanishing only in the Interval 0 < i() < S»)_ , 

^ Li 

is nonvanishing in only this interval also. This means 


|! J’^ a 5 8„(5) 

[?^(l + epa(r))- 0)^? + ® “ “*L 


2 

On the other hand, (^ ) vanishes identically for t" > u). 
case we can write Eq. (6.2.11) as 


<£(<") 



d? g^?) 6 [g^(l + epY(u))) - lu^] 


( 6 . 2 . 12 ) 

(6.2.13) 
3(Uj ) 


(6.2.14) 
• In this 

(U > (JUj^ 


(6. 2.15) 
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where 


Y(u)) = 


1 

1 - euu^S^(u)^) 


(6.2.16) 


Equation (6.2.15) can be rewritten 


<g(>«) = 




/ —< i! - \ 

\ ^1 + epv(ui) / 
/I + epv(iu) 


lU > tU- 
Li 

1 + epY(tAJ) > 0 


(6.2.17) 


The preceding results show that a calculation o£ the frequency 
spectrum of a disordered cubic Bravais crystal to terms linear in the 
concentration of light isotopes depends only on our knowing the frequency 
spectrum of the unperturbed crystal, g^ (). Frequency spectra for 

many models of crystals have been computed during the past 25 years, 
and many of these calculations have been carried out for cubic Bravais 
crystals. Hopefully, it will not be too long before these results are used 
in the calculation of the frequency spectrum of a disordered crystal. Very 

17 

recently, Nardelli and Tettamanzi have computed the functions 
g (ou^) andG (u^) for a nearest neighbor central force model of a 

face-centered cubic crystal, from Overton and Dent's results for the 
frequency spectrum of this lattice. (Note that Nardelli and Tettamaxxzi 
normalize their frequency spectra to 3 rather than to 1 as we have done.) 
Their results could be used to compute the frequency spectrum of a dis¬ 
ordered face-centered cubic crystal. 

The only evaluation of the expression given by Eq. (6. 2.8) up to the 
present time has been carried out by Hanger in the one-dimensional case, 
where it takes the form 




2UJ 

n 


Im lizn 
6-0+ 


1 

N 


«E- 


16 - + pX 


1 - Xg(uu^ + 16) 


(6.2.18) 
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since in ibis case we can suppress the branch or polarization index j. The 
normal mode frequencies of the unperturbed linear chain have been ob¬ 
tained in Sec. 11-1 and are 




■ 1 « * • •» 


(6.2.19) 


The functions and are readily found to be 

G^(uj^) * 0 0 < Ui < 

UJ > Uijj 

( 6 . 2 . 20 ) 




= 0 ^ 

( 6 . 2 . 21 ) 

The integral corresponding to Eq. (6.2.11) is straightforward to evaluate 
andLanger has expressed the results compactly as 



(6, 2. 22l>> 



<g(ai) > 
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The spectrum given by Eq. (6.2,22) is plotted in Fig. VI. 1 for the par¬ 
ticular case 0 = 2/3, p = 0.1. 



Fig. VI. 1 The frequency spectrum of an isotopically 
disordered linear chain computed by Laager 
for the case 0 = 2/3, p = 0.1. 


The frequency spectrum of a perfect linear chain is found from Eqs, 
(6. 2.21) and (3.1.35) to be 


B («) . 2». G„(.*) = I ‘ ^ 0 <. < .L 

= 0 <" > ‘"t 

(6.2.23) 

The spectrum calculated by Langer resembles that of the unperturbed 
crystal In the interval 0 < except that the inverse square root 

singularity at u) In the unperturbed spectrum is now replaced by an 

inverse fourlh root singularity. At a frequency slightly above that of the 
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localized niode associated with an isola.ted li^t mass impurity. 


impurity 




an impurity band appears and extends over a s ma l l but finite range of 
frequencies. 

Langer's calculation of < g(w)>^fora linear chain has recently 

been Improved by Davles.^^ He started with the expansion for ^ [the 

one-dimensional analogue of jj/(kj) D correct to terms linear in p, which 
is illustrated diagMpnmatically in Fig. V. 4, and replaced each free 

phonon propagator d, ^ by the corrected propagator 


Dj^'^ (l«^) 


1 

■"4/k 


(6.2.24) 


which is the one-dimensional analogue of Eq. (5.2.51). This leads to an 
implicit equation for the new ^ since ^ appears in the modified 
propagator. The new proper self-energy function, which Davies denotes 
by it (for self-consistent), is then given by the solution of the 


equation 




-1 


(6. 2. 25) 

which replaces the one-dimensional form of Eq. (5.2.50). This equation 
is readily solved if we make the Ansatz 
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(u,2) ^ 



(6.2.26) 


The equation determining A(u^) becomes 


r 


(6.2.27) 


2 . 

In fact one solves for the real and imaginary parts of A(i« + io) and 
uses the results to obtain the frequency spectrum from 


<gf‘®* (IB) >, = — Im Urn 4r 
»1-D ' ' A TT 5_o+ N 


X _ 1 

V - 16 - (“>'* + i®) 

It K 

(6. 2.28) 

Davies has carried out these calculations, and a plot of the spectrum he 
has obtained for the case e = 2/3, p = 0.1, is shown in Fig. VI. 2. We 
see that the singular behavior of the impurity band found by Langer is 
eliminated, and the impurity band is now a smoothly varying function of 
^ . 

There seems to be no difficulty, in principle, in carrying out a 
similar self-consistent calculation for the frequency spectrum of a dis¬ 
ordered cubic Bravais crystal, except that the equation analogous to 
Eq. (6. 2.25) will now have to be solved numerically rather than analyti¬ 
cally as Davies was able to do. 

It is worth mentioning that by using the techniques employed in 
Sec, V-2 we can carry out a calculation of the inverse matrix 

D"^(kj; k* ; ^^) ^ case that only one impurity atom is present 
in the crystal. Without going into the details of the calculation, we re¬ 
mark that the e 3 q)ression for the frequency spectrum obtained in this case 



<g((l))> 
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Fig. VI. 2 The frequency spectrum of an isotopically 
disordered linear chain computed in a self- 
consistent manner by Davis. 

€ = 2/3, p = 0.1. 

is (for a cubic Bravais crystal) 





e/[G;(uj^)G^(i«^) -Gp(u)^)5o(m^)]-Go(a>^) -u)Vo(u)^) 

[l - eU}2Q^(u)2)J 2 ^ e2„2^,4Q2 


0 < 0) < U), 


(6.2.29a> 
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= ^6(U)-u)o) 

(6.2.29b) 


In these Kqpressions primes denote differentiation with respect to argu¬ 
ment, and “'q is the solution of 


1 r> euj^SQ(u)^) (6.2.30) 

for u)> IB , and is recognized to be the local mode frequency associated 
L 

with an isolated light mass defect. 

The second term on the right side of Eq. (6# 2.29a) can be written 

compactly as 


Ag(iu) 


2iii d +^^-1 


TTeiB^G^(lU^) 

1 - ein^S^CiB'^) 


(6.2.31) 


This expression holds for u)>u[) as well as for 0 < w) < w , and 

Li 17 ^ 

agrees with a result of NardelU and Tettamanzi. It is also in agree¬ 
ment with the result obtained by combining Eqs, (3.1,37) and (4.2.1). 

The result expressed by Eq. (6. 2 . 31) iUustrates a purely computa^ 
tional advantage of working with the function fl(f), defined in the 
present case by Eqs. (4.2.3) and (4.2.4), rather than with Ag(u)) or 
An (W). This advantage is that the functions G(f) and G’(f) which 
enter into the e 3 q)ression for 0 (f) are straightforward to compute 
numerically and tend to be rather insensitive to the compHcated structure 
of the frequency spectrum of the host crystal. On the other hand, the 

evaluation of Gq(uu^). requires the numerical evaluation of a Cauchy 

principal value integral, which can be tricky in the case that the integrand 
is not a smoothly varying function of its argument, and the resulting func¬ 
tion is quite sensitive to the singularities in the frequency spectrum. 
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3. Machine Calculations of the Frequency Spectrum of a Disordered 

linear Chain 

The inability of analytic calculations of the frequency spectrum of a 
disordered crystal, such as we have described in Secs. VI-1 and VI-2, 
to yield more than approximate e3q)ressions or e?q)ressions valid in more 
than limiting situations of impurity masses and concentrations, has 
sti m u l ated attempts to calculate these spectra numerically by essentially 
brute force methods on high-speed computers. At the present time these 
calculations have been carried out only for one-dimensional crystals, 
although an extension of such calculations to two-dimensional lattices 
has been proposed. 

In this section we describe two methods by which frequency spectra 
of disordered linear c h ai n s have been computed numerically on high- speed 
computers and show examples of spectra computed in this way. 

The first of Ihese methods is due to Dean. ^ Hia starting point is the 
equations for the time independent amplitudes {u^ 3 for an isotopically 

disordered, linear chain with fixed ends, which he writes as 

"n ^ ^n+l ’'n +1 “ ° = 1*2.,... . N 

(6.3.1) 

where 



(6.3. 2) 


In these equations Y is the nearest neighbor force constant, and M is 
the mass of the n-th atom. Dean then considers the sequence of poly- 
gj” ) = 1. gX).g 2 (“^).where 

@2 0 • • • 

^2 “2““'^ ^3 . . . 

= 0 Pg ecg . 0,2 . . . 

• i ! ■ . Pj 

P. a - u)2 

We are interested in the solutions of gjj((«)2) = q/ ^ 
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The successive g’s are related by 

( 6 . 3 . 4 ) 

as is readily verified by expanding the determinant starting with the last 
column. The polynomials [g.(u)^)} thus form a Stnrm sequence. A 
sequence of polynomials f^(x), ^ Sturm sequence 

with respect to an interval (a,b) if it has the following two properties; 

1. For every value of x (a < x < b) if any fj^(x) vanishes, the two 

adjacent polynomials, andfj^j^(x), are not zero and have 

opposite signs. 

2. The first function in the sequence does not vanish for a < x < b. 

Since the {gj^(u?)} form a Sturm sequence the following 
theorem holds: 

IE a and b are real numbers such that b > a, then the number of roots 
of the equation g^^ ( u) ^) = 0 that lie in the interval (a,b) is equal to 

v(b) - v(a), where v(x) is the number of variations of sign between 
consecutive members of the sequence gQ(x), gj^ (x), gg (x),... • 

2 

The cumulative frequency distribution function N (u> ), which gives 

the number cf normal modes with squared frequencies less than 
u)^ is, therefore, given by 


N(u)^) = v(U)^) 


(6.3.6) 


In actually performing his numerical calculations, instead of working with 
the {gj(u^)} Dean found it more convenient to work with the sequence 
of functions } defined by 






(6.3.6) 
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and that satisfy the recurrence relation 





(6.3.7) 

In his earliest numerical calculations of the spectra of isotopically 
disordered chains, Dean studied diatomic lattices containing equal num¬ 
bers of atoms of mass M and of mass M . Several random chains >vere 
1 2 

generated of lengths ranging from 2000 atoms to 64,000 atoms. The 
chains that were actually generated were half the stated length and the 
second half of any chain was constructed from the first half by replacing 
all atoms of mass by atoms of mass M^, and vice versa. For a given 

value of the functions computed, and 

the number of sign changes which occurred in this sequence were re- 

2 2 

corded. This number is v(«J ) and hence N(t« ). The distribution 
function for the squares of the normal mode frequencies, G(U)2), was 

then obtained from N(«^) by numerical differentiation. Figure VI. 3 

g 

shows a typical spectrum obtained by Dean for M. / = 2. The dotted 

1 2 

line is the spectrum for the ordered ABAB... lattice, the dashed line is 
the moment trace approximation based on the even moments up to 
23 

and the solid line Is the spectrum derived by Dean* s Monte 

Carlo method. Since it Is N(u^) that is calculated rather than 

- N*(U)^) (which Is plotted), there may be some small errors 
introduced by the process of numerical differentiation. 

The work summarized above has been extended to several other cases 
6 7 48 

by Dean and his co-workers. ’ ’ In these papers, they have obtained 
histograms for directly rather than by numerical differentiation 

of A striking feature of all the spectra obtained by Dean Is the 

finely detailed structure at the higher frequencies. Dean^ imp interpreted 
this behavior as resulting from impurity bands whose positions can be 
calculated approximately by computing the frequencies cf various clusters 
of light atoms in a heavy atom environment. 

.'•7 

Dean and Martin have also published several generalizations of 
Sturm*s theorem that provide a basis for the calculation of the spectra of 
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stituents are present in equal amounts. The solid line 

0 

is the result of a machine calculation by Dean for a 
linear chain of 32,000 particles. The dashed line is 

23 

the 20-moment approximation to the spectrum, and 
the dotted line is the spectrum of an (ordered) alter¬ 
nating, diatomic, linear chain. 

two-dimensional lattices and of one-dimensional lattices with longer-range 

interactions. Martin^® has considered the case of a one-dimensional lat¬ 
tice with nearest and next-nearest neighbor interactions. For sufficiently 
small next-nearest neighbor force constants, he reaches the following 
qualitative conclusions: 

1. The spectrum shows a general drift toward lower frequencies. 

2. The peaks at the upper end of the spectrum become higher and 

narrower. 

As these notes were being prepared we learned of a note by Bacon and 

Dean^® in which they present the results of a calculation of the mtegrated 
frequency spectrum of a disordered two-dimensional crystal. Their 
result is shown in Fig. VL 4. 
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0? 

Fig. VI. 4. Litegrated frequency spectra for two-dimensional 
lattices, (a) A disordered lattice in which the 
ratio of the masses of the two kinds of atoms is 
4 to 1, the two constituents are present in equal 
numbers; (b) the monatomic, heavy mass lattice; 

(c) the diatomic alternating array, 

Hecently Hosenstock and McGill^^ have pointed out an alternative 
method for the numerical computation of the frequency spectrum of a dis¬ 
ordered linear chain, which appears to be somewhat simpler to use in 
practice than Deanes method. These authors also consider a chain of 
N + 2 atoms with the end atoms fixed. However, they write the equations 

for the time-independent amplitudes Cu 3 as 

n 

Uq =0 
Yu2 * (2Y - 

Y«3 = (2y-M2‘u^)u 2 - YUj 

y\ = (2y - M3U)^)Ug - YUg 

'^N ~ " Y“n-2 

YUn+1 - (2y - 

We can now set = l with no loss of generality, since any eigenvalue 

u) of this set of equations can determine lie associated displacement 
amplitudes only to within a multiplicative constant. Then, for a given 
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value of tu , we can solve these equations recursively for the remaining 
{u^}. If when we come to we find that it vanishes, then this value 


n 

of w , Is a normal mode frequency of the chain, and the lu } are the 
corresponding displacement amplitudes. ^ 

The displacement amplitudes 1^ regarded as functions of 

u?, and the zeroes of are thus the normal mode frequencies 

of die chain. Rosenstock and McGill show that the sequence of {u } com- 

n 

puted in this way forms a Sturm sequence. Thus the number of variations 
in sign that occur if the functions u^, u^^^^ are successively evalu¬ 

ated for one given value of u? is equal to the number of roots of u^ . that 
are smaller than 

Computationally, then, one constructs a random sequence of N 

masses of which a certain fraction p are M , and a fraction 1 - p are M . 

2 ^ ^ 

The frequency interval ) is ihen subdivided into some convenient 

number of intervals (0, 9 ^^)>*** • Tor each the 

set of {u^} is computed and the number of sign changes n^ is recorded. 

The difference n - n. gives the number of modes with frequencies in 

• n * O 

the interval ( 9 )> and a histogram of the spectrum can be 

constructed from these data. 

Rosenstock and McGill’s algorithm has been used by Flinn and Mara- 


dudin^^ in calculations of frequency spectra for isotopically disordered 
linear chains for several of the cases studied by Dean and his co-workers. 
The results obtained by this method were found to be identical with those 
obtained by Dean’s method, apart from differences that can be ascribed 
to roundoff. 

The problem of reproducing the results of the machine calculations of 
the frequency spectra ci disordered crystals by analytic methods, in 
particular, reproducing the fine structure displayed by the machine re¬ 
sults, remains a challenging one. I think it is intolerable that the solution 
of such an interesting problem should be left to an electronic computer. 


Vn. THE PHONON PROPAGATOR 


1. The Phonon Propagator for a Disordered Crystal 

In this section we carry out the evaluation of a particular displace¬ 
ment correlation function which will play an important role in later appli¬ 
cations. This is the function 
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where u)ls the Heisenberg operator* 


„ A \ v£L (l \ -uH _ , , 

The angular brackets in Eq. (7.1.1) denote an average over the canonical 
ensemble described by the Hamiltonian H, and we have, explicitly, 



Here T is the usual time ordering operator that, operating on a product of 
several time-dependent operators, orders them from right to left in the 
order of increasing arguments. Thus, for example. 




u > o 



u > o 


For the applications we have in mind, H is the Hamiltonian for an 
isotopically disordered crystal. It can be written 


*Here and in aU that follows we adopt the foUowing convention. The 
variable t will always denote time, and the Heisenberg operator O (t) is 
defined by exp a(tA)H]0(o) exp [-i(t/II)H]. For any other variable x 4he 

HeisenbergoperatorO(x)isglvenbyexp(xH)O(0) exp(-xH), A similar 
convention is adopted for operators in die Interaction representation. 
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(7.1.5) 

where, as usual, denotes a mean mass for the x-th sublattice. The 

first two terms on the right of this equation comprise the unperturbed 
Hamiltonian, while the last term will be treated as the perturbation. 

It is now convenient to go over to a representation of the H a mi ltonian 
tn terms of phonon creation and destruction operators and a^^, 

respectively. The relations between the u*s and p*s and the new opera- 

tors are 



(7.1.6b) 


The a operators obey the following commutation relations 

Cakj, a]j.»j' ] = [ajjj, aj^ijO = O 


(7.1.7) 
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In terms of these operators the Hamiltonian (7. !• 5) becomes (omit¬ 
ting the zero-point energy) 



(7.1. 8) 


+ •+ ...... = + V 

]a 0 


+ ^kaja 


(7.1.9) 


where 


=~ Vf~T— ®(^l • 

\ kk ) / V V { ’•) 


X J ». Ik,)». Ik) 


ii *■ 3, 


(7.1.10) 


Note that V(k^Jj^; ^^ 2 ^ 2 ^ symmetric in an interchange of (k^j^ and 

0^2l2>- 

The correlation function (7.1.1) expressed in terms of the creation 
and destruction operators becomes 



h 
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2TTik • X (-t) - 2rrik* • x (1) 
e 



(7.1.11) 


where 



<T e 


uH 



+ a 


kj 




> 


(7.1.12) 


If we expand F (kj; k’j’; u) in terms of the eigenstates of H, 



^u(E„j^-En) 


X <n 5 l + a^l n> <iil + a 1 m> u > o 

(7.1.13a) 

1 ^ --SEm -u(Em.-Eii) 

■ z Z 

mn 


(7.1.13b) 

where Z is the crystal’s partition function, then we see that it satisfies the 
following periodicity condition; 




(7.1.14) 



230 


A. A. Maradudln 


This means that if we know F(kjik3'i «) for u In the interval 
(-P, 0) we know It In the entire interval {-P, P). The form of 
Eq, (7.1.14) suggests that we expand F(k j; k' j’; u) in a Fourier 
series Tvith a period 3 : 



(7.1.15) 


The Fourier coefficient A^ ( k j; k* j’) is given by 




2TrUu 

3 


du 


(7.1.16) 


In the application of the results that we obtain in this section, we 
shall see that it is the Fourier coefficients ‘fliat are ultimately 

required. It is therefore with their evaluation that we will be primarily 
concerned in what follows. 

Our starting point for the calcula t ion of F(kj;k’ J’; u) and hence 
cf A^(k ]; k' ]*) is the expansion 


n=0 


oc 
(7.1.17) 


which has been derived elsewhere. In this expansion O Cx) is an operator 
in the interaction representation and is defined by 

0(x) = e*®oo(o)e"*®o 


(7.1.18) 
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Where is the unperturbed Hamiltonian, hi particular we have the re¬ 
sults 


.xH- 


••kj 






-xiiiu^-(k) 
e J 


xH. 


-xHf 


k) 


a+ 

ig 


(7.1.19) 


The suffix 0 on the brackets in Eq. (7.1.17) means that the thermal aver^ 
age is to be carried out over the canonical ensemble of the unperturbed 
system, that is, with respect to the weight function 





where is the partition function for the unperturbed crystal. The suffix 
c attached to the same brackets means that when we draw diagrams to 
represent the terms in the e3q)ansion (7.1.17) we must consider only 
connected diagrams. Any diagram made up of vertices with lines Joining 
them is called connected if we can get from any vertex to any other vertex 
by staying on the lines of the diagram. We shall return to this point in a 
moment. 

If we recall the form of the perturbation Hamiltonian V, Eq. (7.1. 8), 
we see that Eq. (7.1,17) is the sum of the thermal averages of products 
of phonon creation and destruction operators. If we work in the represen¬ 
tation of the eigenstates of H, which we can do since a trace is invariant 
against representation, then is a diagonal operator. This means that, 

in evaluating the thermal average of a product of creation and destruction 
operators, we obtain a nonvanishing contribution only from products in 
which the number of creation operators associated with a mode (kj) 
equals the number of destruction operators associated with the same mode. 

The only nonvanishing averages of a product of two operators are 
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nPfeuiidc) , ^ -neftuij(k) 


+ ^ -npHuiiiiy , ^ 

'L’‘ 

n=0 n=0 


= nj(k) = 




(7.1.21a) 


^kj^O " + 1 - 


^ -Piiuj.(k) 
1 - e J 


(7.1, 2Jb) 


Is tke mean phonon occupation number. The averages (7.1. 21) are 
called contractions. 

Since p ^ is a product of operators, one for each mode. 


p = n e 
"" kj 


-giiui.(k)ayaj^ 

-0&«.(k) 

1 - e 3 


then the average of a product of creation and destruction operators is just 
the product of the averages of the products of the operators belonging to 
the same mode, e. g., 


< ^ qi ^2 ® ‘la % % ^^«i2 ^0 

= ^ qi ^qi > 0 < aqg > 0 < aq^ > 


where we have used q to deuote the index pair (kj). 

However, it can happen that for a certain mode (kj) we can have 
more than one creation and destruction operator present. The average 
of such a product is obtained from an extension of Wick's theorem due to 
53 

Bloch and DcDominicis ; it is Ihe sum of the products of a-H th© averages 
obtained by pairing the creation and destruction operators corresponding 
to the same mode two-by-two different in aU possible ways. For example 
we have 



VIBRATIONS OF IMPERFECT CRYSTALS 


233 


^ + + 
a a a 


<1 q q q 0 


>« = <ata >^<a'''a >. 


q q 0 q q 


+ <a 


5t) ^ >n 

q q q q 0 


= + n (n + 1) 

q q q 

= n (2n + 1) 

q q 


This result means that in evaluating the thermal averages that appear in 
the expansion (7.1.17) we need only pair the creation and destruction 
operators two-by-two different in all possible ways which give rise to 
connected diagrams, and evaluate the thermal averages with the aid of 
Eqs. (7.1.19) and (7.1.21). 

The various terms in the es 5 >ansion (7.1.17) can be represented by 
diagrams. The vertices of each diagram correspond to the interactions 
described by the{VO)} and are represented by dots. In addition, 
the points u and o, at which a phonon is emitted or absorbed, are also 
considered to be (external) vertices. We order the vertices from the 
bottom of the diagram in the order of increasing "times" 0, 

® Pj* >!• Bach contraction is represented by a solid lino 


joining two vertices, and the lines are directed. The contraction 
* 1 " 

represented by a line directed downward, whereas the 

q q u 

contraction <a a is represented by a line directed upward. This 
q q u 


corresponds to associating a creation operator with a line entering a ver¬ 
tex and a destruction operator with a line leaving a vertex. Because of the 
restriction to connected diagrams and the fact that the interaction ver^ 
tices describe two phonon processes, whereas the vertices at u and 0 
correspond to single phonon processes, the only kinds of diagrams we can 
draw are those in which a continuous line joins the vertices at u and 6 and 
threads each of the interaction vertices once. The zero-order and first- 
order diagrams contributing to F(kj;k» j»; u) are shown in Figs. 

VIL la and VII. lb, respectively. With each interaction vertex we associ¬ 
ate a "matrix element" V(k^ J^;k^ j^). However, we have to note 


that because of the form of the perturbation Hamiltonian V, Eq. (7.1.8), 
some vortices have a "plus" sign associated with this matrix element, 
others have a "minus" sign. The rule for affixing the correct sign to the 
vertex is that vertices with one line entering the vortex and one line 
leaving it have a "plus" sign attached, while a vertex with both lines di¬ 
rected into it or both lines directed away from it, has a "minus" sign 
attached. 
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Fig. Vn. 1. (a) The zero-order diagrams which contribute to 

(b) The first-order diagrams 
which contribute to F{kj;k*j*;u). 


Before proceeding to the evaluation of r(kj;k*j^u) we bring 
out one more point. In an nrth order connected diagram there appear 
n +1 lines corresponding to the propagation of a free phonon. This means 
n”Hl 

that there are 2 possible diagrams for a fixed order of the vertices 
corresponding to the fact that each of these n + 1 lines can be directed 
either up or down. This fact has been illustrated in Fig. Vn. 1 for the 
zero-order and first-order diagrams. Let us now focus our attention 

on one of these 2 n-th order diagrams, say the second-order diagram 
shown in Fig. VH, 2a. For the particular order of the vertices shown in 
Fig. vn. 2, there exists a second diagram, shown in Fig, VII. 2b. 



M (b) 

Fig. vn. 2. Two topologically equivalent diagrams which con¬ 
tribute in second order to F(kJ;k*j*;u). 


Hwever, If we calculate the contribution to F(kj;k'j';u) associated with 
Mso^SlSi to '^7' 7® It Is equal to the contribution 

pressloM for toe two contributions differ only In toe Interchange of two 
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In n-th order a simple combinatorial argument shows that for a given 
order of vertices, for each one of the 2n+l possible choices for the dis¬ 
tributions of directions for the free phonon lines, we can draw 

n\ diagrams, which correspond to this number of ways of joining the n 
interaction vertices and two external vertices to yield a connected dia¬ 
gram. Each of these n! diagrams contributes equally to 
r(kj; k*3*; u). This means that we need to evaluate the contribution 
associated with only one of these diagrams and multiply it by n! . We 

can characterize these ja! diagrams by saying that they are topologically 
equivalent, that is, we can obtain any one of them from any one of the re¬ 
maining diagrams by continuously deforming the latter. 

The operations of taking the thermal average and integrating over the 
Ip} variables in Eq. (7.1.17) can be considerably simplified if we 
introduce the following function: 

\j<ui,U2) = <Ta^(ui)aj^(u2) >o 

(U- 

= nj(k) e J Uj >U2 

(u, -u,) fiiu.(k) 

= (nj(k)+l) e ^ ^ ^ '^1 ^^2 


This function has a simple Fourier series expansion 
„ , V 2Tri.fu 

- 1 ^ 4 ) ® ^ 




00 


E 


2rri'tu 
e P 

ttj(k) - 


(7.1.23) 


where In the rest of this section we shall call 
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a ^(kj) the free phonon propagator. 

Although on the face of it it may appear that u^) can only 

be used in a diagram in connection with lines directed downward, from the 
fact that 




(7.1. 24) 


we can devise a convention which permits the application of Eq. (7.1.23) 
to either a line directed upward or to a line directed downward. This 
convention is that, for a line joining two vertices at times u and u , we 

write the exponential factor in Eq. (7.1.23) as exp I db (2TTi -t/ P) % 

3 » where the sign is determined in such a way that l for the 

line leaving a vertex is prefixed by a minus sign and for the line enter¬ 
ing a vertex is prefixed by a plus sign. 

If the Fourier series (7.1,23) is substituted into the ejcpansion 
(7.1,17) for any particular diagram, the integrals over the 3 *s can be 
carried out unrestrictedly over the interval (o, B ) since the manner in 
which the series is constructed ensures that the time orderings are taken 
into account properly. The following result is ctf use in carrying out 
these integrations: 

3 ^TTinu 

I ® du = 

Jo 

(7.1.25) 


where n is an integer. The fact that there are only two exponential fac¬ 
tors associated with each interaction vertex, together with the result 
(7.1.25), Implies a conservation condition for the ^ »s at a vertex, 
namely, the sum of the t 's coming into a vertex must equal the sum of 
the I »s leaving the vertex. The result of the integrations is a function 
which depends on u in the form exp {± 2 iri ^ u/ P }, so that its con¬ 
tribution to A^(kj;k»j») can be read off simply. 


However, if we are interested in formulating a systematic procedure 
for obtaining A^(kJ;k«j») directly, we must have a way of ensuring 

that the function of u which results after the integrations over the ft var- 

l+2ni<,u/3} ratber liian of 

track of the various exp { 2 tt i p } factors associated with each 

not have to worry about changing the dummy summation 
variable from l to-I if our result comes out proportional to 
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exp £-2niT.u/9'}. We can accomplish this end If we combine Ihe 
convention for writing the exponential factors in Eq. (7. l. 23) described 
two paragraphs above, with the conservation condition on the uj^ 's 

stated in the preceding paragraph. The rule is simple. With a line di¬ 
rected upward associate a propagator a^ (k^jl): with a line directed 

downward associate aprt^agator a .j, The integrations over 

the S variables are then accounted for by the conservation condition on 

ihe lut.'s at each vertex, together with a factor of 0 in n-th order, 

which is a consequence of Eq. (7.1.25). For convenience we can always 
associate the propagator a + ^(k'j') with the line joining the vertices at 

S j and u . We shall, then, always automatically obtain the n-th order 
contribution to A ,^(kj; k'j'). 

We can now summarize the rules for computing the n-th order con¬ 
tribution to the Fourier coefficient A^ ( k j; k »j'). 

1. Draw all topologically distinct connected n-th order »iingT.aT«a jn 
which a free phonon line labeled by ( k j) enters or leaves the diagram at 
the bottom of the page and a free phonon line labeled by ( k ’ j') leaves or 
enters the diagram at the top of the page. 

2. With each free phonon line labeled ( k j) and directed upward 
associate a factor 


a (^1=— 1 2n-t, 

l\i ) Ph u).(k) - iti) “’f, “ 0fi 

With each free phonon line labeled < k J) and directed downward associate 
a factor 


a (^]=— ^ ZTTf, 

~^\i) Pfi tH (k) + iiu “’f. ” 0ft 
J 


3. At each interaction vertex conserve the ’s according to the 
rule that the sum of the leaving a vertex equals the sum of the 
entering the vertex. 

4* At each vertex insert the appropriate matrix element. 
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5. Inflert a factor (-1)^ p °/ n!, where the P ^ comes from the 
Integrations over the np variables. 


d n 

6. Insert a combinatorial factor, which is (-1) n1 2 . n^ is the 

number of vertices in a diagram that have both free plmnon lines directed 

into it or both lines directed out of it. The factor (-^1) ^ taJkes account 
of the fact that some of the matrix elements in the perturbation Hamil¬ 
tonian are negative. The factor of n! takes care of the n! topologically 
equivalent diagrams for a particular choice of the directions of the free 

phonon lines. The final factor of 2^ comes from the fact that there are 
always two phonons at a given vertex with which an incoming (or outgoing) 
phonon line can pair, and that each of these two possible pairings gives 
the same contribution to A^(y;k»J») because VCk^j^jk^J^) is symmetric 
in (k^Jj) and (k^J^). 

7, Finally, sum over the independent k ^s, j’s, and t »s. 

We now work out e3q)licitly the first few terms in the e?qpansion of 
A^(kJ;k*J’). In zeroth-order we obtain as the contributions asso¬ 
ciated with the diagram of Fig. Vn. la, 



A(k-k*) 6. 

33 * 


(7.1.26) 


In first-order, diagrams of Fig. VII. lb contribute 
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That the matrix element ai^arlog in this expression has one of the wave 
vectors Ic ^ set equal to -k is due to the fact that to obtain a non- 


Vj’ 


,k« 


vanishing contraction between the operators a'*'., and 

■•iq 

IxBa to equal -k (and j’ has to equal j). 

To simplify the appearance of subsequent expressions let us intro- 
dUice the abbreviations 


a 




1 

u?(k) + i«® 

j 



2ill)^ 1 

8fi (k) + tu® 
J 


(7.1.28a) 


(7.1.28b) 


In terms of these coefficients our previous results become 






A(k-k') 6 


jy 



(7.1.29a) 


(7.1.29b) 


If we go to second order, we find that 
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.(2)/kk'\ 

\jj7 



p^2!2^ 




= ( 20 )" 




(7.1.30) 


The succeeding terms In the e^qjansion for A^(kj; k'J’) have 
the same structure. Thus we can write 
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On comparing Eqs. (7.1.31) and (5.2.9) ve see a strong formal slmilaxlty 
between the two expansions. Indeed the coefficient V (- k j; k * j') 

differs from the coefficient 4(kj';k’j') defined by Eq. (6.1. Q 

2 

only in the replsusement of the factor lu j, (k') appearing in the latter 
function by « /4 V 0 ^( 1 ^ t>'j,(k'). Thus we can use the results 

of Sec. V-2 to complete the analysis of this section. 

In applications of the results of this section "we shall not be interested 
so much in A^(kJ; k'j*) but In its value averaged over all configura¬ 
tions of impurities. We know now that this average is diagonal in k and 
k' and we can write it as 



(7.1.32) 
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"By introducing the proper self-energy functions G^(kjj’), which is 
given by 



where the prime on the sum has the same significance here as in Eq. 
(5.2.26), we can write A^(kjj*) as 



(7.1.34) 


us denote the function in curly brackets in Eq. (7.1.34) by 
C^(kJ]*), so that 



(7.1. 35) 

From its definition, 



(7.1,36) 
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we see that C^OtJ!*) is the solution of the 3r x 3r set of equations 




Q/k\ /k\_/k \ 

\ikj \h) 


(7.1. 37) 


If we are content with a result which is correct to terms linear in p 
we find ]ust as in Sec. V-2 that ’ 



= ^ pX yu).0c)u)^,(k) 



4|S”fe^ 

4* 


k i \ 1/ 1 \ 1/ 


"A 



+ 


a 3 
80 * 



“i 

K ' ^\hl 



(7.1.38) 


where we have introduced the matrix whose elements are 
given by 



(7.1.39) 
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Jn the case of particular interest to us, 
which is at a center of inversion symmetry, 


a cubic crystal every atom of 

becomes isotropic, 
a p 



ap I 




X 


u).(k) a i^\ 
3 l\2l 


and we obtain 



(7.1.40) 


(7.1.41) 


In another special case, a cubic Bravais lattice, we achieve an even 
greater simplification. By suppressing the basis index + and by using the 
orthonoimality of the eigenvectors, we find 



where Is now given by 


(7.1.42) 
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K. 




2 1 

"eft 3 n 2^ 
kj 



(W? (k) 
uj®(k) + ii)® 


In this case we can solve for A^(k3j’) with the result that 




,s/k 


1 + 


“ 4 i) 


By substituting into this expression the explicit results for c 

R (kj), and G (kj), we obtain finally 

*0 


2u) (k) 

jL. 


Mjjy ’ 1 3ft 


1 K 

tt)!(k)+ii)® 3fi ID® 

2 ^ 2 


a)^(k) 


igx w^tk) 


2 


(7.1.43) 



(7.1.44) 

t, (kl), 

'C/ 

1 

'(k)+io® 


(7.1.45) 
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For future reference we point out that since the correlation function 
(-tH; -t* H *; U) is given by 



ft 

2N 


kk' 

i j' 



(7.1. 46) 


if we pass to the limit u ^ 0+ we obtain the equal time correlation 
function 

kk' 

i j' 


2Tri(k.3(t)-k'.xa')| /kk'\ 

L Aii'l 




(7.1.47) 

We remark that there is no difficulty In passing to the limit u - 0+ 

Unlike the Fourier series (7.1.23) that defines a function of u discontintt- 
ous at u = 0,. the Fourier series (7.1.46) defines a function which is con- 
tmuoua at u 0, because the equal time commutator of u « (*1 x) and 
“ p (-t't' ) vanishes. An important special case of this result is the 
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c&se 'when the atom (-t h) and the atom are one and the 

same. In this case we find 



n=-oo 


(7.1.48) 


2. The Phonon Propagator for a Bravais Crystal Containing a Single 

Mass Defect 

We can take over most of the results of Sec. Vn-1 to obtain the pho^ 
non propagator for a crystal containing a single mass defect. This result 
will be required in Secs. IX and X For simplicity we restrict ourselves 
to the case of a Bravais crystal. 

If we assume that the atom corresponding to -t = 0 has its mass 
changed from M to M’ = (1 - e ) M, the perturbation Hamiltonian is 



- a 


+ 

-kiji -kaja 


kill 



(7,2,1) 


where 
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°fe)- 


with 


(7. 2.2) 


X = 


• 1 - e 

The desired correlation function becomes 


(7.2.3) 


= < Tu^(^;u)iJpU*;0)> 


* 

2NM 


'HU mi 


y _ 

^,(«^(k)«..,(k'))* 

j 3* 


2Trik*x(’() -2TTik' -xU') 




(7.2,4) 


where as before 




(7.2.5) 


By comparing these eitpressions with the corresponding ones in 
Sec, Vn-l, we see that to obtain A ^ (kj; k*J*) in the present case 

we need only to replace V(kJ; k*j») in Eq. (7.1.31) by U(k3; k»j*). 
We thus obtain 
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In writing this result we have used the fact that U(k j ;k j ) is an 

even function of k , and of k ^ ^ ^ 

1 2 

At least in the case of cubic crystals this result can be summed in 
closed form. In general, we can ejqpress 28U(k j ;k j ) In the 
form 112 2 



(7.2.7) 


(7,2.8) 


If we substitute this e^qpression into Eq. (7.2,6) we obtain 
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We now introduce a 3 x 3 matrix G whose elements are 



k 


(7. 2.10) 

In terms of this matrix we can rewrite £q. (7,2.9) as 



(7. 2.11) 

The element written out e^Hcitly is 
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= ^®as - 


1 V ^aUrdil 


Jn the special case of a cubic crystal G is isotropic: 

OLp 


®aS 3N ^ uj® + u)?(k) ^as'^'t 


u,"^ + u)?(k)r'^ as"-e. 


»/k\ /k'\ 

X p (^) jiLliii 3J5:) 

^\3l 1+XG^ 


2(i).(k) - 

J ^ 


(7.2.12) 


In this case the e3q)ressioa for A^(kJ;k'j') simplifies to 




(7.2.13) 


lTs.\ /k*^ 

+ M1L ATT kY; (k») 

2N /Y ' Bft U)?(k) + < 1+XG, 


1 

sir Ii)=f,(k') + (U® 
3 -c 


Cr.2.14) 
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Vm. OPTICAL ABSORPTION IN ISOTOPICALLY 
DISORDERED CRYSTAIB 


1, Formula for the Optical Absorption Coefficient 

In this section we apply the results of Sec. VII to the calculation of the 
optical absorption in the infrared by mixed alkali-halide crystals or by 
isotopically disordered alkali-halide crystals. 

For the purpose of simplifying the calculation we assume the following 
simple model To a pure NaCl lattice (say) we add substitutionally some 
KCl (say). The sublattice of chloride ions will be assumed to remain 
perfectly ordered and the sublattice of the positive ions is now randomly 
disordered. Alterdatively we could consider infrared absorption in a liF 

crystal, for example, in which some of the ^Li^ ions have been replaced 

randomly by .Li ions 
6 

In deriving the e 3 q)ression for the optical absorption coefficient which 
forms the basis for the work described in this section, we follow a pro¬ 
cedure similar to that employed by Kabo in his treatment of the magnetic 
54 

susceptibility. Our starting point is the quantum statistical mechanical 
result that the ensemble average of the expectation value of an operator B 
is given by 


< B > = Tr p B 


( 8 . 1 . 1 ) 


where p is the density matrix for the ensemble. In the absence of an 
external time-dependent perturbation, p satisfies the equation of motion 


If 


( 8 . 1 . 2 ) 


where H is the H a milt onian of the system of interest, in our case an iso¬ 
topically disordered crystal. We now assume that at time t = -« an 
external electromagnetic field E (t) is turned on. The interaction 
energy of the crystal with the external field is given by 


Hj(t) = -M-E(t) (8.1.3) 

where M is the crystal’s dipole moment. The equation of motion of the 
perturbed density matrix P + Ap is 
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[H - M • E(t), p +Ap ] 



{[H,p]+ [H,Ap] - [M.E(t), p]} 


( 8 . 1 . 4 ) 


where, since we shall only be interested in a linear relation between the 
crystal's dipole moment and the external field, we have neglected the 
commutator [M • E(t), Ap] as small of the second order in E (t). 
The equation of motion of A p is thus given by 


aAp 

■Bt 



{[H, Ap] - CM-E(t), p]} 


( 8 . 1 . 5 ) 


Kubo has solved this equation subject to the initial condition 
Ap(-*) * 0, with the result that 


Ap 



-i(t< 


.t.)H 


Dviv.p] 




E^(t')cit* 


( 8 . 1 . 6 ) 

The ensemble average of the ejqsectation value of the |a component 
of the crystal's dipole moment is given by 


<M > a Tr (p + A p) M 


= Tr Ap 


f ' ^ 

v» -/_» 


[Mv, p]e * Ey(t')M|^dt' 


( 8 . 1 . 7 ) 
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since we assume that the crystal has no permanent moment in the absence 
of the esctemal field. If we introduce the notation 


. t ^ .t 

M (t) = e Me 


H 


( 8 . 1 . 8 ) 


and use the cyclic theorem for traces, 


Tr ABC = Tr BCA, etc. 
we can rewrite <M^> as 

<M > = Tr-^ Y' r [M ,p ] M ( t) E (t - T)dT 

jjL L-_I / V jj. V 

V -'O 

(8.1.9) 

We describe the external field by 


E (t) = e®* E^ e™^ (8.1.10) 

where the factor e ^ Is Introduced for the purpose of turning on the 
field adiabatically for t < 0; at the end of our calculations, we pass to the 
limit e ^ 0^*. We finally have 


<M > TrV’E 
HQ ov 

V 

X J CM^.p]M^(T) e"®''-^’^dT 

o 


( 8 . 1 . 11 ) 
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BO that the ^v element of the dielectric susceptibility tensor is given 
by 


00 

Tr^e-®*-^ [M^ .p] M^(t) dt 


( 8 . 1 , 12 ) 


where V is the volume of the crystal. 

We assume that the unperturbed crystal is in a canonical distribution 
SO that 


P 



(8.1.13) 


where Z is the crystal’s partition function. We can use the cyclic theorem 
for traces to rewrite Eq. (8.1* 12) as 


W’' 


_ 

ttV 


lim 

€“* 0 + 



-€t~iajt 


Xp[M(t),M ] dt 

M. V 

(8.1.14) 

We shall be concerned only with cubic crystals in what follows. In 
this case the susceptibility tensor becomes isotropic and we need to con¬ 
sider only the xx element 




OQ 

^ ^ I 

e-*0+ 


-€t-iu)t 


X P Cm (t), M ] dt 

A 3ib 


<8.1.15) 
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Since the operators M (t) and M are Hermitian, we find readily that 


<[M (t),M ']> ^ Tr p [M (t), M ] 

XX XX 

= 2ilm< M (t)M (0) > 

X X 

and Eq. (8.1.15) becomes 

CO 

/ V 2 r -et-iajt 

’‘-“■w i * 

o 

X Im < M (t)M (0) > dt 

X X 


If the susceptibility tensor is written 


(8.1.16) 


(8.1.17) 




(8.1.18) 


then the xx component of the absorption coefficient is given by 


a^(u,) = (0.) 


(8.1.19) 


where c is the speed of light. By combining Eqs. (8.1.17) and (8.1.19), 
we can write the absorption coefficient as 


a (m) = -L- 

^ o hV 


lizn 

e^0+ 


o 

/„ 


-et 


sin u)t 


X Ln < M^(t) (0) > dt 


( 8 . 1 , 20 ) 
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To emphasize the isotropic nature of the absorption coefficient we can 
express this result alternatively as 


X 


Snti) 

3c 


ftV 


Im lim 
€-►0+ 



sin out <M(t)*M(0) > dt 


( 8 . 1 . 21 ) 


2. The Absorption Coefficient and the Propagator Formalism 

Let us denote the correlation function <M(t)*M(0^> F (t). 

If we expmd this function in terms of the eigenstates lm> of the 
crystal's Hamiltonian H, we can write the Fourier sine transform of F (t) 
as 


r“ -€t 

= / dt e 

J'o 


FM = / dt e sin uut F(t) 

J'O 


2Z 

nm 


“ I <ii |M(0) |m> I ^ 


iu+t(E -E)+ie u)- 5(E^ - E )-ie 

n m n xn n 


1 


( 8 . 2 . 1 ) 


If wc now pass to the limit e 0+ we can express the imaginary part 
of F(U)) as 
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Im lim F(uj) = - ^ - 1) p((ju) 

e-*0+ ^ 


( 8 . 2 . 2 ) 


where 

p(») = I Y. e"^®“l<n|M(0)|m>|2 6((u-i-(Ein- ^Jj 

•mn 


( 8 . 2 , 3 ) 


By combining Eqs. (8.1.21) and (8,2.2), we find that the absorption coef¬ 
ficient can be espressed as 


^ ^ -1) »(■) 


( 8 . 2 . 4 ) 


The absorption coefficient has a simple formal appearance in terms 
of the spectral function p (ii), To calculate P(W) we proceed as 
follows. We introduce a function f (u) which is defined by 


f(u) = <Te’^M(0)e"^ -IVKO) > 


(8.2. 5) 


for real u. If we e3q>ress f (u) in terms of the eigenstates of H we find 
that it has the property 


f(u + p) = f(u) -p < u < 0 (8.2. 6) 

This means that we only have to determine f (u) for u in the interval 
-B,<u< 0 to know its value outside this interval. 

It is convenient to expand f (u) in a Fourier series with a period p ; 


2TnU/U 

i 


(8.2. 7) 
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The Fourier coefficients tAp are given by 


■2ttUu 




( 8 . 2 . 8 ) 




( 8 . 2 . 9 ) 


We now define a function a (v ) of a continuous variable such that 


a(v) = a, when v = v = — 

^ -t 86 


( 8 . 2 . 10 ) 


To specify a(v) completely, we require that it have a branch cut along 
the real axis, be analytic everywhere else In the complex v plane, and 
go to zero as v approaches infinity along any strai^t line in the vqiper 
54a 

or lower half plane. We see from Eq. (8.2.9) that wo can obtain 
a(v) simply by replacing the discrete variable 2nM,/Bfi by v. 

We then find 


Hm 

6 -^+ 


a(v +16) - a(v -16 ) -1 r** 

2ni " 8ftz Z- ® 

mn 


X I <nlM(0)|jn >1 ^ 6(-g-(Eu^-Ejj)-v) 


= -1) P<^) 
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Thus we have the result 


p(v) = 


Bh 




lim 

6 - 0 + 


a(v + i6) - a(v - i^) 
2ni 


( 8 . 2 . 11 ) 


By combining Eqs, (8. 2,4) and (8.2.11), we obtain the desired result: 

, , 4iT®tt) 8 n. a((i) +16) - a(uj - 16) 

( 8 . 2 . 12 ) 

The particular advantage of this form for the absorption coefficient is 
that the calculation of the Fourier coefficients { } and hence the 

function a (v ), can be reduced to a calculation of the displacement corre¬ 
lation function, which we carried out in the preceding section. 


3. Besult for the Absorption Coefficient 

The dipole moment of an alkali-halide crystal is given by 

M =y e uC*-) 

% K 
-f.H 

( 8 . 3 . 1 ) 

where 0 ^ is the charge on the k -th kind of ion. We express this 
result in terms of phonon creation and destruction operators using 
Eq. (7.1.6a): 



H 
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^ XL 
Nft p 

. 2 j 


L 



fa"*". + a . 
\ OJ 03 



( 8 . 3 . 2 ) 


( 8 . 3 . 3 ) 


It can be shown that M ( o j) vanishes when j refers to any of the 
55 

acoustic branches. Consequently the sum over j in Eq. (8.3.2) runs 
over the optical branches only. A more careful analysis of the optical 

absorption problem by Wallis and Maradudin leads to the conclusion 
that the sum over j in Eq. (8.3,2) must further be restricted to either of 
the two transverse optical branches. In what follows we shall use this 
result. 

According to Eq. (8.2.12) in order to obtain the absorption coefficient, 
we must obtain the discontinuity across the real axis of the function 
a ( u) ), which is the function of the continuous variable u) obtained from 
the Fourier coefficient of the correlation function 


f(u) = <Te'^M(o)e"’^-M(o) > 


_ Nfe 
’ 2u)^(o) 




<T e 


uH 



+ 




> 


(8.3.4) 


The required Fourier coefficient is given with the aid of Eq. (7,1.35) 
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a 

I 


2u)j(o) 






(8.3. 5) 


If we replace ( o ]) and ( o J) by their explicit ejipressions 

using Eq. (7.1.28) and replace by v / i, according to Eq. (8.2.10), 
we find that 


a(v) = 



"2uj^.(o) 

1 

2(u^.(o) 


(l)®(o)-V* 

1 

4v® 

1 

c ( ° ; itt) = v) 

-tvw ^ / J 


(o)-vj® 


( 8 . 3 . 6 ) 


We can simplify the results beyond this point by considering more 
carefully the fflq)ressioii for C, ( o j J»). According to Eq. (7.1.37) it 
is the solution of 



(8. 3. 7) 


where ( o j J^) is given in the present case by Eq. (7.1.41); 


G 


(jji) “ 4 
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e*j 


'K, 

1 



'j'j 



k* u)?,(k*) + tw® 


( 8 . 3 . 8 ) 


In Eq. (8.3.8), J refers to either of the two transverse optical modes. 
However, we see from this equation that must also refer to an optical 


mode, because 


U) 


( o ) vanishes for acoustic modes. 

^1 


This is a 


convenient result because, as we shall now show, it means that 
(0 j j^) is diagonal in j and 

For k = 0 the eigenvector e (+ | k J) is real. This follows from 
the fact that the elements of the dynamical matrix, Eq. (3.1.12) are real 
for k ® 0. The orthonormality condition on the eigenvectors of a 
diatomic crystal, Eq. (3.1.14a), can be expressed as 




(8.3. 9) 


and at 1^ = 0 becomes 




(8. 3.10) 


Let us assume that j always refers to an optical branch in what follows. 
In reference 16 it is shown that for an optical branch 


/TSi:;e(+lp=-/Tr.e(-l®) 


(8. 3.11) 


If we substitute this result into Eq, (8.3.10) we obtain 



( 8 . 3 . 12 ) 
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In th© case that j’ also refers to an optical branch we have, combining 
Eqs. (8.3.11) and (8.3.12), 






(8. 3.13) 


for j and both referring to optical branches. We can use this result to 
write Eq. (8. 3. 8) as 



(8. 3.14) 

Equation (8.3,7) can now be solved readily and we ob tain 



(8. 3.15) 

The function a (v ) given by Eq. (8.3.6) can thus be written explicitly 


a(v) = NkTM® 


/o.\ _ 

U/ ji»il?(o)- 

\ J 
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X ep^ 


1 

F<^^) 


'll)j(o) - v® + 


spia (u|(o) 
F(v®) 


-1 


(8.3.16) 


where for the sake of coavenieiice we have put 

- M, 

^ “ M+ + M_ 


F(v®) 


e V 


2 


1 


3N 



(8.3.17a) 


(8.3.17b) 


The absorption coefficient is therefore finally given by 


4TT®tlJ 


a(u}) = 


3c 



6 (u)?(o) - uj®) - 


4TT®tJD 



X Im lim 
6 - 0 + 


+16 

3 


ep |iF”^(u)® + i6) 

u»®(o) - u) ® -16 - ep n lu® (o) F (uj®+i 6) 
3 3 


(8.3.18) 


The first term on the right side of Eq. (8.3.18) is the well-known 
result for the absorption spectrum of a perfect ionic crystal in the har¬ 
monic approximation. It consists of a single 6 function peak at the 
reststrahl frequency w) (o). 
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The second term on the right side of £q. (8. 3.18) represents the 
modification in the absorption spectrum as a result of the disorder. We 
can express this contribution in compact form if we introduce the func¬ 
tions 


lim F(uu®+i6) = A(«j®) + iB(tt)®) 
6-*0+ 


3N L (u)^ - u)* (k)L 


(k)) 

k j P 


(8. 3.19a) 




k 

j 


a is also very convenient to introduce the functions 
A(a)®) 


(8.3.19b) 


a(u)^ = 


9(01®) = 


A®(in*) + B»(iu®) 


B(tt,®) 

A® (in®) + B®(ai®) 


(8.3.20a) 


(8.3.20b) 


to terms of these functions the second term on the right side of Eq. 
(8.3.18) can be e3q)ressed 




4n®i« . 


(Di 


3c Va TT 


[^o)-u,= )p 


X Im 
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(ep H a - iep uS) [(11? (o) - 111® + ep|jii)?(o)a+ i epijuu® (o)p ] 
_3_3_ ^ 

[ui®(o) - 111® + epiiiu|(o)a]® + e®p®|J®iiij(o)S® 


4TTttl® M?l 


(i) 


epiiS 


3 c va C'“?<o) -ui® + apii ui?(o)ol® + G®p®iJi®ui?(o)p* 
3 3 3 




.(o) 


3c V, 




(6.3.21) 


We see from this result that the effect of the disorder on the absorption 
spectrum of a harmonic ionic crystal is to subtract off the & function 
peak at the reststrahl frequency and to replace it by a Lorentzian expres¬ 
sion peaked about the reststrahl frequency. 

The final expression for the absorption coefficient is, therefore, 


4ttuj® epuip 

[u)?(o)-u)®+ 0p|iii)?(o)a]® + e®p®iJi®i«^{o)p® 
^3 3 3 


(8.3.22) 

This result is nonvanishing only in the interval (0, uj since 

8 (U)^) vanishes outside this interval. If 0 < € < 1 , and ,e is 
sufficiently large that a localized vibration mode appears, then we obtain a 
contribution to the absorption coefficient for lu > tu This contribit- 

tion is also obtained from the second term on the right side of Eq. 

(8.3,17b). In this case p ( m ^) = 0, and we obtain 
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a(u)) 


4TI®tl)® 

3c 


^2 _ 

V lU® - tB®(o) 
& 3 


epii 

"" A^) 


{■i 


(o) - U)®+ Gpfi 



(8. 2. 23) 


2 

The value of u) for which the argument of the 6 function vanishes, 

2 

u) , can be obtained approximately in the following way. The frequency 

* 2 
of the localized mode resulting from an isolated impurity, w . , is given. 

by the solution of 

A (ffl*) = 0 u) > u) 

(8. 2. 24) 

2 

The equation for (s ^ can thus be 'written ^^roximately as 


IB® - u)!(o) = ep|iiu®(o) f - r — p—7 

and has the approximate solution 


(8.2. 25) 


tu® a'U)® + cp|it«?{o) 
r o ■■ 




(8.2. 26) 


The final expression for a ( ib ) in this case can be written 
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a(u)) =- 

3c 



1 

3 


X 


6(uj‘ 




ep|jui)?(o)A*(ttj^) 


r 


0 < 0 < I 

tw > (UL 


(8. 3.27) 

The peak in the absorption spectrum arising from a light substitu¬ 
tional impurity in an alkali-halide crystal has been observed e3q>erimen- 

57 « 

tally by Schaefer. In his work he replaced halogen ions by H ions. 

Such a defect is called a U-center. Because of the sma ll ness of the im¬ 
purity ion mass compared with the mass of the ion it replaces, e. g., 

M* / M s 1/35 in the case of a chloride ion, the impurity mode frequency 
lies considerably above the reststrahl frequency, and the peak at this 
frequency shows up distinctly in the absorption spectrum. The concentra¬ 
tion of U-centers in Schaefer^s work was so low that the difference be- 
2 2 

tween u) ^ £tnd uj ^ could be sensibly neglected. To my knowledge 

the work of Schaefer represents the earliest experimental demonstration 
of the existence of localized vibration modes. 

Atypical transmission curve obtained by Schaefer, for U-centers in 
KCl , is shown in Fig. VUL1. The pronounced dip in the transmission at 
a wavelength of about 20 is duejto the strong absorption by the 
localized vibration mode. 

In the frequency interval (0, u) t ) can happen that if the function 
2 ^ 

a ( (0 ) is a sufficiently rapidly changing function of m , then for 
either 0< €<lor 9 < 0 the equation 


to? (o) - to® + 0 pmo?(o) a(u)^) = 0 
3 3 (8.3.28) 

2 

can have a solution, which we denote by <a) ^ , and in the neighborhood 
of this frequency the absorption coefficient takes the form 
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17 

Fig. VULl A transmission spectrum for KCl containing ^10 

l]^centers per cubic centimeter. The strong absorp¬ 
tion at a wavelength of 20^1 is the absorption result¬ 
ing from the localized vibration mode [see Eq, 
(8.3.27)]. 


4ntt)r 1 

a(tt,) --lii - 

3c CaKttip ]® 


epuP (ojp 


r 


e®P®M®u)t(o)p®(u)p 
+ - i -L 

Ca«(u)®)]® 


(8.3. 29) 


^wevei^ m the absence of either exjerimental or computational veriflcar- 
faon for the existence of such in-band resonances in the infrared absorp¬ 
tion spectrum of mixed or isotopically disordered ionic crystals, the 
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precediiLg remarks must be considered only as a conjecture. 

Numerical calculations of the absorption spectrum as a function of 
10 on the basis of the results of the present section would require the use 
of a high-speed computer. The general features of these spectra, how¬ 
ever, are clear from the present analysis. 


IX, THE MOSSBAUER EFFECT 

1. The Absorption Cross Section 

The absorption cross section per nucleus for the absorption of a 

so 

•Y-ray of ene3rgy E by a nucleus in a crystal is given by 


<7a(E) 



Ij 


p . R(f,) p . R(f,) 

.1 1.1 I 

<i| e _ I 3> <] I e _jj> 

(E - E + E. - E.)^ + T 

o j 1 4 


(9.1-1) 


where E^ is the energy difference between the final and initial nuclear 

states of the absorbing nucleus, E . and E ^ are the energies of the 

eigenstates. | i > and 1 j > of the crystal, respectively, T is the 

natural width of the excited state of Ihe nucleus, p is the momentum of 
the y ray, R (-t) is the instantaneous position vector of the absorbing 
nucleus, Z is the crystal's partition function, and ^ q is the resonance 
absorption cross section for the nucleus. 

If we make use of the result 


2a 


2 

a 



-aI11 -ibt 

d t e 


(9.1.2) 



272 


A. A. Maradudin 


we can rewrite Eq. (9.1,1) as 


"Pe.. 


a o 4 


r y e ^ 


dt e 


4 It I-it (E -E+E.-E.) 
2 ' ‘ ' o ] i' 


ij 


X <1 |e-2i^i«*RW Ijxj |e2TTiK.Ra) 


(9.1. 3) 


For convenience we have put 


P 

— = 2 TT H 


(9.1. 4) 


so that K is now a vector whose magnitude is the reciprocal of the 
Y -ray^s wavelength and whose direction is that of the y 

For a Bravais lattice, which is all that we consider in this section, 
the position vector R (1) can be written 


R W = X (1) + u(l) 


(9.1. 5) 


where x () is the position vector of the mean position of the absorbing 
nucleus, and u (-t) is its displacement from the mean position. We can 
manipulate Eq. (9.1.3) into the form 





X <ii g-2nix* 2TTi x.u(<,;o) 


i> 


- a 2. rdte^”* "I* I e > 


(9.1. 6) 
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where, for convenience, we have introduced the notation 


0) = E - E 


and u (t; t) denotes the Heisenberg operator 
u (i;t) = e u (i;o) e 


(9.1.7) 


(9.1. 8) 


We can simplify Eq. (9.1.7) somewhat, since we are dealing with a 

eq 

harmonic crystal. According to the Baker-Hausdoiff formula, if A and 

B are two noncommuting operators that commute with their commutator, 
then 


(9.1.9) 


For harmonic crystals the commutator [ h* u {l,i) , k .u is 

a c-number, so that we can write 


j-2TriH .u(4;t) ^2TriK.u(<,;o) ^ -2TTiH.(u^;t) - u(|,;o>> 


, >t .u (4;o)] 


(9.1.10) 


Again, because our crystal is harmonic, we have 


^ 2 ni>t • (u(4;t) -u (t;o) >>3^-2 Tr^< (« • (ii(-t.;t) -u (4;o)) )^> 
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We have finally the result 

^ 2 iriK •u('t;o) 

< e 6 > 

_ g-2TT^<(K*u('t.;t))^> - 2TT^<(H-u('t.;o))^> 

2 

+ 4tt <K^u(t;t) K .u( t;o) > 


2 

In a time independent system, < (h • u (<6; t)) >ls independent of time, 
so that we can combine the first two terms in the e:!i^nential. The 
absorption cross section can thus be esipressed 


0(E) 

a 


-4Tr^<(x*u(-t))^> 


dt e 


iu)t - Y|tl 


X 


2 

4tt <x •u(-C.;t) h ,u(t;o)> 


(9.1.11) 

If we esipand the second exponential factor in the integrand of Eq, 

(9« 1.11) in powers of its argument, the term containing 

1/n! <H t) K . u (^; 0) gives the absorption cross section for 
all processes in which the y ray is absorbed with the emission of 
n phonons. We consider only the first two terms in this expansion 


(E)-a ^ (E) + 0^ (B) + . . 


a ' ' a 


(E) 


2 * 

Mc <(>‘*u(<,))^> r iuDt 

°2 


(9.1.12) 

vltl 
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a ^2 ^^ 

O ^ - 


2 . 2 
Y + lu 


(9.1.13) 


(1)/„v „ 2 -4n^< (K.u(i))^> 

a (E) = 2 n 0 Y e ' ' " 

a o 


•Leo 


(9.1.14) 


The term a | (E) gives the cross section for the recoiUess absoirp- 
* 31 

tion of Y rays (the Mdssbauer effect) and is of the form of a very sharp 
Lorentzian peak of width T centered at E = E^, This peak is modulated 
by the function 

- 4tt^ <(H.U (4))^ > -2 M 

e = e 


(9.1.15) 

which is sometimes called the resonant fraction, or more commonly, the 
Debye-Waller factor, after the two physicists who first achieved its 

evaluation. ^ 

In deriving Eqs. (9.1.13) and (9.1.14) the only approximation we have 
made is that the crystal is harmonic. Thus these results hold in the 
practically important case when the absorbing nucleus is an impurity in 
the crystal, provided that the approximation of harmonic interatomic 
forces is stiU valid for the perturbed crystal. This is the situation 
which will concern us in what follows. 

It is convenient to transform the expression for c? j^^E) given by 

cL 

Eq. (9.1.14) into a form more suited for its computation. Let us denote 

by B (<,; ID ) the integral 
xy 
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CO 

B (tjttj) = r dte <u (<t;o) > 


xy 


(9.1.16) 


la terms of this fvinctlon we have 


( 1 ) 2 

(E) = 2Tr o^ve 


T. 


(9.1.17) 


If we e?q>ress B ( ^; uu ) in terms of the eigenstates of the crystal 
Hamiltonian, we can write it as 


B (-t; tt)) = 
xy ' ' 


d V p (v) 


2y 


Y + (u) + v) 


(9.1.18) 


where the spectral function p ( v) is given by 


1 r 

P(v) = — e <ml u (-t;o) j.nXnj u (l;o) | irL> 

mn * y 



(9.1.19) 

In their discussion of the Mbssbauer effect, Singwi and Sjdlander^^ 
have made an approximation equivalent to letting y -• 0 + in Eq. 

(9.1.18). If we also make this approximation we find that 
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B (l;m) = 2 TT p (-tu) 


= 2 TT e 


3 fi u) 


P(«)) 


(9.1. 20) 


where the step connecting the last two expressions is readily taken with 
the aid of Eq. (9,1.19), 

Whether we choose to use Eq. (9.1.18) or (9.1.20), our problem is 
now to obtain the function P ('^). We do this in such a way that we can 
utilize directly results we have obtained in Sec. VH. 

We begin by introducing the function f (u) which is defined by 


f (u) = < T e (-t'io) u (f.;o)> 

y 


(9.1. 21) 


This function satisfies the periodicity condition 

f (u + B ) = f (u) -p<u<o 


(9.1.22) 


and we, accordingly, expand it in a Fourier series 


f (u) = 


E 




2 ni-tu 

p 


The Fourier coefficient g 


is given by 


(9.1.23) 


g 


I 


1 

3 


p "2 TTi^U 

f (u) e ^ du 


1 

3fiZ 


nui 


-pE 

^ <ml u (f.;0) 1 n> <nl u (-t;o)m> 
X y 


X 


.P m 


^n> 


1 


1 

TT 


(E - E ) - 
m n 


2 TTl-t 

"Fir- 


(9.1.24) 
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We BLOW introduce a function of a continuous variable v , g ( v), 
which equals g when v equals v , where 


2Tri^, 


(9.1. 25) 


and g ( v) is given by 


g (v) 


1 

mz' 




-PE 


<in lu (-t:o) I n >< 




X 


P(E^-E^) 




- 1 
V 


It follows that 


(9.1.26) 


P(v) 


Pfi 


li(v-Ht) ■ g(v-i6) 
6 -*0 + 2 TTi 


(9.1.27) 


In the present case f (u) is given explicitly by 


f<ii> - ^ ^ . 2TTi(k-k')*x(t) 

jmS— / (ujk) ® 
j j' ^ ^ 

< T (a+j^. (u) + a^. (u))(a_j^,., (0) + a'^,., (0) ) > 


(9.1.28) 


and the evaluation of 

<T (a.tkj(u) + a^. (u))(a_^,., (0) + (0)) > 

has been described in Sec. VIL 
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2. The Impurity Debye-Waller Factor 

We first discuss the evaluation of the function 2M that appears in the 
exponent of the Debye-Waller factor. We restrict ourselves to the case of 
a cubic crystal. This function is given by 

2M = 4tt^< (x-u 


■ '2 NM" 


y (H.e (^)(x.e(^;)> 

kk' /(«.(k)a).,(k») 
j j' V ^ ^ 


e 


2ni (k - k') • X ( 1 ) 




(9.2.1) 


Let us assume that the absorbing nucleus is an impurity in the host 
crystal and can be regarded as a substitutional mass defect in which the 
normal atom of mass M at the site x ( ^) has been replaced by an atom 
of mass (1 - e ) M. With no loss of generality we can assume that the 
absorbing nucleus is located at the origin of our coordinate system, i. e., 
at X (-6) = 0. This is convenient because the calculations of Sec. VII-2 
are based on this assumption. 

We make use of the results given at the end of Sec. vn -1 together 
with Eq. (7,2.14) to rewrite Eq. (9.2.1) as 


00 



j V 


(:H.e(^))(H.e(^;)) 

yu)j(k)tt)j,(k') 


r2(i).(k) A(k-k»)6 2uj^ j 


X Sfi 




e(^^) 






w 




(9.2.2) 


Id 
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The first term is just the result for 2 M if the absorbing nucleus is one of 
the normal atoms of the crystal. If we denote it by 2 we find 


2M 

o 


4^11 f 2«.j<k) 1 

- 2NM t “j 

i ^ 


_ 4tt^« V 
“ 2NM ^ 

j 




1 ] 


( 0 . 2 . 3 ) 


The sum over ^ in this expression is a standard sum, but can readily be 
evaluated by contour integration. Since we are dealing with a cubic 
crystal, this term can be rewritten 



2 m (k) + 1 


( 0 « 2 . 4 ) 


The second term of Eq. (9« 2.2), which wo denote by 2 can also 
be simplified, if we invoke cubic symmetry. Wo write this term an 


2Mj^ = 


X 


00 


4TT^fi Xgfi 4 V 


E 

op Y 
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X 




1 

1 + 


JV_\ 

+ u)j,(k«)J 


(9. 2. 5) 


The e3q)ression in curly brackets is a function of ( k j) and ( k' j’) only 
through the frequencies tu. (k) and , ( k»), respectively. It there- 

3 ' 

fore is invariant against all the operations which take a cubic crystal into 
itself. Consequently, 2 will vanish unless a = y and p = Y . 

We can argue further that insofar as the sums over ( k j) and ( k »J») are 
concerned, y can take on any of the values x, y, z, without altering their 
v^ues. We therefore obtain the result 



( 9 . 2 . 6 ) 


To obtain a result that is correct to lowest order in X , we can set 
the factor [1 + 1 g, ] ^ equal to unity in Eq. (9.2.6), and we obtain 


,, ~ X(2TTHr 1 




ONrkk' i») .(k)-a)„ 

j i' ^ ^ 


(k') 


00 

E 


Ui? (k) 
2 . 




a,^^ + «)f(k) u."^ + u)^j,(k') 


X 
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= \ 


(2nH)" 

—rsr 


tt y 1 

(3N)^k k' ““ j j' 

iV 


!iu.(k) [2ii.(k) + l] 
J J 


- (U^, (k') [2n^,(k') + 1 


] 


(9.2.7) 


This result takes simple forms at the absolute zero of temperature and in 
the high-temperature limit: 


2M, = 


T=0°K 



A (2tth) 
^ 2M 


ujj (k) + (Bj, (kO 


(9.2.8a) 


fp-* 00 


2x2 


( 2 tth)‘‘ fi 

'12 MkT 


(9.2.8b) 


The latter result has recently been obtained by Maradudln and Flinn®^ by 
a different method. 

In order to obtain a nonperturbation result we have to go back to Eq. 
2.6) and adc^ some model for the host crystal. If we assume a Debye 
spectrum, we find that 


k 

j 


(B3^ + u.2(k) 


3 

2 


1-1^ tan" 


1 1 1 
TJ 


2 . 


Sf, = 1 


I y 
■ 3N L 
k 

j 


- 1-35“ 

+ (k) ^ 




(9.2.9b) 
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where 


“ tUjj " P *1 lUjj 


(9.2.10) 


The ej^ressioa for 2 now becomes 


2M^ 


00 

(2Tr«o^ y 




1 - 3 e r^(l 


l^tan 


X [1 - s^tan' 



(9.2.11) 


At the absolute zero of temperature we can replace summation over t 
by integration over ? according to 



(9.2.12) 


and we obtain 


2M^ 


0°K 


Qe 


(2 nH) 
M(i)r 


2 



§^l-5tan"^ d§ 
1-3 es^(- ^tan"^ j) 


(9.2.13) 


The integral can be evaluated numerically for different values of € . 

At high temperatures we seem to be limited to expanding the summand 
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in Eq. (9.2.11) in inverse powers of § : 


® V 

, m/r _ l8e(2TTH)^y’ Jl 12-e 1. I 


(2nK)2 


1 - e 


Mu), 


' 1 2 

X /1-IL. 

(“■d 

12-e 


(*“d 1 

^ 9 6 

l2Trkr) " 

15 1 - e 

90 ‘ 

|2TTkT| 


1% 


(9.2.14) 


3. The One-Phonon Absorption Cross Section 

To calculate the one-phonon absorption cross section we adopt the 
^proximation esxpxessed by Eq. (9.1.19). By combining Eqs. (9.1,16), 
(9.1.19), and (9.1.26), we have 


(E) = 2Tr2oQ 

xy 


2TT3fi 


1 




X lim g((n+i ?) - e (lu-iSi 

6-0+“-Jirf- ‘■ 


(9.3.1) 

The function g (v) is obtained from Eq. (9.1.28) and (7.2.14) and is 
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.(he„(^ 2ttn(k) 


" 2NM ^ tu^<k) Ta 


■u)?{k) - 
J 


ii. 4 V^ cpili y 

n TST ^ 


, k V / k* V 
^ -i ^ ^ i* ^ 


2NM p2^2 2N x'j' y.'3 

33* 


/kv /k*. 
e(.):e(j,) 


tt)^(k) - tu j,(k') - 2 ^ 2 


kiiiV -u,.^(ki) 

(9.3^) 


( 1 ), 


We consider the contributions to a (E) from each of the two terms in 
Eq. (9.3.2) separately. 

The contribution to o from the first term of Eq. (9.3.2) is 


( 10 ) 


-2M 


(E) = 4tt o^Y 


e - - * 

T-TJ" 

1 - e 




N 


kj 


(9.3. 3) 


If we use the cubic symmetry of our crystal, this result can be written 
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(E) = (2TTK)2TTa^Y 


e-2 M 
l-e-P* “ 


4-®c 


(01^) 


(9.3,4) 


2 

where G ^ ( uu ) is the distribution function for the squares of the normal 

mode frequencies of the unperturbed crystal. 

The result e:q)ressed ^ Eq. (9.3.4) is the basis for the suggestion by 
64 

Visscher that the absorption of Y rays by nuclei bound in crystals 
could be used to obtain the crystal*s frequency spectrum. 

'VW.th the aid of cubic symmetry we can rewrite the second term of 
Eq. (9.3.2) as 


e V 
8M 


2 6, 


^ ^ 1 _ 1 

(3N)^ kk» («*(k) - «)^,(k') - sj'‘ 

JJ* ' ' 


^ ‘ 3N ^ .,2 2 


2 _L > _1 

-m‘ (k,) 


(9.3.5) 


Weflrstconsider the case 0 < e <iand 0 <u) <io^. By sub¬ 
stituting Eq. (9,3.6) into Eq. (9.3.1), we obtain 


0 <11) 


(E) = - (2ttx) ^ 0 

o 


j _ g-9 6<ii 



Im 


2 
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LA(ui^) - IB (ui^) ] 
(u)^) +B^(u)^) 


(9.3.6) 


where 


A(a)^) = 1-W Z - 2 ~' 2 - =l-eu)^Go (o)^) 

3N kj (»2_„,2(k))p o 


B (u)^) = CTTUU^ (ll)^ ) 


(9.3.7a) 


(9.3.7b) 


We thus find 


ojll) (E) = (2^K.)2a^Y^^-^r^ 


^"2M ^ 

e n 


-(2tth.) na^Y u ^ 


(9.3. 8) 


By combining Eqs. (9.3.4) and (9.3.8), we obtain for the one-phonon 
absorption cross section 


(E) = (2v^:i^va^y \ gfu T ^ 
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1 - 611)2 ©^( 11 ) 2 ) 
a remarkably simple expression. 

We turn now to the case that 0 < e < 1 and u) ^ • Unless e 

is sufficiently large, there is no contribution to the one-phonon absorp¬ 
tion cross section. However, if e is large enough that the equation 


2 2 2 4«2 / 2v 

+ £ TT tiJ ) 


(9.3.9) 



eo) 


-J-E 

3N ^ 

i 


1 

( 1)2 - tt )2 (k) 
J 


(9. 3.10) 


has a solution, which we denote by uj then we obtain as the only con¬ 
tribution to the one-phonon absorption cross section 


a <11) 


(E) 


{2nH2) 


2 





1 


e-2M 




2 


) ] 


X 


2 2 

6((|) -ID ) sgn U) 




2 

U3 

o 


(9. 3.11) 

We see that, if the absorbing nucleus is sufficiently light so that it gives 
rise to a localized vibration mode whose frequency is u) then the 

absorption cross section will show a very sharp peak at a Y -ray energy 
given by uj^ = E - . The suggestion that the MOssbauer effect be 

used to show up the existence of a localized vibration mode baa been 
by several authors. 

We finaUy come to the case c < o. In this case there is no 
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contribution to the absorption spectrum for ou > . In the interval 

L 

(0, UD ) the impurity contribution to the one-phonon absorption cross 
L 

section is still given by Eq. (9.3.9) except that e is now replaced by 

- le |. 

Returning now to Eq. (9.3.9), we can use the results of Nardelli and 
17 

Tettamanzi to make some interesting predictions about the behavior of 

2 ^ 2 

a ' '(E) as a function of ud . These authors have plotted u) G ( uj ) 

as a function of uu for a nearest neighbor, central force model of a face- 

centered cubic crystal. This plot is reproduced (in our notation) in 

Fig, IX. 1. (Recall that because of difference in normalization, the Nardelli 

and Tettamanzi function 1/3 u) Gq ( u) ) equals our Gq (U) ).) 



Fig. I3C1. A plot of the functioa G ^ for a face- 

centered cubic crystal with nearest neighbor, 
central force interactions. 


From this plot we see that, depending on the value of e , for 1/e in 
the interval-1 < 1/e < 4.6 the equation 
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1 - e (lu^) = 0 


(9.3.12) 


can have from one to seven solutions. In the neighborhood of one of these 

2 /1\ 

solutions, which we denote by u) , o' '(E) has the form 

r a 


(1) 


.-2M 


(E) = (2ttk)2 ttOqY - ^ ^0 


4u)r A*(tB^) (tu-<«r)^+r^(u)J) 


(9.3.13) 


where 


2A(m;) 


(9.3.14) 




(9.5.15) 


The ratio of the height of this resonance peak relative to the height of the 
one-phonon, spectrum at ni “ uu which would exist If the absorbing 

nucleus were one of the atoms of the host crystal and not an Impurity, is 


height = 


^ 2„2 4 „ 2 , 2 . 

e ^ «irGQ(u)j,) 


(9.3.16) 


This quantity should be large if the resonance is to be observed. The 
width of the peak at half-maximum is 
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width = 2r(u)^) = 1 - 2 - 

A(u)^) 


(9.3.17) 


This width should be small if the resonance is to be observed by the 
Mbssbauer effect. 

We can malce an estimate of the height and width of such a resonance 
peak if we adopt the Debye spectrum. In this case the functions 

^ o 2 

Gq ( u) ) and Gq ( (B ) are given by 


, 2, 3«. 

0^“ “d"® 


0<UD<U)t 


(9.3.18a) 


Gq (W^) “ y 

“>0 


0<U)<tt)T 


(9.3.18b) 


Lot us choose the case that € < 0. The solution of Eq. (9.3.12) which 
vanishes as 1 e I - ” is given by 


,2 “ 31 e I ^ 9| e |2 gl | cj ^ 


(9.3.19) 


ITioro is a second solution to Eq. (9.3.12) in the interval (0, 

shall not consider it here. We now assume that j e J so large ^ we 
can neglect all terms in the expansion (?. 3.19) past the first. To this 
approximation we find that 


A(u)y) ^ ^2*1“ 

r lit 


(9.3.20) 


The results for the height and width become 
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height = 



I e| 


(9.3.21a) 


119 

If we assume that | e | = 16, as would be the case if Su were placed 

7 

in Li , we find 


U) 


r 


(U 


D 


0.14 


height ^ 20 


= 0.226 


(9.3.22) 


The larger | € | is, the more favorable are the chances of observing 
this low-frequency resonance with the Mbssbauer effect. 

The existence of this low-frequency peak in the one-phonon absorption 
cross section when the absorbing nucleus is a heavy impurity was first 

as 

pointed out by Brout and Vlsscher. 


Note added in proof; 

A more careful analysis of the zero-phonon and one-phonon absorp¬ 
tion cross sections than described in this section yields Ihe results that, 
as they stand, Eqs. (9.1.13) and (9.3.9) through (9,3.11) do not give the 
complete egressions for these cross sections if the resonant nucleus 
gives rise to a localized vibration mode. The modifications of the pres¬ 
ent analysis required to obtain ihe correct expressions are described, 
for example, In the second paper in reference 60. The zero-phonon 
cross section is obtained by multiplying the rl^t side of Eq. (9,1.13) 

' & 


l(2nK) 


2 1 
Me^ 



where is the Bessel function of pure imaginary argument, U) is the 
local mode frequency, z^ is the partition function for the local mode os- 
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cillator, and Is given by 


B 






To obtain the correct one-phonon absorption cross section, the rl^t 
side of Eq. (9.3* 9) must be multiplied by 


I (2nK) 


2 1 

Me^ U)®B 
0 o ^ 


whereas Eq. (9.3.11) diould be replaced by 


\ o O/ 


-5®“, 


Jx. 


n 2 

Y + (UJ + ttJ^) 


+ e 


ipfiu) 

2 o 


Jv 


Y +(01-u)^) 


The detailed derivation of these results will be published elsewhere. I 
should like to acknowledge helpful correspondence with Dr. W. M. Vls- 
scher on this point. 


X. UFETME OF A LOCALIZED VIBRATION MODE 


1. Introduction 

It is by now well loiown that the substitution of a sufficiently light 
impurity atom for a normal atom in a crystal gives rise to a normal mode 
of vibration whose frequency Ues above the maximum frequency of the 
unperturbed crystal. Such a mode, usually called an impurity mode is 
fuSier characterized by the fact that the amplitudes of the atoms vibrate 
ing in this mode decay exponentially or faster with increasing distance 

^^°”lftLTm^s ^OT^prising the crystal interact with strict 

forces, i.e., if the harmonic approximation is rigorously applicabte for 

describing the atomic vibrations, then the impurity mode is an exact 
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eigenstate of the crystal Hamiltonian, and is infinitely long-lived In 
fact, however, no crystal is perfectly harmonic, and the otherwise 
independent normal modes of the crystal in the harmonic approximation 
are coupled by the anharmonic terms in the crystal's potential energy. 

This coupling, which allows energy to be exchanged among the normal 
modes of the harmonic crystal, imparts a complex shift to the frequency 
of each of these modes. The real part of this shift represents an actual 
change in the value of the frequency, whereas the imaginary part can be 
interpreted as half the reciprocal ^ the lifetime of this mode. Both the 
real and imagixxary parts of this complex shift are temperature de¬ 
pendent. 

In particular, the frequency cf the impurity mode undergoes such a 
complex shift. The first calculation of the lifetime of an impurity mode 

9 

was carried out by Klemens who used perturbation theory. He found 
that at low temperatures the lifetime is of the order of 100 vibrational 
periods, and decreases with increasing temperature. 

It has been suggested recently that impurity vibrational modes in 
crystals may be detected experimentally by means of the Mbssbauer 
65 

effect. Since the feasibility of performing such an experiment depends 
on the value of the impurity mode lifetime, it was felt that an independent 
calculation of this quantity by a different method from that employed by 
Klemens would be worth while. 

In this section, we present such a calculation. We derive an expres¬ 
sion for the phonon propagator for a crystal possessing cubic anhai>- 
monicities into which a li^t impurity atom has been introduced substitu- 
tionally. The poles of this propagator occur at the new normal mode 
frequencies of the perturbed crystal. The imaginary part of the frequency 
at which the pole associated with the impurity mode occurs leads to the 
impurity mode lifetime. The formal expression for the impurity mode 
lifetime is evaluated for a simple model of a crystal. 

The H a m iltonian for an anharmonic Bravais crystal containing a mass 
defect at the origin is 
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v& 


l"y 


* s 


V? 

V'y 

+ • • . 


(10.1.1) 

= H^ + V+H^ 


(10.1.2) 


In Eq. (10.1.1). '''" ^'" '>> 

third-order, fourth-order, etc., atomic force constants of the crystal. 
They are the partial derivatives of the total potential energy with respect 
to three, four, etc,, displacement amplitudes. 

If we ejqyress the Hamiltonian in terms of creation and destruction 
operators, we obtain (again neglecting the zero-point energy) 


Hq = ^ ajjj ajjj 



(10.1.3a) 


^ 2^2 


+ a 


’" 2^2 


(10,1.3b) 
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* 

kjkgkg ^J h ^ h ^ ^3 

3l 32^3 


3 

X n 


+ + + 

p=l \*“Vp ^Vp / 2^24N 


X Y. + V 


' kl ^2 1^3 ^4 

i^l ^2 ^3 ^4 


3i^2^3^4 


si \^h>\^‘^tJ'‘3’X'‘*’ 


X n 

p=i 


(‘-Vp^'Vph'" 


(10J.3c> 


where 


U 


ji J 2 


®( j ^) 


[hi 

(10. l. 4a> 


and 


jri ^2 ^3 
\3i ig 33 


Miil 


*aRv <0 - — 

a 3/2 


JIR 


M“ 
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X 2TTi |k2 • + kj • x(V) 


{10.1.4b) 


\hhhhl a 




V'y 




\h\ 

1 . (*'41 

®a 

1 3i 1 P ' 

[32 i 





X e 


2TTi j kg • x,('t') + kg • X(•(.") + k^ • xiV ")) 


ao. 1.4c) 


In writing Eqs. (10.1.4b-c) we have used the fact that, because of the 
Invariance of the crystal against rigid body translation throng any 
translation vector, • * * > depends only on the diHei> 

ences between -t and the remaining position vectors. 


i 

a&y ... 


di' I" ■■•) = 


i 

aPY 


(0 V-l I"-I* 


) 

ao.1.5) 


The n-th order anharmonic term in the expansion of the potential 
energy is smaller than the harmonic term by approximately a factor 

( u/ a )’^"^, where u is a root mean square displacement amplitude and 
O ^7 

a is the lattice parameter. This fact gives us a convenient way to 
o 

order the various anharmonic contributions to any physical quantity of 
interest. We can write formally as 

» n Vg + ri^Vj + • • • 


(LO. 1.6) 
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where t) is an order parameter which can be set equal to unity at the end 
of the calculation. If we retain terms in up to some particular (even) 

order in t] » we are assured of obtaining a consistent result if we retain 
terms to the same order in ti in our final answer. In what follows we 

work only to O {^). 


2. The Lifetime of a Localized Vibration Mode 


To obtain the lifetime of the localized mode we construct the function 


F(U))= Yl 

iq 


m 

< m 1 j 

I , . + 

— 

m 

z 

i -kj 

X 6 

/ E 

-1-1 

( a ^ + at 

1 -k] k] 


(10.2. la) 



(10.2. lb) 


Considered as a function of WJ* !F(n>) has a ^ function peak when¬ 
ever a^. I m > or a \m'^ is an eigenstate of the crystal Ilamil- 
K3 -*3 + I 

tonian H. The difference between the energy of the state a^j \ 

and the energy of the state | m > can be described as resulting from 
the addition of one quantum of vibrational energy to the crystal, A 

similar result holds for the state a., I m >. In the case of a perfect, 

kj 

harmonic crystal we see that r(<M) will have singularities at 




In the case of an anharmonic crystal those 6- function 


peaks are replaced by resonances centered at the phonon frequencies and 
whose widths at half-maxlTnum are the reciprocals of the phonon lifotimos. 

Our task, therefore, is to evaluate the function F(«^) for an anhar¬ 
monic crystal containing a single mass defect and to determine the width 
of the resonance associated with the localized mode. We do this by 
manipulating the expression for P(k3; W) into a form which we recog¬ 
nize as having studied previously. We have 
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3 
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mil 


-pE 
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< ml a 
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X <nl 


a + a ' 
-kj ^kj 
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>6 1 u) + 


1 

ft 


m 


ao.2.2) 


We now introduce the function 


P 



<T e 


uH 



kj 



> 


(10.2.3) 


It is a simple matter to show that F ( k j; u) satisfies the condition 


F !^:ul = F ^^;u+p 1 -p<u<0 

13 I 13 


(10,2.4) 


Wo, accordingly, expand it in a Fourier series 


F 



2ni't.u_ 



aO.2. 5) 


The Fourier coefficient (kj) is given by 






2Tri-tu 

du 
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1 


1 

Z 


E' 

mn 


“ SjEj_ 4. I 

“<m| a.i^+ai^ln> 




e(E -E ) 
m ^ - 1 

"SlrTT 


(E - E ) - 
ft m n 


TIT 


ao. 2.6) 


We now introduce the function of a continuous variable a(kj; v) which 
equals when 




2ni^ 


(10-2.7) 


it is given explicitly by 


a 




^ <nl a , . + \ m> 

-k3 k] 


e 

T 

ft 


P(E -E ) 
m n 


1 


(E - E ) - V 
m n 


( 10 . 2 . 8 ) 


We therefore see that 


P 



Pft 


1-e 




lim 
6 -0 + 



oj -15 j - a - CO + i 6^ 


2 IT i 


( 10 . 2 . 9 ) 
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From its definition, Eq. (10.2.3), we see that F(kJ;u) is Just a 
diagonal element of the matrix we have denoted in previous sections by 
F ( k j; k’ j*; u). This means that a^ ( k j) is a diagonal element of the 
matrix we have referred to previously as A^ ( k j;k* J*). 

In the case of a single mass defect at x(-t) = 0ina cubic Bravais 
crystal, we obtain from Eq. (7.2.14) the result that, for a purely ha3> 
monic crystal, 


k 


M = s W- 

] I -f- u I 


Xpfro .(k) 


1 + 




1 

“SfT 


■h 

^1 


I “'i 

11 h ^ 


ao. 2.10) 


If we replace o^, ( k J) and ( k 3) by their e:q>Ucit expressions, 

Eq. (7.1.27), and replace iu)^ by v , we find that 


2u).(k) 1 

Pft uu?(k) - 
3 


eefiut(k) 

—55r— 


] 2v 

. 1 

2 

1 

r_i_1 


«)^(k)-V^J 
3 


-1 
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N 

> 

1 

-t 

_1 


-1 


( 10 . 2 . 11 ) 


Since we are interested in the local mode frequency, we assume that 
m > u) Land substitute Eq. ( 10 . 2 . 11 ) into Eq. ( 10 . 2 .9) .and use q. 
(10.2.1) to obtain finally 


F(iu) = 




1 - e 


- piid 


i Tm 
IT ^6-0+ 
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2CUJ* 

Pft 



302 


A. A, Maradudiu 


X 


1 

TT 


((u?(k) - 
3 
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•i <’'!> 


2 2 

lU - ou 

J-l 





( 10 . 2 . 12 ) 


where 


O 

u} is the solution of the equation 
o 


0 



1 

W 


z 

k j 





U) ] 


eu)^ V 1 

u)^ - u)^ (k) 
k] j 


( 10 . 2 . 13 ) 


We readily identify this equation as the equation for the frequency of the 
local mode arising from an isolated mass defect. We thus see that F(^ 
a -function singularity at the local mode frequency. 

What we must now do is to determine the form of the coefficient 

ai(k]) for an anharmonic crystal containing a single mass defect. 

<1/ 

This can be done directly from Eq. (10.2.10) if for ot.^(k j) and 

3^(kJ) we substitute their values in an anharmonic crystal# Actually, 

our task is simpler than this since we have a fairly limited objective. We 
want to find how the 6-function singularity in F («J) at is 

modified by anharmonic effects. This means that we only have to study 
Eq. (10.2.13) again, but with a^(kj) replaced by Its form for an 
anharmonic crystal. 

The expression for ci^(kj) In an anharmonic crystal has 
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recently been determined in connection with another problem and 

. 52,68 
is ’ 


2i»)(k) 


U)j{k)+ - 






13 I 


( 1 (>. 2 . 14 ) 


where 


^ 3 


}iirn3" 


I 
^1^2 
31 ^2 


^ ( - k + kj + kg) 


- k k- k, 

3 31^2 


U) (k,)'". (k.) 
3i 3- 32 ^ 


+ Hg + 1 


+ ng + 1 

iu), - u), - uj; 


^ '-Y 


ni -Hg 




( 10 . 2 . 15 ) 


and whore for convenience we have put (k j^) = «> etc. Only 

the cubic anharmonic contribution to the proper _ 

g“( kj) has been retained, since to this order in the anharmonic force 

constants the quartic terms do not lead to any lifetime effects. The 
function wo must study is 
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(10,2.16) 

when V is replaced by -®-i6 and die limit 8 -* 0+ is taken. 

The function - (1/ pii ) ( k j; iu)^ - v - i6 ) 

becomes 


-4rG, 

pn I 


iO) a 

3' ^ 


+i6) = d.(k;iu)+ ir.(k;i«) 
I 3 J 


(10.2. ir) 

where 



(10.2.18eL> 
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r{k;tu) 
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l6Nu).(k) 
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^ 4(-k+k, ■‘■kn) 
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* \ 33132/ 
■^snkTTuTTCT 

3i 1 32 2 
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r r 

(n^+ng+l) - 6(u)+uq^ + (U2) + 6 (ou - - ou^) 


(Hj - iig) 6 (ui - utj^ +u)2) + 6 (ui + lUj - lu^) 


ao. 2.18b) 

We thus find that 

lim D(v = -uj-i6) » 1 +) 

6 - 0 + 


uj?(k) [co?(k) - w^+ 2u).(k) 6 .(k; ou) ] 

V J ¥ ** ,,__ Bill 

[ uij(k) - tt|2 + 2u)j(k) A^(k;ou)] ^ + 4u)|(k) rj?(k; uu) 

^ ^ 2u)j (k) (k; ui) 

— " 2 

+ 4ou2(ic)r2^k;(u) 

(10.2.19} 

= Dj(u)^) + i DgCiu^) 


3N 


ki 


R 


^(k) - u)^ + 2iu (k)a^(k;UJ)| 

J 


- 

0 .(k;UJ) 

J 


( 10 . 2 , 20 ) 
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Let us define a frequency ^ by the equation 


° 


( 10 . 2 . 21 ) 


Then in the neighborhood of this frequency we have 


lim D( V = - u) - i6) - u)“^) (cn"^) + i 


6-»0 + 


( 10 . 2 . 22 ) 


This result, together with Eqs. (10.2.10) and (10.2. 9), implies that in 
2 

the neighborhood of F((ij) has the form 


F(uj) = const. 


°2""0A> 




= const.» 




where 


(10.2.23) 


r = 




^A^i <“- Oa) 


CLO. 2.24) 


The width of this resonance at ha]f-maxiinum is 2 F, and we obtain 
finaUy that the lifetime t of the localized mode is given by 


i.jr. 


ui-. D' (u)^ ) 
“OA^l '“'OA^ 


(10.2.25) 
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As it stands, Eq. (10.2.25) is more complicated than is Justified by 
our retention of only cubic anharmonic terms in the proper self-energy 

o 

( k j). We are justified in obtaining r only to 0 (“n ) since higher- 
order anharmonic terms which we have neglected will contribute to 

4 

0 (T] ) and higher. We, accordingly, make the following approximations 
in obtaining a simpler expression for P . First, we neglect the differ¬ 
ence between the frequency tu defined by Eq. (10.2.13) and ^ 

” U A 

defined by Eqs. (10.2.19) and (10.2.21). This difference is 0 ( ti ^) and 
would be of interest to know because it gives the temperature dependence 

of the local mode frequency. However, D ( u) ) ii? 0 ( t] ) already, and 

the replacement of by “ q la this function leads to an error that 

is 0 ( Ti ^). and therefore is of higher order in t) thaji we consider here. 
Second, we neglect the terms in T ^ ( k ; «> ) and h . ( k ; tu ) 

appearing in the denominator of the integral that defines D ( iv \ since 

these contribute higher-order corrections to the result toward which we 
are working. We thus obtain the following approximate expressions for 

D, ( tu^) andD- ( ui 
1 2 

d,(.2) . 1 ^ 

j 





( 10 . 2 . 26 c) 



308 


A. Maradudin 


The i^bonon lifetime, is therefore given to 0 ( 11 


by 




ftO.2.27) 

We now turn to tie ^proximate evaluation of this e:^ression. 


3. Numerical Estimate of the Lifetime of a Localized Mode 

Our first task is to evaluate r(k;U)^). Since the lifetime 

decreases with increasing temperature, as can be seen from the high- 
temperature form, of I^(k ;(#),■ and since we are Interested in seeing 

how long the lifetime can be, we evaluate at the absolute zero of 
temperature. In this limit we see from Eq. (10.2.18b) that 
rj(k;a)jj) isgivenby. 


k + kj + kg) 


) 



•Bfllcull« tt. pre«nt 
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enable us to carry out the calculation analytically and which probably 
yield a result that is in order of magnitude agreement with the results of 
an exact calculation. 

It is convenient to replace summation over k by integration 
throughout the Brillouin zone according to 

I - V / d»k 

k Bz 


( 10 . 3 . 2 ) 

where V is the volume of the crystal and equals Nv : v is the volume of a 

a a 

unit cell. The discrete h function goes over into a sum of BLfac 
A functions, 


A(. k+k^ H-kg) 


1 

*V 


Y. 6( -k+k- +k. + T) 
T J. ^ 


ao.3.3) 


where t is a translation vector of the reciprocal lattice. In what fol¬ 
lows we make the approximation of retaining only the t = 0 term in 
Eq. (10.3.3). This means that we ignore the contribution from the so- 
called "Uml^pp*' processes. 

The second approximation we make is to use an approximate form 
for i (- k J; k^^ ; k 2 J 2 ) due to Klemens,^^ 


I « 


/-kki k2\ 2 

ihhj 



(10.3.4) 


where y is the Griineisen constant, and c is an average speed of sound. 

The final approximation we make is to use the Debye approximation 
for the frequencies 

uu.(ls) = 2Trck 

^ (10,3.5) 


where the sound speed c is assumed to be the same for all branches and 
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to replace the Brillouln zone by a sphere of equal volume, «o that it» 
radius is given by 


4 ttt. 3 . .1 

nr ~ 

a 




with these approximations we obtain 


rj(k;.„) = 27 nvv^|-_^| 2„cjd k, k^ 


X 6 ( - k + + kg) 6 ( kg - - kg) 




where 




■2nF 




(10.3. H) 


Denoting tto double integral in Eq. (lO. 3.7) by I, wo havo 

J ^1 I ^ I * (k- - k, - i k - k, ) 

lk.kil<kj^ 

" Jo dkj k\J^ ^dx k^j - 2k kj X 

Ik-ki|<i^ 

" ® (^ - 1^1 - y^+kj - 2kkjX j 
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k^+k, ^-2kk,x < k^ 

1 1 o D 


6(x - Xq) 


^li 


where is the root of 


(10.3. 9) 


k^ + k.^ - 2k k- X = k^ - k. 

1 1 o o 1 


ao.3.10) 


and must lie in the interval (-1, 1). The integral over x in Eq. (10.3.9) 
is readily carried out, and we are left with 


/ ^1 


2 (ko - ki)2 


with the following restrictions on 


( 10 . 3 . 11 ) 


0 < kf < k^ 


(10.3.12a) 


^o ■ *=1 ^ 


(10.3.12b) 


(k + kj)^ > (lib - ^1^^ > " ‘'l^^ 


(10.3.12c) 


The first of these restrictions is just the usual one on the magnitude of 
k^ . The second follows from the restriction Ik- k ^ I < k^, 

and the third follows from the condition - 1 < < 1. We now con¬ 

sider the two inequalities expressed by Eq. (10,3.12c). After some 
manipulation they yield the conditions: 
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kj > I (ko - k) 
kj > I (kp+k) 


(10.3,13a> 


(10.3.13b) 


Clearly, the second condition is more restrictive than the first. Equation 
(10.3a2b) tells us 


However, we readily find that 

since k^ < 2kjj, so that the restrictions on k^ become 

T (ko k) < k^ < kjj 
provided tha t 

4- (kg + k) < kjj or k < 2kjj - kg 

The integral vanis he s otherwise. 

We finally obtain the result 

‘ ■ ^ Ih ) 

? (kp+k) 


(10.3.14) 


(10.3. 16) 
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0 


< - ( 


= 0 otherwise 

(10.3.16) 

The e:jq)ression for rj(k;W^) is found from Eqs. (10.3.7) and 

(10.3.16) to be 



a 0 otherwise 


(10.3.17) 


In writing Eq. (10,3.17) we have used Eq. (10. 3.6). 

The numerator in Eq. (10.2.27) can now be written 


243 TTY^ 


l_^\ 

1 Mc^ I 


Ij (Xq) 


ao. 3. 18) 


where 
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ao, 3.23) 
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Table X. 1 gives the function I^(Xq) in brief• 

The integral in the denominator of Eq. (10, 2.27) is given by 




r 

% J 


(x^ - x^)^ 


dx 


3xo--|x 2 In + I ^2 


^ 1 
Xq - 1 


(10.3.24) 


The function LCx^) Is also tabiilated in Table X. 1. 

2 U 

Combining Eqs, (10,3.18) and (10,3.24) we obtain finally that the life¬ 
time of the localized mode is given by 


I 

T 


243TrU)jj 



Ii(xq) 


(10.3.25) 


See Table X. 1 for the tabulation o£ the quotient 

To complete our analysis we must relate the local mode frequency 
Xq = w to the mass defect parameter e • Xq ts given by Ihe 

solution of the equation 


In 


Xn - 1 


2(1 + Sexg) 
36*0 


(10.3.26) 


Values of e as a function of x^ are tabulated in 

In a typical case, y = 2, and 

values imply that 


1 

T ‘ “d <«“•=> ife? 


2\*0' 


Table X. 1. 

/Mc^) = 1/100^. These 


(10.3.27) 



Table X. 1, Functions Required for the Calculation of the Lifetime of a Localized Vibration Mode 
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From this result and Table X1 we see that for ^ 1.5, 

-^= m (0.4 X lo'^ 

(10.3.28) 

For Xq = 1.2, our result for t ^ agrees with the result of Klemens 

to within a factor of about 2, but seems to decrease more rapidly with 
increasing x^ than does his result. 
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1. INTRODUCTION 


ThiiHC lectures arc intended to serve two purposes; to give an intro¬ 
duction to some methods that are being increasingly used to study systems 
of many particles: and to show how these methods have been applied to a 
ixirticular system. I shall not explicitly distinguish between these aims, 
and, in the main, shall tailor the formal development to the particular 
applications. However, the generality of the methods should be apparent, 
and an understanding of what follows should simplify the study of papers 
in which similar methods are applied to other problems. 

The mcthcxls 1 have in mind are adapted from the methods of quantum- 
field theory. Field theories, of course, are designed to treat systems with 
many <iegroe8 of freedom. The methods we shall be using are based on 
those developed U) handle the profound degrees of freedom associated with 
tht* vatruum that manifest themselves at relativistic energies. The degrees 
of frwHlom that will interest us are less subtle. They are simply the 
fottrdinaicH of the many particles in the ^stem. As a result, the ditrer- 
genct; {iifflcuUies of relativistic quantum field theory will not beset us. On 
the othtfr hand, we shall need to generalize slightly the usual field formulation 
of relativistic quantum theory for the following reason. We shall wish to 
consider systems that in general have extremely dense spectra of energy 
levi'ls ami wc shall only want to calculate gross properties that are easily 
susceptible to measurement. Wo shall not, therefore, be interested in 
the {ictallcd structure of quantum levels, but only in the behavior of sys¬ 
tems Statistically distributed over those levels. The generalization of the 
flehi theoretical formalism necessary for our purposes has then to do with 
the taking of statistical averages. 

Tlie particular system I shall spend my time discussing is the so- 
called normal Forml system. By a normal Fermi system is meant these 
days a system that behaves more or loss like a noninteracting system of 
ft'rmhms. The best known oniplrloal example of such a system is the 
system of elcctrcms in a nonsui>crconductlng metal. Another is liquid 
helium-;i at low tcmtKsrulurtis. In fact, until recently it has been some¬ 
thing of a puzzle to umlcrstand why metallic properties could be so satis¬ 
factorily explained by the independent ixirtlcle models customary in 
c«inventlonal solid state physics. The modern understanding of this puzzle, 
which is largely due to I.andau, is sis follows: The ground state of an 
lnU*racting muny-fermion system will, in general, be a complicated state 
In which the motions of the <llfferent particles are highly correlated. Under 
some clrtnimstunces, however, the low-lying excited states may have a 
simple structure. In particular, it may bo possible to put those excited 
stall's, whether they are true olgenstalcs or long-lived unstable states, into 
a one-to-one corresis)ndence with the low-lying excitations of the ideal 
Fermi gas. When this is so, one expects a marked similarity between the 
interacting and noninteracting Fermi systems for all properties whose 
measurement only weakly excites the system. Conversely, because metals 
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do exist, one is led to infer tbat the energy spectrum of the interacting 
electrons in a metal is of the kind described above. The low-lying 
excitations of the interacting system are usually called ^'quasi particles. ” 
Landau made these ideas the basis of a remarkable intuitive theory, 
which he called "the theory of the Fermi liquid." I shall give a short 
description of this theory in the rest of Sec. 1 and use it to calculate 
some simple equilibrium and transport properties. Thereafter I shall 
begin to develop the microscopic theory of Green's functions, using 
essentially the form given by Martin and Schwinger.' ^ The simple re¬ 
sults of the Landau theory will then be derived from the microscopic 
theory. For the equilibrium properties I shall follow the work of Lut- 
tinger, (^) and for the transport properties that of Langer. I should 
state in advance that, although the microscopic approach is more complete, 
and in principle applicable when the Landau theory is not, it is no more 
mathematically rigorous. However, even where we simply duplicate the 
results of the Landau theory the microscopic approach is instructive. 

For the Landau theory, as we shall see, proceeds in great leaps of physical 
insight that are difficult for ordinary mortals to follow. No such diffi¬ 
culties will occur in the more formal approach, and a clear picture of the 
structure underlying Landau's arguments wiU emerge as we proceed. 


The Landau Theory 

The Landau theory begins by postulating a single-particle dispersion 
curve E^, where r is a complete set of one-particle quantum mimbers con¬ 
sistent with the symmetry of the system. For certain values of r corre¬ 
sponding to excitations in the neighborhood of the ground state, E^ is 
supposed to be the energy of a quasi-particle excitation. Associated with 
Ep is a distribution of function which is the probability of occupation of 
the state r. Although no physical meaning is given in the theory to Ep 
except in the region of r mentioned, it is supposed that the quantum numbers 
r may be used to enumerate the states of the interacting system. The 
number of particles in the system, for example, is written 



The internal energy of the ground state of the systems is not supposed 
to be expressible in terms of f p and E^. However for weak excitations, 
the difference, in internal energy of the ground state and the excited states 
is written 

6E = y E 

L-i r r 
r 


( 2 ) 
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Tho f(*rmi<»n character of the sytttem is Introduced by an assumption 
for the entrt^py S. It is ar^utHi that since the label r serves to enumerate 
the Staten, the entropy* which iirlHes solely from the counting of quantum 
levels, has the same form us that for an ideal gas of fermions, namely, 

» -hj,) (3) 

r 

ilt-rt’ kj, Unh/.iitann'H connUnt and 


Th»‘ form of f f In rt|uUlbrluin Ih obtninvd from tho variational principle 



iK * ftN 0 


(5) 


whiT** T la th*‘ tcmpvratur*' ami u tho chemical potential. From (5) one 
ol>t«ina in the uaual way 


f^cr.. 


') (* 





( 6 ) 


Fr»«n {'4 we ««•»• that, in gimeral, 

^*r ff; (7) 

Thua th«' (luaat parth'h' onerRy tU'pemlH on the distribution function and 
vice veraa. In particular. In equilibrium at T - 0 wo have from (6) 

f;«n “(w kJ) 


where kJ Ih the quaal -partU-le dinimrHlon curve at T =“ 0 and 




.1 I 


X • » 
X ■ 0 


(9) 


The I.andau theory only envUaRea timaU varlatlona of f^ from (8). For 
Hueh viiriatlona oiw* ean exiskwl (7): 


( 10 ) 
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Here 


6^E 


rr» 


ar ar, 

r r 


f" = f-(0) 


( 11 ) 


The quajatities E ^ and are the basic parameters of the Landau 
theory. They are presumed known. The aim of the theory is to express 
measurable properties of the system in terms of these parameters and 
those describing the scattering of quasi particles, and thereby to obtain 
relations between experimental quantities. Let us see how this may be 
done in some simple cases. Consider first the specific heat. We have 


C 


V 




( 12 ) 


The two partial derivatives in the last line may be calculated from (2) and 
(1), respectively. For the part of the specific heat linear in T, it is easy 
to see that one can neglect the first temperature correction (proportional 
to t 2) in the quasi-particle dispersion curve. The calculation then be¬ 
comes identical to that for the ideal Fermi gas and one obtains the usual 
result: 


C = 


Tf“kB®T 

3 




(13) 


Here |a^ Is the chemical potential at T = 0. For an homogeneous system 
the quantum label r becomes the momentum k and spin a, and the result 
(13) may be written in terms of the Fermi momentum k-p and the effective 
mass of a quasi particle at the Fermi surface. These (Entities are de¬ 
fined according to 




2k 


<0 




k=k„ m* 
F 


(14) 


(15) 


Then in a straightforward way one has 


C 




m*kpT 


( 16 ) 
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Anotixer thermodynamic quantlly that can easily be calculated is the 
compressibility. One has^ 

^ v\ap/T,N ^\^yv,T 
From (1) and (8) we then have at T = 0, 



For a free electron gas the second term in the bracket is zero and one 
has a simple proportionality between the specific heat and the compressi¬ 
bility. This simple relation does not survive in the Landau theory. It is 
replaced by a more complicated relation involving the interaction function 
$. One has for the translationaUy invariant case from (10) 


5 ?^ 

,3U / k=kF 


2y 

( 21^3 


/ 


3f 


k'*dk' 




(19) 


from which one easily obtains, by writing as indicated in last line of 

on 

Eq. (18), 

( n ) (i- ^ (S)3 Jdni(kp,S)y^ (20) 

A final remark. For a free dectron gas the spin paramagnetism is 
also simply proportional to the specific heat. This simple relation is also 
lost in the Landau theory 


tThe last identity follows from the fact that 


M = u (f .t) 

SO that 




V 

- P 


\ av /N,T 


V® 

- n" 



.T 



328 


V. Ambegaokar 


Effective Mass Sum Rule 


Landau also showed that for a translationally invariant system there 
is a definite relation between the effective mass m* and the quantity ^ 
of Eqs. (10) and (11). He argued that because of Galiliean Invariance the 
momentum that arrives at a unit volume must equal the density of mass 
flow. As sinning, as is natural, that SE|^/3k is the expression for the 
velocity of aquasl-^particle, one obtains 








( 21 ) 


Taking a variational derivative with respect to f gives 



Since 6f^ is arbitrary, one has, by using Eq. (10), 

i -A. f- 
'kt ak* 



( 22 ) 


(23) 


For Inclose to the Fermi surface and at sufficiently low temperatures, 
Eq. (23) reduces to 


1_ 

m 


m* 


2k ^ 


(24) 


The Friedel Sum Rule 

I want now to turn to a relation of another kind which provides some 
useful information about the potential experienced by a quasir-particle in 
the neighborhood of a static Impurity embedded in the system. This is 
the Friedel sum rule which states that if an impurity of valence Z is 
introduced into the system, the potential experienced by a quasi-particle 
at absolute zero obeys the relation 

Z = (2-1+1) 

^ I ^ ^ ( 25 ) 

where S^(kj,) is the phase shift for the scattering of a quasi-particle at 
the Fermi surface with angular momentum t by the screened impurity 
potential. The sum rule (25) was proved by Friedel for independent 
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electrons, but the proof is also valid In the Landau theory because it is 
based essentially only on £q. (1). Choose for r the quantum numbers of a 
free electron in a large spherical box. These are the angular momentum 
quantum numbers -t andm, the spin o, and the radial wave number ^ 
which is restricted by the boundary condition to take on values such that 




(26> 


where R is the radius of the box and is the spherical Bessel function of 
order I that is regular at the origin. From the asymptotic form 





kR» 


2 


note that 




2 ^ 


with \ an integer. Now if an impurity is introduced at the center of the 
box the quasi particle energy levels will shift. One can think of them as 
now being the eigenstates of a model Hamiltonian which is the sum of that 
for the free system and that for the screened impurity potential. For 
large R the allowed values of k are now 


5 T - V 


(27) 


where 6^k) is the phase shift for the scattering of a qaasl particle with 
ai^lar momentum t and momentum k by the screened Impurity potential. 
The additional ntunber of quantum states of angular momentum I that are 
introduced into the Interval ki < k < ka by the perturbation is 


(28) 


The total number of states Introduced in this Interval is thus 

y\ i<^(fea) - Sf^ki) 

2 V 

= ^ <n + 1) [6^(1<^ - fi,(ki)] 


The phase shifts introduced in (27) contain on arbitrary multiple of n. 
One can remove this arbitrariness by requiring that 6^ -♦ o as the potential 
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is removed. Thea it is well known that 

6^(0)=n^TT (30) 

where is the number of bound states of angular momentum t . With 
this choice, the total number of additional quantum states (both bound states 
and scattering states) introduced by the perturbation below momentum 
kj.l8 

Now if the system is at constant chemical potential, the Fermi momentum 
is unchanged and a number of electrons given by (31) will flow into the 
system.' To complete the derivation of (25) one must argue that if one in¬ 
troduces into a system of a given number of particles an impurity of 
valence Z and also Z electrons, the net effect on the system must have an 
atomic range. Thus the shift in the chemical potential will be of order 
(volume)"^ and negligible. The calculation (31) at fixed chemical potential 
is, therefore, applicable to the case where N = Z. Equation (25) follows. 


Transport Properties 


In the Landau theory transport properties are calculated using a 
Boltzmann equation for the distribution function. We shall consider only 
two simple transport properties, namely, the electrical and thermal 
reistances due to impurities. These properties are particularly easy to 
calculate because the scattering mechanism is external to tiie system and 
does not depend on interactions between quasi particles. As a result the 
calculation reduces formally to the customary derivation for independent 
electrons. All that is needed to make Ihe derivation apply to the Landau 
theory is a different interpretation of the single-particle energy spectrum 
We now sketch the calculation, largely for completeness. 

The Boltzmann equation has the form 


driving 

For scattering by a dilute distribution of impurities, the second term is 
^ collision “ ^ 




collision 


= 0 


(32) 



(33) 
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=E (f;;, 


Here k*) is the product of the concentration of impurities and the scatr- 
tering rate due to the same screened impurity potential that occurred in 
the Friedel sum rule. For spherical symmetry and elastic scattering, 

V" 

uj(k^*) = ou(k,®) 6(k - k*) = i«.Plcos ®) 6(k - k*) 


where cos 0 - k-k*, and is the Legendre polynomial. Making for the 
distribution function the Ansatz: 


f-. <-m 


«k ■ 


One finds by using the spherical harmonic addition theorem that 


5t /collision T(k) 


<«(k,k') (l-P^(cos®)) 


In an electrical resistance measurement the driving force is an electric 
field E. The driving term in the Boltzmann equation is 


5t ydriving ^k 


“>=.E 

* (S’) 

k 


The electrical current is then 


Z 

t-t ak k 




with V (5 = aEfc/akand t given by (37) with I -1. For the conductivity at 
absolute zero one obtains the well-known result 


a = 


(39) 
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where n the number density of electrons and t is the relaxation time for a 
Pi distortion of the Fermi surface. In terms of the differential scattering 
cross section d«J/dO for an electron at the Fermi surface, one has (n^ is 
the density of impurities) 

T= (40) 

Finally to calculate the heat conductivity one has to calculate the 
energy current that flows in a temperature gradient when no mass current 
is allowed. From the Boltzmann equation 




and one arrives at the set of equations 


(41) 


i = .ii 


e^O 


Q=-^L, 
e 1 


1 T bx 


1 iM. 1 IT I _ 1 ^ 

H ax " T 33C ' " ^ " 

1 au 1 ax 

u ax " T 3 x 


1 3T 
" '^2 T bx 


where J Is the electrical current and Q the heat current given by 


Q 


= 2 ^ E, V, f' 


k ^ kk 


Above 


■1-57 \ 

k 




(E) i = 0,1,2 


(42) 


(43) 


(44) 


^ “““^’ictivlty at T = 0 [Eqs. (39) and (40) ]that 
occurs here because an electric field In the absmce of concenSa^Si and 


0 = - fil - T 3T 

S TlL^ 


35 


(46) 
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wh«‘r** K is th4*rni;tt fiimluftivity. Tt» lowest In lomperaturts 


.-i 




(46) 


an»l H iN /iTi*. UowrvtT th«* hrst tcmiM^raturr forrcction in th<' Sommor ■ 
rxpansion oi f , li*. , 


>< tT) 

■'* 1' 


' (*•' - n) 




J! 




(47) 


hsuls ti* a non/rro r<‘sult aiul imt» fiiuls 


H 


"k 
" W 



(48) 


Tht* proportionality bi^worn k amt * Is <‘allixl tho WUxlemann-Fran/, 
law. Kxis’rimrntany this law is woU t^jtiytxlby tho rt*Hl<lual or impurity 
ikmiiniitint parts of r|uanUtios. 

This i’oiu’lutlrti my ♦lisrusslon of th<* Lamlautlo^ory. Wi» now turn to 
thr inu‘rfoas?plr thi'ory to sio* to what tho abovt* rosults ran bo 

)UHfifl4*4t from a m»»ro fumtamontal starting jniint. In initUno tho proffrum 
la us f4»ll»*WM. In Soo, w o iIIsouhh ihv formal proportion f>f Uroim's 
fum ttons amt what asHuinptitms art* moiirci in onlor to K(4 normal 
t|Uast lan'tii’lf’s In Srtv l\ wo hi^gtii with a ilrrlvutlon of the Friotlol sum 
mils ami thon ilorlvi* thr <^(uUlbrluin proja^rtirs. Srotlcm 4 is ronrorniHl 
with thr tranoiairt pn»prrtlfoo ApiHXKllros A. H» am! C supply womo proofs 
Unit arr mlHoini« in tho main trat, In Ap|H»n<Ux Du proof of tho offtuTlvo 
mans stun nilr (;H) Pt 


;j. FORMAL l»HOPKRT!KS OK tUtKKN’S FUNCTIONS 


W»* ‘ihall t'lmsPlor a system of form ions cloHcrihi'ii by iho Hamiltonian 


H 



/ . v<5, 5.) 

‘<J ■* 


( 4 ») 


aa’iwintnrt thr intrrartlon to hr spin Imlrprmhmt. In thr lanjcuag«? of m^cond 
ipianti/atittn 
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H=- j dTifc+Gl)^ JdTdT»vS-X') (60) 

^ V (s') 

where a sum over spin states is implicit in the volume integrals. The field 
operators obey the usual fermion anticommutation relations 

{Vs).’l't,(x')} = * ,8(X - s') 

(51) 

{♦a(s).^at(s')} = {*a^s)*'l'ai(s')} = 0 


We shall usually omit the spin index a in the future. The number operator 
is given by 



6 -X) dT = J dT 1)"^ (S iK3 


(52) 


In calculating the properties of the system described by (1), we shall 
need to know how the system, in contact wilh a thermal reservoir, re¬ 
sponds to disturbances of various kinds. To obtain the single-particle 
excitation spectrum of the system we require its response to the addition 
or removal of a single particle. To calculate the transport properties we 
shall need to know the response to the excitation of a single particle or tixe 
creation of a particle hole pair. The quantities that contain information of 
this sort are the thermodynamic Green’s functions. These are defined to 
be expectation values of time-ordered field operators in the grand canoxii- 
cal ensemble. One uses the grand canonical ensemble simply for 
computational convenience, it being known from statistical mechanics 
that for large systems the various ensembles are equivalent. The single¬ 
particle Green’s function is defined for times t > t’ according to 


lTr{e'^”-^^> «X.t) ^•^(x'.t')} 


Tr {e-®(H-MN)} 

(53) 


where the fidd operators ♦ t*) are in the Heisenberg repre 

sentation 
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For t < t» 


G(x f X't') = ITr j to, J 

(H-U N)]. 


(54) 


It is convenient to write for the trace operations 


Tr 


:_^-B(H-nN)| 


(56) 


The operator 

-P(H-UN) 

is just the density matrix for a given temperature and chemical potential. 

In the notation (55) and using the shorthand (1) * (x,t), (1^) = (rf , t’), 
we have 

G(l,l') = - iT < I) (1) (l')> (S'O 

Here T is Wick’s time-ordering operator, which orders the operators so 
that the later time comes to the left, and gives a total sign equal to the 
sign of the permutation of the operators that gives the correct time order¬ 
ing. The single-particle Green’s function describes for positive time 
differences the propagation of an additional particle which is inserted in 
the medium. Specifically, for t > t’, G (X,t; t’) is the probability 
amplitude for a particle inserted at g’, t’) to be found at a later time t 
at the point (x)« For t < t*, the Green’s function in a similar way des¬ 
cribes the propagation of a hole. 

The two-particle Green’s function is defined by 

G(l,2; l',2') = (-i)*T< 1(1) i) (2) i)'^(2') (1') > 

( 68 ) 

In general the n-particle Green's function is defined by 


G(l,2,...n; l',2', ...n') 

= (-i)“T < (1(1) f(2)... (/(n) i|i(v(n')... ♦’’’(I') > 


(59) 
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Theory of the Single-Particle Green’s Function 

Considerable information about the single-particle Green’s function 
can be obtained Just from its definition (57). By studying the structure 
of this form we shall be able to learn the easiest ways of obtaining the 
information contained in it. As a start, let us consider a noninteracting 
system. For such a system the traces in (53) and (59) are easy to 
evaluate. We expand the field operators in terms of the complete set of 
orthonormal single-particle eigenstates of the Hamiltonian 


5.1) = Z! u 


-ie t 
r 

r® 


The single-particle Green's function is then 

[ Z < a > , t» < t 

G(?.t;x't') = y rs ^ s r a ' 

. ^ ^ Vs) <(2') , f > t 

The e35)eotaUon values In (61) are famUiar from statistical mechanics. 
We have 


a'^a > = 6 f- = 1 

s r rs r \ / 


Wt ■ f' * )■* 

By substituting (62) and (63) into (61), we get 

{ V * -iejt-t') . 

-i2_ V-) "r^') ® 

r 

.V , , , -ie (t-f) _ 

1 V«) ® fr'* > (64) 

In m we see a single oscillatory time dependence associated with each 
slngle-pMtlcle level of the system, in general, the single-particle 
Green s function wlU give Information about the existence ail enerjcles of 

tlon wm by no means be of the simple form (64) but it may be that 
i® ^ definite enersev associateH wU'ii ^ 

K Ibis is so we slum 5p e»“Ple. a given momentum. 

. shall see that tiie time dependence gives the energy of a 
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siBgie-particle-like excitation witli, say, momentum p. In other words, 
the single-particle excitation energies wUl be associated with the singu¬ 
larities in the frequency plane of the Fourier transform, with respect to 
time, of the single-particle Green’s function. 

Let us now consider the general case. We shall see that an examina¬ 
tion of the formal properties of the Green’s function will be greatly 
facilitated by a continuation to complex time. We write 

G{x,t;X*,t’) = G^ (x,t;x*,t*) e(t - t’) + G^ (x,t;x*,t*) e(t* - t) 

(64) 


and use the cyclic property of traces, 

Tr {ABC ]■ = Tr -[cAb]- = Tr |bCa} 


(65) 


to get 


Tr 


vx,t;x*,t'; —i- 

Tr i-M-uW} 


(66) 

and 


Tr y 

_ / „ X. „| X1 \ — ^ * 


G^ VSfi'fS 1 ” i 

Tr {,-KH-mH)} 

Here we have used the fact that 

o 

u 

1—1 

1_1 

(68) 

and we see lliat 


G(t,t') = G(t - t') 

(69) 


It is natural to assume that the traces in (66) and (67) converge absolutely 
whenever the coefficients of H in the exponentials have negative real 
parts. With this assumption we see that with reference to Fig. 1, 



Fig. 1 
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G> may be analytically continued to the regions I and n in the time differ¬ 
ence plane, and G< to the regions IE and IV. We, therefore, extend the 
definition of the Green's function as follows: 


G(x,t;x*,t*) = 


G^( 3 ,t;x*,t*) 


(t - t*) in I 
(t - t*) in in 


(70) 


In the extended region of the time difference, and G^ are not independ¬ 
ent. For, using the relation 

♦'^g(N + l)= g (N) (71) 


and the cyclic relation (65), it is easily seen that for t in regions III or IV 


G^(t -ip) = 


(72) 


and, similarly, for t in regions I and n 
G<(t + ip) = -e^^G5.(t) 


(73) 


The periodicity conditions (72) and (73) can be used to construct a 
spectral representation for G. Making Fourier transformations we have 


G>(<) 



G> (01)6 


-idi-t 


t Inl U n 


(74) 


and 


r* 

®<(^ =J G^ ((u)e~^* tin mu IV 

we see from (72) and (73) that 

- , ^ -Bu Sou 
G> W = -e G^(i«) 

The spectral weight function A (oo) is defined according to 
G>(i») = -iA(iu) f‘^(u)) 

It follows from (76) tliat 


(75) 


(76) 


(77) 


G^(oi) = 1 A(ul) f“(iu) 


(78) 
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Here 


Now, for real t 

-Jl “ Ot.)e-« 


(781 


and by using fhe integral representation for die step function 

^ ji 

we get 

Substituting (77) and (78) int 
G(ou) = ||a(^ 

Equation (82) was first written down by Landau. At zero temperature 
the Fermi factors reduce to step functions and we get the Migdal spectral 
representation. (Q 

It is Important to note that the single-particle Green’s function is 
completely determined once A(i«) is known. This, therefore, is an im¬ 
portant quantity and we shall now discuss its properties and interpret it 
physically. Consider a translationally invariant system. By Fourier 
transforming with respect to the coordinate difference, we have from the 
definitions (77) and (78) 

A(p,U)) = i [Gjj[p,iu) - G^g,u))] 

= Z P^[<.n|ap|m><miaJln>2TT6(E^-E^+u» 
nm “ “ 


au) 


-iTl 


(80) 


G^(ui) 


) 


u) + iTi w - u) - ir\ y 
(81); 

I ' 

f'''(D I f~(u)) 
UJ-uJ-iTl OU-uJ-iTl 


(81) 


(82) 




+ <nlaj| m><m|aplii> 2 ^ 6 (Ej^-Ej^ + «i)] 


(83) 


where |n> and |m> are eigenstates of the many particle Hamiltonian H and 
p is the (diagonal) density matrix In this representation. From (83), we 
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see that, at a given temperature, A(g,(») is the equilibrium density of states 
that can be reached by adding or removing a particle of momentum p and 
energy uj in the interacting system. 



Fig. 2. Non-interact¬ 
ing system 


Fig. 3. Normal fer¬ 
mion system 


Fig. 4. BSC theory 


For a noninteracting system, A(g,u}) has a very simple form (see 
Fig. 2). It is ea^y to see from (83) or equivalently from the form of the 
Green's function (64) that 


A(P,u)) = 2tt6 (u) - ©p) ( 84 ) 

For an interacting system, A(g,u)) will not have any such simple form and, 
in general, will depend on the temperature. However, if A(p, ui) for a 
given p is strongly peaked for some value of uu, this indlcatel a single- 
particre-llke excitation of the system with energy u). We shall see that, for 
a normal Fermi system, A(p,uj) has just such a behavior for p near a 
certain value (Fermi momentum) (see Fig. 3). On the other hand, we may 
naention that for the BCS theory of superconductivity (which we shall not 
discuss at all here), A(p, u)) has two peaks in o) for certain values of p, 
corresponding to the fact that the quasi particles in superconductors are 
mixtures of particle and hole states (see Fig. 4), 

There are two properties of A^, ru) that are quite general. These fol¬ 
low from the explicit form (83) and from the basic commutation relations of 
the fermion field operators. From (8^ we see that 


A(p,(ij) ^0 

Furthermore, we ha.ve 


(85) 


J.„ It (p.t = o)-G< (p.t = o)] 


= < a_a + a > = 1 
P P P p 


(86) 
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Having seen that the single-particle Green's function is completely 
determined by A(p, U)), we want to show how this latter quantity may most 
easily be extracted from a microscopic theory. Referring to Fig. 1, we 
see that the imaginary axis of the time difference variable from -iP to ip 
plays a particularly important role. Along this line the periodicity condi¬ 
tions (72) and (73) connect the Green's function (70) with its^f. Because of 
this it is always easiest, as we shall see later, to compute the Green's 
function along this line. If we restrict all times to the region (hereafter 
called the "restricted region’') 


Re t = 0 - P <lmt<0 (87) 

the time differences are confined to the region mentioned. We define 

( 88 ) 

T » -Ip 

and write for the restricted region 0<t, t’< t, the inequality sign referring 
to the negative imaginary part. With these conventions the periodicity 
conditions (72) and (73) for t,t* in the restricted time region read 

G(0,t') = G < (- t*) ■ - G^ (t - t') * - e ^^G(t, t') 

G(t,0) = G^(t) = - e "^^G<(t - t) = - t) (89) 

It is natural to satisfy these conditions by periodically extending the Green's 
function in strips of width 2P parallel to the real axis, and making a 
Fourier series analysis 


G(t - t») 




G(C^) e 




•t = 0, ±1, ±2, ... 


where 


C . „ + 


(90) 


(91) 


To verify that (90) does, in fact, satis^y die periodicity conditions note 
that 

G(. * T) . 4-Eg<C,). 


1 I OfU 




G(t) 


(92) 


flhis notation may seem confusing at first. The reason it is used is, 
of course, that G is oontliiaed to the lower half-plane, whereas is de¬ 
fined only in the t^er half-plane. We also warn the reader that t, t' mi^t 
refer both to times and time differences and which is meant will be clear 
from the context. 
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In a microscopic theory it will be the Fourier series coefficients G(C^) that 
are most easily obtained. To extract die physical information we need, 
however, to determine G(Q for t along the real axis or, equivalently, as we 
have seen, to find A((u). Let us now see how this may be done. Inverting 
the Fourier series (90) we have 

CKP.C^)= J e ^ dt=J^ e 

By Bubstitutliig Eq. (77) into (90) we get 


G>(e,l)clt (93) 


+iC t 

e ^ dt 


(94) 


which gives 


G(e.Ci) 



dtu 

W 


A(p,u)) 


(95) 


How can A(gi, (u) be inferred from (95)? Often this can be done by inspec¬ 
tion. For the result of a calculation is to determine G(p, C.) not as a set 
of numbers but as a function evaluated at the points C^. "Oim can, there¬ 
fore, continue to the Q plane and write 



dw A(ou) 
2Tr - ou 


(96) 


It is seen that G(C) has a branch cut along the real axis, and that A((») is 
simply the discontinuity across the cut. Explicitly, 

G(X + iTi) - G(X-ir|) = f A(i«) f-r —_L_, \ 

2rr ^X-tw + iri X-iu-m j 

= - 2TTi A(t«) 6(U)-X) =-p A(X) (97) 

There is, however, one difficulty in the procedure. When continuing G(C#) 
to the complex £ plane we overlooked an ambiguity. A function defined on 
the points cannot be continued in a unique way. For example the two 
functions 


G(0 , 


(98) 


are identoal ^ the points C^, but are completely different elsewhere. It 
there is a unique analytical continuation of G(C.) such 
that G(p goes to zero along any straight line in the complex plane approach¬ 
ing infmlty and is analytic off the real axis. It is just for this unique 
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continuatioii that we can go from (96) to (97). It is sometimes difficult to 
tell by inspection which continuation of the form (98) is the correct one. 
This is particularly true cf calculations in perturbation theory in which, as 
we shall see, Ihe expression for G(C.() contains sums over intermediate 
variables It is, therefore, necessary to learn how to do such sums 
explicitly. We shall Illustrate how this may be done for a simple case. 
Suppose we are given 

- Sp (99) 


and asked to find G(Q for real t. This is, of course, a perfectly trivial 
example since (99) holds for a noninteracting system, and we know the 
answer. We can also determine the answer by Inspection using the method 
discussed above since we see at once that the discontinuity across the real 
axis of (99) is just given by £q. (84), and G(Q is then determined by (74) 
and (75). However, if we did not know these formal properties we should 
have to sum the series 



for t in the restricted region. The easiest way to do this is to transform 
the sum into a contour integral surrounding the poles of a function that has 
simple poles at the values The functions f^(C) defined according to 

/ ilT(C -M) \-l 

nO=\e +1/ (101 

have the correct poles for this purpose, with residues (+iT) We can 
then sum the series (100) by integrating along the contour F (see Fig. 5), 



Fig. 5 
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G(P,Q 


'7 Si'*"' J 


dC 


C - e 


( 102 ) 


If we choose the function (f** or f 1 for which the integrand is suitably con¬ 
vergent both to the left and to the ri^t, we can deform the contour T into 
the contour Pq without nhang in g the value of the integral. Remembering 
that the ineqxialily sign refers to the negative imaginary part and that we 
are considering t In the restricted time region, we see that the appropriate 
choice is f^for t > 0 and f “for t < 0. The integral is then easily done since 
the contour Tq contains only a single pole at C = Sp* We get 


t > 0 


(103) 


t < 0 

The extension to real t is now trivial, 


4 . 

G(g.t) = -i f ® - 

G(p,t)= if(e)e“P* 

where t is la Ihe restri^d region, 
and one obtains the known resvilt 

G>(g,t)»-i£ (Sp) e E 

- (t real) (104) 

G<(p,t) = if" (Cg) e ^ 

The above simple example Illustrates a completely general method for 
doing sums over that will be of great use later in these lectures. 

To summarize what has been said in this section: the quantity that com¬ 
pletely determines the single-particle Green's function for real times is the 
spectral wel^t function A(u}). This function may be readily obtained from 
the Fourier series coefficient G(C^ for the Green's function on the imaginary 
time axis. 

Before going on to show how the Fourier coefficients themselves may be 
calculated from a microscopic theory, we want to make some final remarks 
about the spectral weight function. We have already seen that a sharp peak 
in A(ui) indicates a sin^e-particle-like excitation. What meaning can one 
give to a peak with a small but finite width? A good discussion of this point 
will be found in reference 6. We summarize that discussion here. Suppose 
that at T = 0, A(p,oO has the form 


a(5,u)) = 


(U)- E ) + 
P 


(105) 


where Fg is independent of ou and IU< < Eg. From (74) and (77) we have at 
T = 0 * if s 
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00 

G>{g.t) = -if ■|^A(p.io)e‘ 

-'l I 


iUDt 


(106) 


If Eq> l-i it is not difficult to show that for times t> lA' , 0>(1) has the 

fo:S ^ 




(107) 


The time 1/Epthus has the interpretation of Ihe '^dressing time" or the 
time it takes for a bare particle introduced into the system to acquire its 
complement of virtual excitations and become a particle-like excitation of 
the many-particle system. The time l/F^is the decay time for the excita¬ 
tion once formed. The interpretation giv^ above is strictly true only at 
T = 0. At finite temperatures the situation is complicated by the presence 
of thermal excitations. But we can still talk somewhat loosely of the width 
of the peaks in the spectral wei^t function as being a measure of the life¬ 
time of the excitations. 

Finally, it should be mentioned here that althou^ the above analysis 
was concerned specifically with the single-particle Green’s function, the 
same procedure can be applied to any correlation function that depends on 
one time difference. In particular, for the discussion of transport proper¬ 
ties we shall have to consider the correlation function for two current 
operators. Much of the above analysis wHI be useful then with appropriate 
changes of interpretation. 


Equations of Motion; Self-Energy Operator 

We have now to consider the problem of calculating the Fourier coeffi¬ 
cient G(C>) • This is of course a hard problem that can only be solved in 
some ap^oximation. In this section we exhibit the formal structure of the 
problem by discussing the equations of motion for the Green’s functions. 
These equations can and have been used to motivate approximation schemes. 
We shall not touch on this approach in the lectures. However, the formally 
exact discussion that follows will be useful later on in generating the per¬ 
turbation expansions we shall use. 

The field operators (in the Heisenberg representation) are governed by 
the equation of motion 

Cs.t) “ (S,t)»H] 


(108) 
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Explicit computation of the commutator gives 




(109) 

This leads to die following equation of motion for Ihe single-particle 
Green's function: 

V* 

+ < ♦ (x^.t^)» - - 5 ^ G(Xi,tjgc 2 .t 2 ) - i JT < 


I' t (x^,tj^) '|f'^(22.t2) > ^^1 - sli) 

( 110 ) 

Here the Index + (-) indicates a sli^tly later (earlier) time. We ahall 
abbreviate (S,Q, (If'.t') by (1), (I*), etc. and write 


V (1,1') = vfe 6(t - t’) 


( 111 ) 


Furthermore It Jls convenient to Introduce a sunomatlon convention, namely 
fliat symbols with a bar over ihem should be integrated over all space and 
time. Using these conventions, Eq. (110) becomes 




G(l,l') 


6(1.1')-iv(l.l) G (l.l'l'l^) 

( 112 ) 


For a noninteracting system, (112) reduces to 


Go(l. 1') = 6(1,1') 

(113) 

Thus the differential operator in (112) may be interpreted as the Inverse of 
the single-particle Green's function for a noninteracting system. As a re¬ 
sult, (112) may be written 



Gq ^ G(l,l') = 6(1,1') - iv(l,T) Gd,!;!',!^) 

(114) 

Equation (114) is the first in an infini te hierarchy of equations that succes¬ 
sively couple higher-order Green's functions. For the two-particle functions, 
we obtain 
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Gq“^( 1,T) G(T.2;1'2') = 6(1,1') G(2,2') - 6(1,2') G(2,l') 

- iv(l,T) G(1,2,T;1',2',T'^) (115) 

In deriving the integrodifferential equations above, the only properly of the 
statistical average needed is the normalization property 


<1 > = 1 


(116) 


In order to obtain the thermodynamic Green's functions we have to supple¬ 
ment the differential equations by boundary conditions. The appropriate 
boundary condition is the periodicily along the imaginary time axis. If we 
require that all times lie in the restricted region discussed in the last 
section, it is easy to see that 


G(t '^i+l ** ***^n^^l 


.t 


1 

n 






XG(t- 


t -t 






(117) 


The boundary conditions (117) may be incorporated into the differential 
equations by requiring all times to be in the restricted region and making a 
Fourier expansion for all the Green's functions according to 


°(tl*-tn'tr-tn) = 






(Cl ,tl+...+C, 't’) 

X -til ( 118 ) 

where, because of the Invariance under a simultaneous translation of all 
coordinates, the right-hand side of (118) is zero unless 


C . +•••+ 



+ t 

^n 


(119) 


The coupled hierarchy of differential equations becomes a hierarchy of 
algebraic equations for the Fourier coefficients. In principle one can de¬ 
termine all the Fourier coefficients from these equations. In practice, the 
above method is only useful when the series is truncated at a certain point. 
Recent experience shows that some care has to be taken when doing this and 
that inconsistencies can result from a neglect of important hi^er-order 
terms. 



348 


V. Ambegaokar 


While we are discussing formally exact properties of the Green's func¬ 
tion, we i^ould introduce the self-energy operator defined according to 

2 (1,1' ) = Go'V.l’) - G'^d, V) (120) 

By multiplying (120) on the right by G and comparing with the equation of 
motion (114), we find 

2 (l.T) Gd,l') =iv(l,T)G(l.T;l''r') (121) 


From (120) we find that the Fourier series coefficients G(p, Q ) may be 
expressed in the form 


‘t’ ■ Vp - Ct) 


( 122 ) 


where we have used the known form (99) for the Fourier series coefficient 
of the noninteracting system. Equation (122) can be continued to the com¬ 
plex Q plane according to 


P 




(123) 


It foHows from the form (123) that 2p, Q has the same analytic properties as 
®(p»0-‘ ' Specifically 2(n,0 is anai^ic everywhere except on ihe real axis 
where it has a branch cut. Thus we can writet 


r (ou) du) 

2 (p,C ) = a_ + J -B— — 

” P « C- ui 2 tt 


(124) 


Here lp(w) is ihe discontinully of 2 across the cut. Defining A (ui) accord¬ 
ing to — p 


2 (P,tt) + i6) = 


^u.) 


- 1 




(125) 


frhe constant 
constant value as Q 


^ occurs because E(p, £) unlike G(p, £) may approach 
“ in the upper or Icwer half-planl: 


a 
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it follows that 


rg(u)) 

Z(g,u) - i6) = Aj/ui) + i 


(126) 


From the general definition of A(p,tD) as the discontinuity across the cut 
of G(g tt)) we get the relation ^ 


A(g.u)) = 


(lu - ep - Ap(u)))^ + rp(U))/4 


(127) 


It follows, ustog (85) that 


r ( u ))>0 

Jr 

Perturbation Theory 

In our work we shall evaluate ihe Green’s functions by infinite-order 
perturbation expressions. We shall see that in this way we are led more or 
less naturally to the theory of the normal Fermi system. 

The essential theorem for perturbation theory is a generalization of 
Wick’s theorem. In our context this states that for a noninteracting system 
the n-particle Green’s fxmction is related to the single-particle Green’s 
function according to the relation, 


•n;l*-***n*) = 

Go<l.l')” 

•..Gg(l, n') 



GQ(n,l')-. 

...Gjj(n.n') 


(128) 


where the right-hand side means the determinant of the square array. Equa¬ 
tion (128) is easily proved by induction from the equations of motion. For 
the two-particle Green’s function we have 


G‘^1. 1)Gq(1,2;1'2') 


6(1,1')G (2.2') - 6(1.2>)Gjj(2,1*) 

(129) 


Multiplying (129) with G^j gives 
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Go(l,2;l>2») = 


Gq(1. 1') Gq(1.2') 
Gq( 2.1') Go(2.2t) 


(130) 


By using (130) in the equation of motion for the three-particle Greenes func¬ 
tion, one proves the theorem (128) for n = 3. In a similar way it is easy to 
see that if the theorem is true for n = m it is also true for n = m+1. Note 
that in this proof we have made no use of the detailed form of the ejqpecta- 
tion value. The first proof of Wick*s theorem for thermodynamic expecta¬ 
tion values^’^) did make use of the detailed form. It was, therefore, con¬ 
siderably longer than the proof given above. 

It is easiest to make the perturbation e^qpansion in the restricted region 
of time. Further it is convenient to use an interaction representation: 


iH^t -iH.t 
i|fj(x,t) = e ^ Mx)e ® 


(131) 


where 


H = Hq+V 


(132) 


and Hq is the sum of one-particle Hamiltonians. In this way all dependence 
on the interaction can be expressed in terms of the Pyson U matrix: 


U(t,t») = e ^ e e “ 

(133) 

which satisfies the group properties 

U(t,t") = U(t,tOU(t.t") 

(134) 

U(t,t) = 1 

(135) 

The U matrix obeys the equation of motion 

i^U(t,t') = Vj(t)U(t.t») 

(136) 


where 


Vj(t) 




(137) 


Integrating (136) we find the usual formal es3>ressiou 
U(r,0) = T exp (-1 dt) 


(138) 
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The only difference between (138) and the customary U matrix is that 
Imaginary times axe used here. 

By a Judicious insertion of factors 1 we get 
r SUN -BHo 

iZQG(l,l’) = TTr^e e U(t,1) 

X (tj(x,t) U(t,t') U(t',0)| 

where Zq is the grand partition function 

We indicate averaging in the unperturbed ensemble, but with die same 
chemical potential as the perturbed system, as 

f 8mN -PHq 

<X> - Trie e _ 

0 ^p(nN-HQ)j <141) 

In this notation 


(139) 


(140) 




(14Z) 


and Eq. (87) becomes (the time ordering also applying to the operators In 
the U matrix) 


T<U(T,0)>ltj(l) i|ij (l')>o 
G(l,l9 = -i <U(T,0)>“ 


(143) 


Similarly the two-particle Green's function can be written 

, T<U(T,0)Y(l)lir(2)r^(2')/<l’)>o 
G(l,2;i;2') =(-i) <U('r,0) >q 


(144) 


where the subscript I for the Interaction representation has been dropped. 
For U(T, 0) we have the expansion 


U(T.O) = 1 - 1 f ^ V(t) dt + ^ T f At f dt' V(t) V(t') + • • • 
0 ^00 


(145) 
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Furtlier, using the notation we have introduced 


-iJ*’^V(t)dt= -^v(l,l') T[ 1 ||'^(T^) td) 3 d46) 

0 


From Eqs. (143), (145), and (146) we obtain the following perturbation 
series for die sin^e-particle Green's function: 


^ G(l.l') =Gq(1.1')-|v(1.T') 
°0 


x T<m «!) «!) ^■^(1^) ♦'^(1) >Q 

+ -^-v<TJ') v(2.I') T< t(l) iKT) 1||(T') iK^) «!') t|i‘^(2^) 

2!2 

• ♦'*’(1''’) t|r''’(l') >Q + ... (147) 


This may be rewritten In the form 




^ G(l.l') =Go(l.l')+iv(l,l')GQ(l,r.T';l',T+,Tt+) 


i2 


+ ^ v(2.2') Go{1.1,1-.2,2':1mM.+2+2>+) 


+ . . 


(148) 
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The higher-order unperturbed Green's functtons may now be mqpanded in 
terms of Ihe determinant (125). We see ihat this notation very soon gets 
out of hand, so what one does is to represent the terms of flie expansion by 
graphs. We represent Go(l, I*) by a straight line wiih an arrow pointing 
from 1' to 1, and v(i, 1') by a horizontal wavy line. The first-order term 
in (148) contains six terms which are obtained by expanding the 3 x 3 deter¬ 
minant. The graphs which represent tiiese terms are illustrated in F^. 6. 
Notice that fliere are two types of graphs. Figures 6(a) and (b) 
parts that are not linked to the line entering and leaving the graph. The 
other graphs are linked. 



Fig. 6 

From the nature of ttie derivation of the expansion (148) it is clear that 
to obtain the contribution of a particular graph with n interaction lines one 
has to multiply together the following factors: 

(1) i“/n!2’^. 

(2) v(i,r') for each interaction line, 

(3) G(r, f) for each particle line running from j to i. 

FinaUy one has to associate a sign with each graph, which is the sign a^h- 
ed to the term that it represents in the original determinant. The rule for 
this sign as it is easy to see is 

tOraphs(a). (c), and (d) contain closed loops that start and end ^ the 
pgmft point. These loops describe the Interaction with the static electr«^c 
charge distribution of the unperturbed system. We are actually interested 
in a neutral system in which the electronic charge is balanced by a back¬ 
ground of positive charge. The only effect of such a background is to re- 
move graphs such as those we are referring to here* 
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(4) (-1)® 

where c is number of closed fermion loops of which, for example, Fig. 1(a) 
contains 2, Fig. 1(b), 1, and Fig. 1(e), none. 

We have thus seen how to make an expansion of (Zq/Zqq) G(1, 1’). It 
is easy to see that the factor Zq/Zqq comes from the unlinSied parts. Every 
linked graph has associated with it in higher order all possible unlinked 
graphs. Now if m is the order of the linked part, there are 2^m 1 linked 
parts making an identical contribution which can be obtained by interchang¬ 
ing the end points of the interaction lines and permuting them among 
themselves. If we agree not to distinguish graphs that differ only in the 
labeling of the linked part we must multiply the contribution of any graph by 
2^m!. If the combinatorical factor that remains is associated with the un¬ 
linked part one finds Just the contribution one would get from an expansion 
of < U(T, 0) >Q. Then using (142) one sees that G(l, 1*) is given by the sum 
of the contributions of the linked graphs above. 

In making an esipansion of the single-particle Green's function, we 
have, of course, also made an expansion of the self-energy operator E. 
From (120) it follows that 

G=Go+GoSGo+GoIGoIGo+- (149) 

Comparing (149) with the perturbation expansion for G, one finds that ? 
may be expressed as the sum of the contributions of all proper self-energy 
graphs. A self-energy graph is defined as a graph for G with the two 
terminal Gq's removed. A proper self-energy graph cannot be broken into 
two parts by cutting one particle line. Figure 7 indicates a proper self¬ 
energy graph of fourth order, whereas Figure 8 indicates an improper 
graph of the same order. 



All the graphs for 2 share a property that is the crucial property of 
the normal Fermi system. This is that the spectral weight function of S, 
namely T [see Eq. (124) ], at sufficiently low temperatures and for fre¬ 
quencies near the chemical potential behaves in leading order according to 
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The proof that this is generally so is most easily given using some power¬ 
ful techniques we shall develop later. Therefore we defer the proof to 
Appendix A- We see from (150) using (125) that T. li) is real at T = 0 

* A (1^) 

p 

It is often stated that (151) leads directly to normal Fermi properties. This 
does not appear to be so. Consider the equation. 

ep+hp(lJ) (152) 

For the normal Fermi system it is necessary that the ri^t-hand side con¬ 
sidered as a function of p Intersect ihe strai^t line \i once and only once. 
Now for the BCS theory, E (g, pi) has a pole at Sp = pi . In particular it has 
the form 


S(g.l^) = T-T-p- 
P 

This is illustrated in Fig. 9. 
such singular behavior in 


(153) 

Now, aldiough tiiere is no reason to ejqpect 



Fig. 9 


Fig. 10 


perturbation theory, there also seems to be no reason for 

possibility indicated in Fig. 10. A system for which Sp + Zip(n) had this ^ 

behavior would not be a normal Fermi system. It therefore seems nec s- 

S^l.l«ter8eotloaaeren.lm»m«ttmPr. C«e eae . c»- 

tinuity argument to assert ihat for p near Pj the equation 
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<" = e + A (u)) (154) 

r Jr 

will have a solution for p near pp. The locus of the intersection (154) gives 
a curve which we shall call the quasi-particle dispersion curve Ep, for 
reasons that will become clear (see 11). 



Fig. 11 


We ^all see below that a b^vior of the s^-energy operator of the 
type described leads to a system of normal quasi-particles. Thus we are 
led to such a system more or less naturally by the use of perturbation 
theory. In no sense can we be said to have answered the question of what 
the necessary and sufficient conditions on the two-body interaction v($,x') 
are in order that the results obtained from perturbation Iheory correspond 
to the true behavior- This is a difficult and, to my knowledge, an un¬ 
solved question. The only attitude we can take at this point is to assume 
that the above-mentioned conditions (whatever they are) are satisfied for 
the potentials we are consideriog. Some remarks about the philosophy 
behind this attitude will be made at the end of the lectures. 

Let us now see what conclusions can be drawn about the single-particle 
Green’s function from the properties of the self-energy operator assumed 
above. Quite generally we have 


A{p,u)) 



V"’]** 


Now, under the assumptions above 


r 

-"V- 


(127) 


ID - e + A (uJ) 
P P 


(155) 
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has a imique zero o) = Ep ~ |JL for p p^. Let us therefore expand 

b. (iii) - + (“> - E ) b (<») I (156) 

p P P P P uu=E 

- - - - - p 

and define 

Z- 1 X. 1 - (167) 

I^osLsuriiis eii6rgi©s relative to |i.» i*6«) luaklag the substitution. 

lu-ui-ou E E (158) 

P 8 

we have at T = 0 using (150) 


+ Ai°\u)) = A^koi) 


2C tu 

A_(u)) = —-g-j 

P Zp^(iM-Ep)^ + CpU) £ £ 

( 0 ) 

+ Ap '(<«) 

where A^p^ (<«) is a perfectly smooth function for u) ~ Ep and p ~ Py. 


(159) 



tti 


Fig. 12 
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(«)) as a function of w for given g Is peaked near (w = E„. The 
hel^t of tiie peak is ^ 2/C^ud^ and Ihe width 2ZpCpU)^ (see Fi^ 12). We 

see that as p approaches the Fermi momentum* approaches more 

and more a 6 function. Thus, at T = 0 we have 2 

2TrZpa(«,-Ep) + 

Note that from the sum rule (86) 


Ap(u)) 


0 < 2^ s 1 


(lei) 


In the next section we shall see how Ihe properties discussed here 
lead to die equllibriuni results of the Landau theory. 


3. EQUHIBRIOM PBOFERTIES 


In this section we shall use Ifae single-particle Green's function derived 
above and the structure of perturbation theory to obtain the equUibrluin 
properties of Ihe Landau theory. The first properly we shall discuss follows 
directly from Ihe form of the spectral weig^it function (160), namely that the 
occupation probabilily In momentum space has a sharp discontinuity. In 
other words we find a many-particle analogue to the Fermi surface. 

Let us count the number of particles with TnoTnoninivi p. 

ap> = - i GKp, t = O') 

■CO jp 

T^A(p.<i))f-(u)) (162) 


Thus as T 0 



■2n 


A{p,uj) 


(163) 
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Now using liie form (160) we see that there is a discontinuity in momentum 
space given by 

" ^PP 

So far the Fermi momentum has only been defined by the equation 


(165) 

The Fermi momentum for a noninteracting system is determined by 
the density of particles. We want now to show how pp defined as above is 
related to p^^. To do this we calculate the total number of particles in 
the system. One has 


N = 



-iC,(iO'^) 
C) e ^ 


■ - 41 G<p-V 

P,<t 

It is convenient at this point to use ihe identity 


(166) 


■g-J— -to Cf,^ " ®P ■ 


:p,C^) (i- i:(P.C^)) 


= G(p 

By using this relation in (166) one obtains 




p.-t 


5^ [c* ■ ®p ■ 


(167) 


g.-t ■5 


(168) 
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This transformation is particularly useful because it can be shown lhat at 
T = 0 the second term goes to zero. This was shown by Luttinger^^ using 
the topological structure of the graphs that occur in the perturbation esqpan- 
sion. We reporduce his proof in Appendix B. The vanishing of the second 
term in (168) is important for the argument that follows, and there must be 
a physical reason for it. We regret that we have not been able to discover 
this reason. 

The sum over in the first term of (168) may be done using the con¬ 
tour int^al techniques discussed in the last section. We have (see Fig. 5), 
at T = 0, 



^ (169) 


If we choose the branch cut off the logarithm to run from to 0, we have 



(170) 


which leads to 


N 



+ r(p,|j) < M 


(171) 


In tile nonlnteractuig system tiie Fermi momentum and flie number of parti¬ 
cles are related (omitting tiie spin) by 


N 

T 



(172) 


For tiie Interacting system we find tiie number of particles for a given u 
by enumerating the e^enstates of the model sln{^e-partlcle TTamntnTiiar. 
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h+A(ia) (173) 

with energy eigenvalues 0p + Ap (ji) < Under the assumptions we made 
use of earlier, 


Cp + Ap(|i) < 1-1 for p < Pp ( 174 ) 

Since the number of particles is not changed by the interaction this means 
that pj, = PpQ, i. e., the Fermi momentum is left invariant by the interac¬ 
tion. 

In the above we have restricted ourselves to the translationally invari¬ 
ant case. This is largely for notational convenience. For example, if one 
tipH an additional static periodic pote nt ia l , the appropriate single-particle 
quantum numbers would be a band index n and the quasi momentum Jc. 

Most of the above analysis would still apply. In particular, one would 
still have a model HamUtonian of the form (173), but this would in general 
not be diagonal in the original band indices. However, one can at least 
in principle diagonalize the model Hamiltonian and obtain the eigenvalues 
£-(]j) where fl are the new band indices. These bands would now fall into 
three classes, such that: 

I (S = l-L is never satisfied and 
n 

n e (k) = u is never satisfied and M- 

n ^" 

in e_(k) = |i is satisfied for some k 
n * 

The bands of class I correspond to filled bands, and those of class II 
to empty bauds. The bands of class in contain the Fermi surface. In this 
general case of nonspherical Fermi surfaces one finds that the Invariant 
quantity is the volume contained by the Fermi surface. 


The Friedel Sum Rule 

At this point it is very easy to give a many-partide derivation of the 
Friedel sum rule.(l®) We add to the system we have been considerli^ a 
single Impurity and wish to calculate the change in the number of electrons 
at fixed chemical potential. In analogy with (168) we have 

AN = -^Tr Z[G'(C^)-G(C4)]e^^° (175) 


where g' is the Green’s function in the presence of the Impurity and the 
trace is over the appropriate sin^e-particle quantum numbers. Even for 
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&^m^ttojiaUy tovariant system G will not be diagonal in Ihe momenta 
b^uae c£ the presence of llie Impurily. We may Introduce the self-energy 
operator in the presence of the lmpur% according to ^ 






(176) 


« is convenient to separate 

^from S the part which is Independent of the impurities. We may then 


S'(C^) = E(C^) + v(£^) 


(177) 


^ iUustrated in Fig. 13. The inter- 

Indicate scatterings from the imparity. 
We note that just as for E one can show that E' (u) i7re^. TherefoS 



Fig. 13 


zero at T - 0 Tt,^^ ” ® ™ impurity the term involving Gtb/aQE Is 

■V 


AN 


^Tr An/l-2ni6(h+E(|a)-M)v(p) 


[ 


1 - - 


1 

]r^h-E(u) +iTi 



(178) 


^® ®*««‘states of the model Hamiltonian h + E/ut 
then the outgoing scattering states of the model HamSSn^ ^ 


h + E(m) + v(p) 


(179) 
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wiHi energy \x are given by 


The S matrix for this scattering process is 

where 


(180) 


(181) 


(182) 

From Eqs. (179) - (182) we see that (178) reduces to 

AN = S(H) (183) 


In the case of spherical symmetry the eigenvalues of S(|a) are exp [2i6 ^(kp) ] 
with mxiltlplicity 2(2-t+l) (the factor 2 from the sum over spin). Thus 

AN = -^ L (2-t+ 1) S.dto.) 

^ I ^ ^ (184) 

Equation (184) is identical to Eq. (31) • The Friedel sum rule (25) follows 
from (184) in the same way as it did from (31). 


Thermodynamics 


The thermodynamics of the system follows from the grand potential 0 
which is defined according to 


"G 


= Tr(^e -P<H-^N)| , g-Pfi(Ui.p,Vol) 


(185) 


In other words 

C = 'tn Zq 


(186) 
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In order to generate a perturbation expansion for it is convenient to use 
a well-known trick. We introduce an explicit coupling constant X in the 
interaction term and write 

H = Hq + XV (187) 

By differentiating (185) with respect to X one finds 

where tbe cyclic Invariance of the trace has been used. From (188> one 

flTlHg ' ' 


lx = 


(189) 


totroductog the notation fi (X=0) = one obtains from the integration of 
(189) 


fi(X) «= fi. +/ < xiv> 


( 190 ) 

From the form of the two-body interaction, 

XV =i /d^ d^' vix -x‘) t’^(x)i|t'^(x')t(x‘)<r(x) ( 191 ) 

Zt ( 190 , 

^ ‘ ^ ^ v(T. P) G(T, P; T-^.T'-") 


(192) 


Now from the form (121) of the self-i 


n = - 




dX» 


energy operator. 


2(T,P) G(P, V) 


( 193 ) 


integrations in fte int^^^S^^ 

(111) of v(i. i<) and th^^' collapsed by tiie definition 

t ana me second gives a multiplicative factor of t , 
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Because of the integration over the coupling constant, (193) is not a 
very useful form. The integration may be formally done by explicitly 
exhibiting all the dependence on the interaction. To do this we expand G 
according to (149) and define 

S’ = S + SG^i: + ... ( 194 ) 


All of the interaction lines are now contained in E ^ 
according to 

n 


We may breah up 


(195) 


where the superscript indicates the number of Interaction lines, 
from (193) one has 


“ - "O I ^ E'(T.T')G„a>.T-") 

■“o-^ It (T.T')g„ a’, T*) 

n 


Then 


(196) 


Notice that the expansion of C consists of the contribution of vacuum to 
vacuum graphs (improper self-energy graphs closed on themselves) with, 
however, the extra factor l/2n for an nth-order graph. 

Equation (19Q is still not a useful form for our purposes since it con¬ 
tains Gq, whereas our aim is to express the thermodynamic properties in 
terms of the true spectrum described by G. It is possible to express in 
terms of G as was first pointed out by Luttinger(3) following the ideas of 
Lee and Yang. To do this we first notice that one can think of E as the 
sum of the contribution of skeleton graphs (i.e., graphs in which the inter¬ 
nal lines have no self-energy insertions) with each internal line replaced 
by the true Green’s function. Then, consider the quantity 

n* s g(T'.T'^) 

V (197) 


where v is the number of explicit interactions in a skeleton graph for 2. 
The graphs that occur in the expansion of G’ are identical to those that 
occur in the expansion for G. However, the weight factors are not the 
same. For example the graph in Fig. 14(a) has a factor of 1/4 in the 
expansion (196); however in the expansion (197) the graph occurs twice as 
indicated in Fig. 14(b) and has a weight factor 1/2 from each of these 
occurrences. 
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G(l.l') 


Go(l.l-) 





ir—Til 


G(l,l') 


Fig. 14 

Because of the overcounting, ^ ^“^0* see below that it is 

possible to compensate for the counting. Before doing this we note two 
properties of fi*. First, 

kscI^Iq “ ■ ^ 5 -if ^p* Q " ~ -T- ^^p* Q 


= i 


Here we have used the facts that each term in has (2v-l) electron 
lines and that 

L = s ( 

V 

Second, 


-T V] 


•H’ G" ^ - E(p. C^) 

2 " (200) 


Now consider the quantity 

Y®0* - tZ 


[Kg.C^) G(g, C^) + in [ -G-^p.C^)]} 


We shall show that Y = 0. First we note that 


6Y . 1 
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Thus Y is stationary with respect to variations in S If G ^ is everywhere 
understood as Gq^ - 2. We see that Ihe derivative of Y with respect to 
the coupling constant may be obtained by considering only those inter¬ 
actions that are not contained in 2. Thus 


X 


3Y 

72 



explicit 


However from (197) and (196) we have 


^ ax 


explicit ^ 


(203) 


(204) 


Therefore if we can prove Y(X = 0) * 0(X = 0) we have shown that Y = 0. 
Now from the definition (201) 


Y(\ = 0) = "4 Z 




(205) 


Doing the sum by the contour integral technique 


y(X « 0) = "5^ X! L ^ (0 tn(ep - C) 
5 ^0 


(206) 


Since 


r(0 + (207) 

one obtains by a partial int^ration 



But this is just the grand potential for a noninteracting system of fermions 
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■-T + 


-P(ep-kL) 


-P(8p-u) 


The equality of Y and is therefore proved. 

Because of the statlonarity properly (202) the form (201) is very use¬ 
ful. We consider first an e3q>ansion of Q in T at fixed ^ and volume. Be¬ 
cause of (202) we may replace D by (its value at T = 0) as far as the 
first temperature correction is concerned. Thus 


6 fi = 6 fit - 6 


i Z 

e p.-t 


^ IP - ^ J (210) 

The first temperature correction of Q* may be computed as follows. 

Since each line of a skeleton diagram contains a sum. • 2J|),the total first 
temperature correction to fi’ is obtained by correcting to first order the 
contribution of a sin^e line, evaluating the rest of the diagram at T = 0, 
and finally summing over every line. This gives to first order 


60' = I -^5-- Z°(P,C.) 

E.^ C^-Cp-rVc^) - 

from (211) and (210) we find 


6n = -6 


{t L *" (‘p *V ■ '-t) 


The first temperature correction of the right-hand side is easily obtained 
by using the contour hitegral technique. We have 

c o’*" 


..-L L 

2 ni n 


I p J'pq e ° ln(e^ + r V .O-c) 
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dx In 


e + L (x) + 4 ^ 

P P f B _ 

c + A (x) - 4 r (x) - X 
L P P 2 p 


Farom the Sommerfield expansion 


1 

gPU-M) + 1 

(213) 




= 0(|i - x) - 




ax 


6(|ji - x) +• 


(214) 


oxie finds the first temperature correction to (213). Thus we see that 

TT^k 2 \ ’ 

n(T,|Ji,Vol) = n(T = 0,^,Vol)-^^ 6(n-Ep) + 0(T‘*) 

(215) 


ILi et us contrast this behavior witti that of fee noninteracting system. An 
expansion similar to fee above for fee expression (205) leads to 

r-> TT^kg2'r 

no(T,U,Vol) = ^ (B - M) 9(U - e )-g-^ 6(u - e^) 

p ^ 5 

+ O(T^) 

The first term of (215) has no simple structure analogous to feat of the first 
-term of (216). However the second terms have essentially the same form. 
This means feat fee entropy for fee interacting system has fee same form 
^to lowest order in fee temperature) as that for fee noninteracting system, 
for the entropy is given by 

s(^,T,vo« = •O'-V 


( 217 ) 


Note feat this may be written in the form 
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S(m,T,Vo 1) = - kg ^ tof“(E ) + f+(E ) tof'*' (E )1 

P - £ P P 


+ 0(T®) 


where 


(218) 


J 


S "FWE -M) 

e £ 


+ 1 


(219) 


^218^ tn 1 /mua + j j * however, Hiat we have only txroved 

SJ° lowest order In T. In lie Landau theory the eingie-pSe 

is assim^ to dependent and an expression of the form (218) 

L dHSl^&Uat T « well. Blih^ 

in the mauy-particle theory (' 218 ) 10 ^^*^’'“® T 

as purely formal lu^Dre ““s* therefore be regarded 

form ^24 Si?entSr^^/r f ^ term In the 

tlon at snm/but *"^® Green’s func- 

correction. confine ourselves to the lowest temperature 

<i.~ry .i~ 




( 220 ) 


a flixed^nu^ber interacting system at T = 0 with 

The internal energy may be calculated from 


dE 


N,Vol ‘ ^ ^ In, yol 


( 221 ) 
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using (217) we obtain 


E (T,N, VoD = E(T ■ 0, N. Vol) + -S- 

6 

XE6(Ep-mO) + 0(T4) (222) 

The change in energy at constant chemical potential can be obtained from 
die identities 



(223) 


' aN \ n 

■ ■ ar aii 



(224) 


Prom (222), (223), and (224) one finds 

®®lT,^.Vol =1] \ 6f-(Ep) + 0(T4) 

P “ (225) 

which is again an equation of the Landau theory. For the number of particles 
we have using (171) and (224) 

N (T,|4,Vo1) = Y, ) + O(T^) 

P - 

(226) 

The expression (18) for the compressibili^ at low temperatures follows 
from (22Q as in Sec. 1. 


4. TRANSPORT PROPERTIES 


We have seen that we can at least formally identify a certain energy 
spectrum in the neighborhood of a surface in momentum space such tiiat 
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where the sln^e-particle-like energies Ep in principle are determined 
from the real part of the self-energy operator: 


E 

P 


e 

P 


P P 


(227) 


It was necessary to assume that Eq. (227) had a solution and that tills 
solution was unique. Once this was done we could, making use of the 
structure of pertubation theory, express the thermodynamical properties 
of a system at low temperatures in terms of the weak excitations Ep. In 
the process of doing this we have been able to substantiate the remttks 
made in the Introduction about why it is that the usual theory of metals 
works. It may be worth while to repeat those remarks here. The gpround 
state of the ideal noninteracting system has a very simple structure. 
the physical interacting system, on the other hand, the ground state is 
highly correlated, extremely complicated and essentially not known. But 
no^tlcular use is made of the ground state, the only properties that are 
ne^ed ^e the energies and numbers of low-lying excited states, and it 
fouows from the assumptions we made that there is a one-to-one corre- 
spondOTce between the low-lying excited states of the ideal system and the 
interacting system. 

We shaU now discuss file transport properties of our interacting sys- 
tem . In pa rticular we shall make a careful calculation of the residual 

ties in to™ express the transport proper- 

transnoFt m Ari_. i i° excited states. The customary treatment of 

we shall 

Krmers-Heisenberg semlclasslcal iheory of 
ij, t methods for the calculation of transport co- 

emclmts has been more recently advocated by Kubo. (13) 


M(t) 




where we choose a grange so lhat ihe scalar potential 


is zero anrl 


(228) 



(229) 


A(5.-o.) = 0 


( 230 ) 
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In a system witb Hamiltonian (49) there is no way of dissipating momentum. 
The d-c conductivity is therefore imaginary and infinite, corresponding to 
an acceleration of the electrons in the system. We shall be interested in 
the finite d-c conductivity which results when a random distribution of im¬ 
purities is added to the system described by Eq. (2). 

We separate the current into two parts. In the first term the external 
field does not occur explicitly 


and the total current operator is given by 

The measured current is 

<J(x,t) > = Tr ^.p(t) J(x,t)) 
where the density matrix satisfies the Liouville equation 

i -g|- = [H+^{t).P ] 

It is convenient to use tide ^'interaction representation" 

Pj(t) = p{t) 

Simple algebra shows that 

= [^j{t), Pj(t) ] 

where 


(232) 


(233) 


(234) 


(235) 


(236) 


. e“* JifttI 


(237) 
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We wi^ to calculate p only up to terms linear In 


Pj(t) = p - i / dt' 




Similarly up to terms linear in Ifae external 


<J{x.t) > = - 1 / dt' <Cj.] >0 - ^ A(x.t) 

_ 00 * H * IXIC 


(239) 


Here die expectation values are to be taken with respect to the unperturbed 

^ external field 

^ account. Furthermore n is the particle number density 
(uniform in the m^rturbed system). With 


iuit 


A = - Ee 

— iu) —® 
and writing 

< J(q.(u) > » g (g^uj) . E(q,ou) 
we see that 

^ -a.t) 3 > 

iiut 2 

dt-B®_^ 8 
me itu yv 


(240) 


(241) 


(242) 


tensor of Eq, (2^ the ordinary d-c conductivity a from the 

iBg electric flS%. (24oT ^ 

r »«■ i. S, 

Hamatonia^^^*®la“^J^® ^eetro^ laoluded in the basic 

E is the total L 

to " «*® (242) 

contains terms that have tho ' ' 

ductivlty is (lie coetfl 1 ° screening . Since the usual con- 

etficlent Of proportionality between the current density 
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and the total or screened electric field, the screening terms must be 
omitted. The tensor structure of these terms is qjjqvG(q)/q^ • They 
arise from the long wavelength part of the CoulomD interaction. One can 
simply avoid these terms altogether by setting q = 0. This is because the 
over-all charge neutrality of the system requires that v(q = 0) = 0. (See 
the footnote on page 353.) By using this device and introducing 


j(t) =1 d®xij(x,t) =i(q = 0,t) 


(243) 


we have as the formal eiipression for the long wavelength conductlvily 


0(UJ) 




0 .-itut 

J* < 0 (0) •]{« ]>-y^ 

- 00 


ne^ c 
me 

(244) 


(Thefactor 1/3 comes from an average over space directions.) In the d-c 
limit UD 0, and the last term in (244) diverges as l/u). If we expand the 
exponential in powers of lut, the leading term will also diverge as l/uu. 
Since the system we are dealing with certainly has a finite d-c conductivity, 
the two divergences must cancel. (We explicitly i^ow this in Appendix C.) 
Keeping the finite part in the u) 0 limit, we have 


= Im / t < KO) • Kt) > dt 


(245) 


The expectation value in (245) is a special case of the two-particle Green's 
function. It is convenient to introduce a function 


F(t) = T < j(0) • Kt) > 

r < j(t) • j(o) > = F>(t) t > 0 


X 


< 3(0) • i(t) > = F<(t) t < 0 


(246) 


It is easily seen that 


F*(t) = F<(t) = F>(-t) 


(247) 


As a result 
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We get 


o(u)-O) = dt J F^(u))e 


-iiut 


3Vol Jl 2Tr 


du) 


1 - ^A>») 

'ifSJ 6Yg ■ ^ 


(249) 


where In the last two steps we have used (248). It is useful to extend to 
complex time differences. * With T = - i0 we get the periodicity condition 


F^t + T) = F^(t) 
and 


F>(u)) = e"‘“^F<(u)) 


(250) 


(251) 


Introducing die spectral weight function 


F>{u)) = 


V(m) 
1 - 


£q. (249) becomes simply 


0 ( 0 ) = SM. 

' ^ 6Vol uj-»0 u) 


(252) 


(253) 


It will prove convenient to calculate the Fourier coefficients in the restricted 
time region -T< t< T, where as before the inequality signs refer to the nega¬ 
tive imaginary part of t. 


^Using the same criteria as for the single-particle Green's function, 
F> is continued into the lower half-plane whereas is continued into the 

i 4 >per half-plane. 
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1 ^ 

m-TL. e F(V ) 

m 


where 


_ 2Trm 


m 


m = 0,±1, dh2,--- 


The Inverted relation is 


»<v ■ I 


F, 


(t) e 


Simple algebra gives 


F{v ) 
m 



du) cp(u}) 
2tt V - uj 


Continuing to the v plane 


F(v) =i J* 


d(ju 

2 n 


V - ou 


(254) 


(255) 


(256) 


(257) 


(258) 


and takixag the discontinuily across the cut 
F (X+iTi) - F(X-iTi) = cp(X) 

SO that cp can be directly obtained from F(t) with t on the imaginary, axis. 


An Approximate Calculation of Residual Resistivily 

So far the discussion has been quite general; what we want to do is 
calculate the impurity resistance. Therefore we specialize to a Hamil¬ 
tonian of the form 


= ■ =0 ^ 


( 260 ) 
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^imp 


■I 




y /(x) u(x - g ) Ws) d^x 

t7=i ^ 



1 


E 


Va 


-ia-R^ 


(261) 


la Eq. (261) we have considered a system with a fixed distribution of im¬ 
parities. For such a system the current that one would calculate from the 
relation (239) would be the microscopic current that varies over atomic 
dimensions. Now for the d-c case we are interested only in the average 
of Ihis microscopic current over the whole system. One can imagine the 
system divided into many small but macroscopic regions. The average 
current we want can then be thou^t of as an average of the average cur¬ 
rent in each of the small regions. But this double average is just an en¬ 
semble average over systems wilh different distributions of impurities. 

Let us see how such an ensemble average may be performed. 

Consider first the case of particles which do not interact with each 
other. The contributions to the sin^e-partide particle Green’s function 
before averaging are pictured in Fig. 15. In first order we have to aver¬ 
age over the impurity position a term 

< >. (262) 
- imp 




There are such terms and the average over position is performed by an 
integral (1/Vol) J d®R, i.e.,weget 


< 


^u(0|) 

n 


■ia-5n> 


imp 


= _i J*d^Ru(q) 

Vol 
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= (2tt)^ njii(0) 6(q) 


(263) 


where = Ni/Vol. This term leads to a constant shift in the zero of 
energy and can simply be removed by a redefinition of the chemical poten¬ 
tial. The second-order term will include an average 


imp 


<Y, u(q)u(y 

n,ni 

In tlie sum over impurities in (264) there are two kinds of terms, those 
with n ■= m and with n / m. The first kind gives 


(264) 


n. J d®R u(q) u(W 


= n^ u(3) u^) 6 (g + k) (2TT)'’ 
In the case n m averaging gives Instead 


(265) 


Nj(N.-l) 

Vo\t“ 




d^R„ 


u(q) u(k) 


-iq.R. 

e " e 


-ik- 


k-Rg 


(266) 


Equation (266) is of 0(m*) and will be neglected. It is convenient to draw 
graphs corresponding to the impurity averaging. In general we get terms 
corresponding to one, two, three, etc. scatterings from the same Imj^ity 
and then also terms giving scattering from more than one impurity. In the 
HTYiit. we are considering (low impurity density) only the first l^e of 
is Important. Graphically the picture is given in Fig. 16. The result of 
the averaging is that the sum over all momentum transfers in any graph 
is zero. 






k 

i. ' 





k 

9 


qi 


Fig. 16 

The contribution to the self-energy 

interaction line is just a trivial dilft in the chemical potential. For the 
two-interaction graph we have 



380 


V. Ambegaokar 






which, we formally write wiUi 1 k> an eigenstate of ttie single-particle 
Hamiltonian h 


<k|u ulk> 


The discontimiily across ihe branch out In (26T) is given by irj^(i»)), where 


0 

= 2 to^ lu(p - k) 1^ 6(u: e^) 


This is just DLj tiittes the scatteriiig rate for me impurity in the Born approxl- 
matloii. The totality of graphs in Fig* 16 leads to an exact treatment of the 
scattering by one impurity. To see this we write down the contributions to 
&e seli-energy of the graphs of Fig. 16 

S^.C^) = nj<kl ulfe> + nj<klu -j—^ u| k> 


+ n^ < k| u ^ h " - g VH ~ u| +• • • (270) 


We see that we can make a formal analogy with the usual theory of scattering. 
Just above the real axis we have 


Z(k,uu + i e) = m < k 1 u I ' > 


where 
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Therefore, If we consider the t matrix for scattering with the model 
Hamiltonian h + u 

i:(k,ui + is) = 

(273) 

and 

r^((u) = 2 Im r.(k,w + ie) = -2m Im 

(274) 

Now, the well-known optical theorem states 

Im tj^(u)) = -TT Z I t^,l^ m - ej^,) 

(275) 

SO that 

(276) 

Before proceeding, we give a direct derivation of die optical theorem (275). 
The reason for doing this is that what we shall thereby learn will be useful 
later. 

Define 


1 


( 27 ?: 


The diagonal term t]jjj.is real when C is real; therefore 
Im tjjj^ (u) + ie) = ^ ^ 


(278 


The computation of (278) for the case with only two . 

given by (267) ] is trivial since there is only one energy ^ 

Se result is given in (269). Consider now the more 
with three lines. What we have to compute is the discontinuity 
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1 f ^ 1 _ 

'25" V Vai"* “ ■ Vai+32 ■" 

_ 1 _1_\ (279) 

“-Vai"'®! VcIi+92"^®2/ 


Add and subtract 


to give 

“' ^+ai ( ^■^i'*32) 


( 280 ) 


( 281 ) 


to general one can calculate the discontlnuily across llie real axis (278) of 
terms containing many overlapping branch cuts by first displacing the 

® ^ crossing them one by one. The 

teird o^er case discussed above shows hew this may be done. It is 

method to each of the terms of (277). Then 


Im tj^ui) = - n ^ (u) + ie) 6(w - y (uu - ie) 


P 


= 6(<ii) - e ) 

rt D 


( 282 ) 


P 


which is just the optical theorem. 

When going over to tee interacting syst 
from our discussion of tee Friedel sum rul( 
the model Hamiltonian h + A (|i) and 


we can borrow the results 
With |k > an eigenstate of 
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= < kl v(|J.) 


we get 


V'*' ■ '""i J',7^ ''kp'’*’'” 'p ■ ‘jH 


(283) 


(284) 


For our further discussion we need an estimate of the order of magnitude 
of ruu) and its k dependence. In the Thomas-Ferml approximation one 
Bub^itutes for tjjj 5 »(M.) the screened potential 




M 


4tt e^Z 

—-K--^ 

(k - k')^ + ^ 


(285) 


where k is the inverse Thomas-Fermi screening length. For our purposes 
the only thing we have to know about h Is that it is a quantity of the order of 
kj.. Substituting (286) into (284) and performing die integration. 




SiTinn^ e Z 




[(k - kp,)'' + H^J [(k + kp)" + H ] 


-) 


(286) 


From (286) we see that rt(M.) is peaked at k = kj. with a maximum of the 
order of magnitude. Furthermore the function has a width of the 
order k„. This means that r].(ti) is a very smoothly varying function of 
the momentum. In particular we can put %(!!) equal to a “ 

range in the corresponding energy of the order of magnitude of r^(U) when 
Integrating over momenta close to the Fermi surfece. 

*'*’”a»S°roughly the properties of %(!!) we can give a simple physic^ 
interpretation of it in terms of a mean free padi of quasi P^lcles. ^ it 
will turn out that the mean free path is just the important physical q ty 
for determining the d-c conductivity. We have shown that 




(287) 
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In order to give a physical interpretation it is convenient to work with the 
spectral weight function 


A(i, fi) = 


rk(M) 


2 


In configuration space 


(288) 


A(x.u) = r 

(2TTr 


r^(M> 






(289) 


The angular Integrations are easily performed: 

A(I,^) . -l!VXde, ^ t2 .Ifa -‘to 1 

(2Tr)^ ^ SHE T 


u - C - ^-iE 


U - Ck + i k 


(290) 


where we have substituted 




and 


(291) 


dk . dej^ 


(292) 


SPeotivetyfor 11irtem8*’oonS:f^half-planes, ro- 
comes just the sum of ihe resldu^ at llieTolee ‘ 
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H ± 1. 


(293) 


We have 


k 


Ui =ti 




Vm 


(294) 


Remembering that the quasi-energies are given not by but by 




u) 




"Sir 


k 


E|-=|a 


we have 




k=kp, 




"BE' 


k 




1 


. ^ 

- ~3E“ 


k=kx. 


k=kr 


“■F ■"•""'F 

The group vdocily of a wave packet of quasi-particles is 


dEi 




t. 


ae, 






"5F 


k"!kjp 


<295) 


<29^ 


(297) 


and Eq. (294) therefore becomes 
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\ 

^— 


(298) 


All the relations from (294) to (298) are valid because rt(n) is a slowly 
varlng function in momentum space ^ 




(299) 


When taking the residue of (290) we can 
tile e:QX)neiitials and we get with 


put k = kj, everywhere except in 





(300) 




A(5,|a) e 





= A(x,m) 




(x » |x|) 


(801) 


where A(x, ti) Is the spectral wel^t function and 





(302) 


°imp> 3.M) . a> (I.M) 


(303) 


We Interpreted the slngle-partiole Green's function as a orobabllitw urr,r,u 
tude for a single-particle excitation Inserted at the origto to be foSid later 
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at the pointX. From this interpretation it is seen that is just the mean 
free path of a quasi particle with energy [i. (The factor 1/2 does not appear 
in the square of the Green's function.) 

We now go back to the problem of the d-c conductivity. It was found 
that the important quantities for determining the d-c conductivity were the 
Fourier coefficients of the current-current correlation function in the 
restricted time region 

2 

F(ti,t2) = J d^Xg ( -i)^ T < 7^ 


X V.2 1'(X2.t2)> 



d X2 7^.22 G(l,2;l',2') 


l'=l^ 

2'=2 


(304) 


In order to get the physical picture we shall first make a rou^ approxi¬ 
mation. Let us assume that the two-particle Green's function is factor- 
izable: 


G(l,2;l',2') = G(1,1')G(2,2') - G(l,2>) G(2,l«) (305) 


Equation (305) corresponds essentially to the Hartree-Fock approximation. 
The first term in (305) will give nothing when sxibstituted into (304), since 
the two single-particle Green's functions will be uncorrelated and we have 
translational symmetry. For the second term 


F(v^) = 
m 




Substitute 



k . k'G(k^';C^) G(k'^; v^) > 

(306) 




p dou 

J ^ 


ACbJfe'.uj) 


(307) 
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and do the sum over Q ^ by the usual technique of transforming to an integral 

where the contour envelopes Ihe real axis. (Here both and f “ will give 
enou^ convergence.) Then (30Q reduces to 


V =-4- 


m 


^ rdtti,du)- 

L k-k' / — 
k.k' J (2irf 


Y- <A(k,k',u)j)A(k.k’,a)2)> 


f"(UJj) - fluig) 


U) - U) 

1 2 


m 


(308) 


By using 


f (iBi) - fluig) = - e 1 2 j 


(309) 


and 




•?<(«) 


m 


(257) 


we get 


cp (ttj) = -S-g 




rda)-d(«„ 


• (1 - e ®“’) f 2 tt6((o + u)^ _ (u^) 


(310) 


It was shown earlier that the d-c conductivity was given by 


a (0) = lim 

' ' ti) + 0 


y(a)) 1 

? vol 


In the limit u)-* 0, u)i-*(ij 3 


due to the 6 function and 
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if we now calculate in the low-temperature limit, 


lim = 6(u)-|ji) 

0-^ 


so that 


0(0) =-k-k* A(k,k^^) A(k»k,i^)>. 

12nm vol kk' ^ 


imp 


(311) 


(312) 


Let us for the moment disregard the difference between the product average 
and the average product. Then 


a = 


12 nm Vol 


E 

k 


L. 


rk(u) 




k2 


(313) 


4nk 


lamn^Vol V 


- "k ■ 


To see the last step in (313) note that 

*^ + (s^/4) 

as a function of x has a maximum at x = 0 with hei^t 1/s^ and width s. 
If one works out the proper factors one sees that 



’s^/4 


.2 


4n 

s 


6(x) + 0(s) 


(314) 


For a noninteracting system, (313) reduces to 


Q 

O 




2 



(315) 
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Even for a nonlnteraotlng system the result (315) is not what one would 
es 5 )ect. In Ihe Boltzmann equation approach discussed in Sec. 1 there was 
an additional contribution to the scattering rate from "scattering in" 
evOTts. This is missing In (315) and (313). However, a more oareM 
a^ysis of (312) will show that this contribution is present. The expres- 
sion for the d-c conductivity thus obtained will still not be the correct one 
toe fault now lying in toe ad ^ approximation (305). Before entering a 
Improve (305) we give a detailed calculation of 


a 


12 nmVol 



k .fe' A (k.kMi) A (k'.k. u) 


(312) 


From (97) 

-iA(fek',(B) = G(^k',uj + ie) -G(^k',u) - ie) 


(316) 


It is a consequence of time-reversal invariance that 
G(fek',t) = G(-k',-fet) 


(317) 


tens us that we 

Ta^(t) T-1 = a_j^-t) 


^ eenfiguratlon space t is toe 

cSS^ Prescription Is to take toe complex 


a^(t) = e®t(vol)-l/2 J ^ ^ ,lk-x ^3^ ^-iHt 

If we include spin t = c^x complex conjugation operator, which then has 
the additional effect a -♦ -a. 
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which has the properties 

< T Tt2> = U2>* = <^2 U^> 


(319) 


and which commutes with the Hamiltonian of the system. Usin^ (318) and 
(319) we get 

<at(t) aj, (0)> = <a_,j(-t) at,j,(0)>* 


= <a.,j,(0) at]j{-t)> 
= <a_jj,(t) atk<0)> 


(320) 


We have shown that (317) holds for G> , similar arguments give the same 
relation for G< and (31*^ therefore holds in general. 

By substituting (316) and (317) into (312) we see that what we have to 
calculate Is of the form 


< L k.jfe* CGas,lL»,ia + ie)-G(^k* n-^ia)] 

• CG(-k,-k',M+ ie) - G(-k,-k»,M-ie) 


(321) 


Let us define 


K ^.(Uj^.oUg) 


z 

fe' 


k*k' <G(k,k',^)G(-k,-fc',u)2)>jjj^p 


(322) 


= K(k ,ia + ie,|j + ie) 
K<+-)(k) = KKk.li + ie,|4 - ie) 


(323) 

(324) 


In this notation [using the reality of A(k,k*u)) occurring in (316) ] 
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- ^ - E [Re - K^+">( 

12TTm^Vol k 


The quantity K(^ satisfies an integral equation (essentially the Bethe- 
Salpeter equation). We first write down Ihe Bethe-Salpeter equation and 
dien Justify it in terms of the graphs that occur in Ihe impurity averaging; 


Kfe.oij.ujg) = k^G^,u) ) GC-ijUin) + E G(k.,(Ui)G(-k.,(u„) 

^ |j.| - 1 “ ^ 

fdh ’ 

J(—j3 fe.-fe' <G(i Jc. lUj) G (- 1 . -k*.uig) >.^p 


Graphically the structure of (326), apart from the common fector k • k' 
is given in Fig. 17. The left-hand side of Fig. 17 is pictured as Tbli^k 



Fig. 17 

box, containing an arbitrary number of elastic scattering processes of the 
electrons against the impurities. The graphs that occur fell Into either of 
two classes. In the first type of graphs Ihe two electrons do not scatter 
a^lnst fee same impurity. This situation is Indicated by fee two straight 
lines in Fig. 17; to Eq. (32Q fee Impurity average for fee single-particle 
Green's function is Indicated by a bar. 



Fig. 18 
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A typical graph, contributliig to the second term in Fig. 17, is given in 
Fig. 18, where the part that corresponds to W is encircled. Note that the 
structure of W is quite analogous to that of E in the case of the sin^e- 
particle Green's function [see Eq. (20) ]. W is the sum of all graphs in 
Fig. 18 of the type that are irreducible. By irreducible we here mean 
graphs that cannot be separated into hvo parts by cutting particle 
lines. At the bottom of Fig. 18 we then have to attach all possible reduc¬ 
ible and irreducible graphs, as indicated in Fig. 17. In the last term in 
(326) there occur three different directions in momentum space. Since 


cos(k,k') = cos(k,{i) cos(k*,^) + sin (k,^.) sin(k*,-^ 

(327) 

X cos (cpjj. - cpj^,) 


and since the last term in (327) vanishes when integrating over k' we can 
put 

[ CO 

1 (328) 


where 


wCkAi", . V " / —T cos(k4.) WCk-t.uJ^.uig) 

J (2tt)^ 

The d-c conductivity was given by Eq. (325) and in order to say something 
about the conductivity we must solve Eq. (328). 

Let us first evaluate To lowest order in the impurity density 

W(k- i.n + ie, u + ie) = < k I V (U) | ><-k| v{n) \-l~ ^ 

= 1 t(k,5,iA)|^ 


(330) 
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The last step follows from time-reversal invariance. From (330) 


w(k,^,iJi + i 0 ,M. - ie) 



cos 


(331) 


Equation (331) is very clos^y rd.ated to the expression we had for 


0 

rj^(M-) = 2*!Tm J I t(k,jp,|-i) I ^ 6(|i 


Sp - Ap(n)) 


(284) 


Using 


5 (U - e 

P 


A (^1)) = fi(u - e ) = z 6(^1- e ) 
£ 2 E 2 


we get 




2TTn^ Z. 




4 


I 


dn 

(2t^ 




(332) 


(333) 


which is proportional to (331) except for the cosine term. Define 


^•(^) = 
k 


2TTnjZ^ 


( 334 ) 
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w(k,kp,^ + ie,^-ie) = 




FromEq. (326) 
K^"(k) = 




2^ ’■>’ 


X < + f w*^ (k,^) k’’ (l) 


Tn order to solve (336) it is conveuient to introduce the quantity 


go 

j dl I (kp,«t) K 


. / . j u (‘. 

i ♦ ’'i'* ■!> V 






j dV I'y/'^'uv) K^~{v) 


where 


Z-" (u - s/ 


The functioii 


w^ - 



396 


V. Ambegaokar 


here plays the role of a 6 function. The normalization is 


00 


! dl 
0 




so that 




(340) 


+ p2 / ^ kHr~r 



Solving for M 


M = 


% 


+ 


V 



(341) 


(342) 


or 


M = 




We therefore have 


K'^’(k) = 




i?* 




(343) 


(344) 


Going back to (325) it Is seen that (344) gives a contribution to the conduc- 
that diverges for large k. Mean be shownt^) that the contribution from 
K7^ ejtactly cancels this divergence, whereas around k = k , I^+(k) is of 

die order r/u and can be neglected. We therefore only have to consider 
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ld'"{k) for k ~ kp where 


K'*'"(k) 


2tt 


% 




k, 




5(k - kp) 


(345) 


and we finally get 


m 




Vpm 


kx 


1 




(346) 


Equation (346) is still not quite the correct answer. We shall see ttat in 
order to get the correct expression we shall have to include vertex correc' 
tions. Before we do &is a few remarks on renormalization are in order. 
We had for the single-particle Green's function 


G(k,u + ie) 


(U - + if^/2 


(347) 


In terms of Ihe quasi-particle energies Ej^ we get 


G(k, n + ie) 


(H - E^) + i rjj/2 


(348) 


It ie seen that is the many-body analogue of the wave function renormal' 
Ization constant. Similarly the S matrix 
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Sj^,(|i) = 6j^' - 2TTi 6(ejj., - |i) t(k,k',u) 


(349) 


becomes in terms of the quasi-particle energies 


“ ®]£kt - 2 tt1 6(Ej^, -M)r (fe,k',u) 


(350) 


where t |a) Is ilie renormalized t matrix 


T(k,k«,H) - t(k,k',n) 


(351) 


We can also express 




2Tm. Z? 



I ®) 1^ (1 “ cos 0) 6(|i - E ) 

P 


(352) 


in terms of flie renormalized quantities 





I ^(Pp«S) I^ (1 - cos 0) 6 (la- E ) 

P 


(353) 
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The transport scattering time is defined by 

J ~iff 


(354) 


where (do/dC) is the differential cross section for impurity scattering. 
From (353) 


T 


tr 


1 



( 355 ) 


i. e., the correct transport scattering time is also to be expressed in 
terms of the renormalized quantities. Defining the effective mass m* by 


m 


— = Vn-, 

* F 


( 356 ) 


and substituting (355) into (346) 


2 ^ 
ne T 


o = 


±r 




f 

m Zv 


zn 


(357) 


For the noninteracting case we have 


ne^T 


0 = 


tr 


m 


(358) 
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The Landau theory of Sec. 1 gave the result 


ne^ T. 


m 


(359) 


In (857) we seem to have an additional multiplicative factor. In what 
follows we shall diow that this factor is due to the approximate factoriza¬ 
tion (305) and that it does not appear when the vertex describing the inter¬ 
action of the quast-particles and the external field is properly treated. 


The Reduced Graph Expansion 

The approximate calculation described above was based on the ^ hoc 
factorization (305) of the two-particle Green's function. We now show that 
it is possible to avoid this approximation and to generate Instead a formally 
exact expansion. Fortunately, only the first term of this expansion will 
survive at T = 0 and we shall show that this term reduces to the expres¬ 
sion (359). To b^in, let us briefly review the general procedure for cal¬ 
culating or. We have first to calculate the current correlation function 

F(tt') = T<i(t) .i(t')> (360) 


and compute the Fourier series coefficients r(Vj^) for t, t' in the restricted 
time region. Then we have to compute cp(uj) the discontinuity of F(v - z) 
across the real axis. [By F(v^ = z) we mean that continuation to the 
complex z plane which has as its only singularities a branch cut along the 
real axis. ] Finally we have the rule 


a = 


_ 1 _ 

6(Vol) 


lim 

ou-O 


cp((i}) 

U) 


(253) 


We can carry out the above in a formally exact way by first making a 
perturbation expansion of F(v^) and then calculating the discontinuity for 
each term in Ihe perturbation series. The formal technique we shall use 
was first developed by L^er. (14) m ig based on methods developed by 
Landan(«) and Cutkosky(lQ for relativistic quantum field theory. 

It is a stra4ihtforward applioatton of the perturbation theory discussed 
in Sec. 2 to generate a graphical e:q)ansion for F(v ). The rules thus 
derived may be summarized as follows. Draw all sEeleton graphs (i. e., 
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graphs in which no electron line has any self-energy insertions) that are 
linked and have two external verticles and with each graph associate the 
following factors: 

(1) iv(g[) for each explicit internal interaction line carrying 
momemtum q 

~ ^ C “ 2tt 
— — —00 « 

for each electron line having the momentum and quasi-energy 
labels indicated 

(3) (-1) for each closed electron loop 

(4) -(e® j£‘kVm^) for the external verticies at which electrons with 
momenta k and k’ are scattered wilh no momentum transfer 

Momentum and quasi energy are to be conserved at each vertex. The ex¬ 
ternal verticies have a quasi-energy transfer Finally, sim over all 
free quasi-energy variables (l/''^)^^ and all free momenta J a k/(2TT) . 

To calculate the contribution to cp{»)) from a particular graph one can 
proceed in three steps. 

(1) Hold the u) ’s fixed and isolate those combinations of factors 
1/(C - UD) that will give rise to poles in the v plane 

(2) Calculate the residues at these poles. 

(3) Perform the uj integrations generating branch cuts (more than one 
in general) along the real axis in the plane, and calculate the 
total discontinuity across the real axis. 

To illustrate this procedure we consider the graph of Fig. 19. 
According to our rules the contribution of this graph to F(v) is 

Fq(v) = 4(i)^ (-1)^ ^ 

^ m 


I -f 

PlJ?'2P3 


k')lv(q)l^ j 


dU)j_. . . dUJg 

(2n)^ 


X 
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Fig. 19 
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The first step In our prescription for finding the contribution to cp(ijj) is 
best done in the time representation, i. e., we use the representations 


'C2+C3.C4+C5 


I 


-it(C2+C3-C4-C5) 

e at 


(362) 


and 


1 y r dll) _-iCt 

T f J ^rf c - OU ® 


t > 


0 f 


= < 


t<0 -T f 


-iu>t 


(363) 


for each of the internal interaction lines and each of the electron lines, re¬ 
spectively. Furthermore for one external vertex we use the representation 


6 




T 


T 



-it(Ci-C2+v) 

e 


dt 


(364) 


When tills is done, the contribution of the topological graph Fi^ 19 
up naturally into a sum of contributions from the various possible orderings 
to time of toe interaction lines. The time ordering illustrated, for example, 
has the integrations 
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-i(u, -«.g-v)t f* .i(«,^+u. 5 .u. 3 -u)l)t 2 
e dt 2 e 


-i{«.2+(B3-tt.^-u)g)t^ r*l -i(v+U)l-i«2H’ 

/ *1 e Jo “ ® 


(365) 

In doing these integrals, the following denominators involving v occur: 



These poles correspond to nothing more than the simultaneous vanishing 
of certain "energy denominators," taking into account quasi-energy con¬ 
servation. For example pole (1) is a solution of 

“^2 ® ^ 2 * " ^ 1 ' “ ^2 " 

(366) 

Pole (2) is a solution of 


‘"l,3,5,6 “ ^1,3.5,6' 




(367) 
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StmUaxly pole (3) Is a solution of 

“’ 5,6 “ ^5,6' ^5 ■ ^6 “ (368) 

In other time orderings, one other denominator containing v arises. This 
corresponds to fee simultaneous solution of 


'"2.4.3.6 = ^2.4.3.6' £3 ^3 " ^4 " ^6 " 

The position of this pole [ call it pole (4) 3 is thus given by 


(369) 


(4) 




“ “'3 “ “’2 


The singularities in fee v plane feus come from fee stoult^o^ 

me ^ for all lines feat m some time 


satisfaction of fee conditions C^= 


orderly cutb, ^ 



Fig. 20 
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Fig. 21 


precise statement is needed. To see the difficulty consider the graphs of 
Fig. 21. The time ordering illustrated in Fig. 21(a) leads to a denominator 


This pole arises because the upper limit of the integration over t^ is t' in the 
graph of Fig. 21(a). However in the graph of Fig. 21(b) in which t 2 > t'the inte¬ 
grand is identical to that of Fig. 21(a) because the hole or particle d^racter 
of the lines has nowhere been changed. Therefore the restriction tz < t* 
simply does not exist and the pole (370) disappears. In this way we find that 
the only poles of the graph of which Fig. 21(a) and (b) are time-ordered 
constituents are given by v = u)^ - v = lUg - v = u)g - 0)^. The 

general rule^ then, for finding which combinations of denominators lead to 
poles in the V plane is this. The poles come from the simultaneous satis¬ 
faction of £ . = iM, for all lines that in some time ordering, can be cut by a 

horizontal line that divides the graph into two portions each of which is 
connected to one vertex. The cuts that give rise to the four poles coming 
from Fig. 19 are indicated on the figure. We have thus been able to perform 
part .(l) of the three-step prescription for finding the contribution to cp(uj) 
from a particular graph. 

We have now to perform step (2), i. e., to find what the residue is at the 
poles. To do this we need die identity 


1 T _i_1 

7 ^ 




qp”**'2p 
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V + lUj^ + lOj + • 


.111 - m . , 

P P+1 


2p 


(371) 


This is simply proved using the contour Integral technique. Defining 


Y ''i “ "1^ ^ (even integer) 


Sp+1 


V - V + 

P P-1 




c, 


P+2 


p+2 P+1 ^ T 


r “V-V* +Li + — 

“2p 2p-l T 


(372) 


one automatically satisfies the 6 condition In (371). Doing Ihe sums over 

... - successivelyustag 

1 zp-i 


408 


V. Ambegaokar' 


iZ... 

T V 


and using tbe fact that = 1 leads directly to the ri^t-hand side of 
(371). Using die theorem (371) we are able to write down at once the 
residues at die poles which we have learnt to enumerate In step (1) of our 
procedure. One has simply to use (371) to combine tiiose energy denomi¬ 
nators that give rise to poles. The remaining part of the integrand is to 
be evaluated at the position of the pole. Consider again the graph of Fig. 
19. The quasi-energy conservation conditions are automatically satisfied 
by a new choice of variables 





Cg = Vg - Vi + U+2 

C4 = V3 + Vg + li + Y 
C5 = V - V3 + m + ^ 

£g = -V3 + n+2 (374) 


The ^’energy denominators” for the whole graph are tiien 
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1 Z ^ ^ ^ 

^ ViVg Vj-u)^+u+i v+Vj.«,2+u+^ v^-v^-oig+^+i 

''a 

1 _ 1 _ 1 _ 

* ''-V'"5+^'+T (375) 


For pole (1) we have to combine Ihe denominators cont ainin g and (u^. 
Using (371) the residue at this pole is 


P{(JJ -UOn) 

I 


Vs 


''l = “*1 - - T 


V = tUg - Ulj 


(376) 


where ihe dots to the square bracket todicate the three remaliitog deoomi- 
nators. The sums over and Vg are to be done before the substltutloms 

for and V are made to order to avoid the ambiguity we have repeatedly 


discussed. , ^ 

We have thus indicated how to carry out step (2) of the procetoe for 

calculating the contribution In perturbation theory to cp(u)). The to s p 
is now quite trivial. Carrying out toe o) totegratloM one generate a 
branch cut along the axis Im v = 0 for each pole. The d^contou^ from 
a term of the form l/(v-a) (where a Is some li^ar 
at the point Re v = u) Is simply -2 tt 1 6(U)-a). The only rilght 

that arises Is that to general one has overlapp^ ri^tton^ to^ 

to this case was, however, carefully dlscuseed to toe derivation of toe 
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optical tiieorem given before, Eq. (282). One has simply to order the 
branch cuts In some definite way, displace them slightly from each other, 
and then cross them one by one. 

One can now make an expansion of the discontinuity function by put¬ 
ting together all contributions that arise from the vanishing of a particular 
combination of energy denominators. This is the so-called reduced graph 
expansion. One represents the terms by drawing graphs in which only the 
lines corresponding to vanishing energy denominators are exhibited, the 
rest being fused together at the vertices. For example for cp(i«) the two 
lowest-order reduced graphs are drawn in Fig. 22. 



Fig. 22 

Note that the particular example of Fig. 18 contributes to both these 
reduced graphs but to no others. Poles (1) and (3) of this example have 
intermediate states with one ^ectron and one hole. These contribute to 
the reduced graph (a); poles (2) and (4) contribute to the reduced graph 
(b). Making use of the rules we have developed, one finds for the contri¬ 
bution of the reduced graph of Fig. 22(a): 


( 1 ) / H f 

cp (0))=^ Jjjj, J + I»)j - ir|,u) j) 

gV “ ~ ~ 


X 


a - 



(377) 
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where the A 'e are the vertex functions indicated by the diaded 
Fig. 22(a) r The factors i ti (ti is an infinitesimal real positive ^ 

inerted in order to insure that in crossing the branch cut assocmted wiui 
a one-electron hole pair excitation we remain below (^ove) ^ 

outs belonging to the upper (lower) -t^ally 

reduced graih of next order, i. e.. Fig. 22(b) may be written schematlcauy 


/(.) .< 


I / 


diUj duig duJj 
(2n)^ 


A%- 


in) A A A A 


X A^(iu + in) (u)+u)j+uJ2-‘"3^ 


1 - e 


-pU) 


>. 


( 878 ) 


It is easy to see that the expansion we have generated le^e ^ 
in even powers of the temperature for the d-o conductivi^. ^® ^ 
ested in the limit of q.(a.)/is as «.-0. This limit my »>e tel^^^t^ce ^ 
replacing u) by zero everywhere but in the factor [l-e ] and here using 


1, [1 - . 

lim -ijj- 

u) - 0 


( 379 ) 


For low temperatures the leading temperature dependence of (378) is 
obtained by considering tbe Integral 






dui) 


3 


X f"(u)^)f “*2 " '“ 3 ^® ^ 


( 380 ) 


Similarly the reduced graph having p electron and p hole lines is Propor¬ 
tional to Thus only the reduced graph 22(a) survives as T - 0, 

and from Eq. (377) we see that its contribution is 
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0 * 1 o ' Tf ^ ^ Ip*’ (M' — i'n) • —kk* 

12tt(VoD \ jjii jjit! — K K 

• (|i in) A-tt (^) A, oil (m)\ 

- - -- ^ I (381) 

Equation (381) can be further simplified. We are only interested in cal¬ 
culating o to the order (nj)“*^ where n^^ is the density of impurities. Now 
in the absence of impurities the spectral wei^t function A contains a 6 - 
function part at the Fermi surface. Therefore, in order to get a finite 
result at all, we must take into account the finite lifetime of the excita¬ 
tions. Once this is done, however, the sulditional impurity dependence 
will be of higher order. We may therefore compute the vertex functions 
to lowest order in the impurity density. Then (381) reduces to 

‘’■TJTOir I 

Note that the only difference between (382) and the eaqpression we had 
earlier in a Hartree-Fock approximation is in the appearance of the vertex 
function JV instead of (e/m) k. The vertex function is the sum of all graphs 
indicated in Fig. 23, and we have now to express it in terms of the para¬ 
meters of die Landau theory. 


Vertex Function and Ward Identity 

We now proceed to calculate the vertex functions that occur in (382). 
We are interested in the limit of small momentum transfer, small energy 
transfer, and small impurity width. We shall see in a moment that one 
must be very careful in taking these limits and that the order in which they 
are taken is important. Before doing this we need a closed expression for 
the vertex function A; <1» corresponding to momentum transfer 

q and quasi-energy transfer We see from Fig. 22(a) that A feC^;a[V^) 
is closely related to the quantity 


(383) 
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except for the electron propagators at the ends, which we have to remove. 
The current operator is given by 


Kx,t) “ ■ ^\|i'‘’(x,t)VtUit) 

- I|j(x,t)j lii (x,1) j 


(384) 


or, in momentum space 


The desired closed eaqpression is, Iherefore, 


dt e 


Zj\f 

k' Jo Jo 

T <^ _ q (t) a^, (f) aj^, + ^(f) aj (0)^ 




(k* +q/2) 


(385) 


(386) 


Note that the vertex function represents the (diange in the single-particle 
Green's function due to an external disturbance. 

When the desired limits it is important to note that a d-c 

measurement means that the frequency is small compar^ to the InvOTse 
of all the characteristic times of the system, m particular we must have 


V «r 


(387) 


where 1/r is the relaxation time. This means that the desired order of 
the limits is 

lim lim lim A? (k, C^; 

r-*o v-O q-0 


(388) 
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i. e., we cannot ignore tiie impurities altogether. We will show, however, 
that 


Em 

lim 

lim 

A^(k, C.) = lim 

lim 

r-K) 

v-0 

q-O 

^ q-O 

v-K) 




B lim 

lim 




q-0 

v-*0 


Um A^(k,£.) 

r -0 ^ 


A(k, C^) 


(389) 


and thus after reversing the order of tlie limits we may ignore the impur¬ 
ities. Let us illustrate the preceding remarks by an example. Consider 
the skeleton graph (Fig. 23). 



The contribution to the vertex function from this graph is 

X (k' + -l-j v(k - k') (390) 

Using flie by now familiar contour integral techniques we get 

^ r duu diw 

■ %• ’"‘■'‘'’J15^ V"i> 

f(iu^) - £"(0)2) 


X (^+i/2) 


(391) 
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For a pure system at T = 0 we have for k w kp 


Ajj(tt)) = 2 n 6(u) -1^) + A^(m) 


(392) 


Let us only consider flie contribution from flie peaked part 


ic 




v(k-k') 


-Vj 


(393) 


For small q Eq. (393) reduces to 


v(k - 

"¥ ^■ ®k'-ci 


) 6(ta - Ej^,) 


(394) 


and we see that 


lim lim Hm ^ ■" 

q-»0 v-*0 r-0 ^ k * ^ 


(395) 


but 


lim lim lim = 0 

v-»0 q"*0 r-»o 


(396) 


This ambiguity Is quite a general feature because any graph (see Fig. 24) 
that may be broken into two pieces by cutting one particle and one hole line 
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Fig. 24 

win have a discontinuous behavior. The reason for this is that the spectral 
wei^t function in the absence of the impinrities is very sharply peaked over 
the domain where the energy denominators vanii^. 

In order to satis^ the restriction v«r it is necessary to round off the 
peak, i.e., to replace 




(397) 



(398) 


If we perform the limit F -» 0 last then we shall see that the ambiguity dis¬ 
appears. The spectral wei^t function is still sharply peaked so we can put 


f’(iju) = f’(Ej^) + (uj - 



This gives as T 0 

lim = - E vfc-t) Jl' «(Ek, - ti) 
q-0 k* - 



duuj^duug 


U ) i -(«2 




(2tt) v + oj^-uUg 


(399) 
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By substitattng the Impurily spectral wei^t function into (399) and per¬ 
forming the integral by contour integration we get 


lim A = E v(k - k') 6(E. , - u) 

q-0“® k' " ■ - (400) 


and we see that 


lim lim lim = Z? E v(k - k») 

X '“*0 V "*0 cj "*0 k ^ 


We have therefore shown that for the particular graph we are considering 


linx lim lim = lim Um lim A ■ 
r-0 v-0 q-*o ® q-0 v-*o r-o ^ 


(402) 


The ambiguity in Ihe order of limits occurs only in the type of graph we have 
considered, and Eq. (402) is therefore valid in general. This is an impor¬ 
tant result since using the reversed order of limits we can forget about the 
impurities altogether in the vertex function. We sh^ see later ihat the 
ambiguity we have discussed has a simple physical interpretation and is 
related to the difference between the groig) and phase velocity of flie quasi¬ 
particle excitations. In the presence of die impurities we must deal with 
excitations that are localized between the Impurity sites. The whole 
delicacy of the matter lies in the fact that we are dealing wilh a current diat 
is carried with the group velocity of the excitations. 

To express Ihe vertex function in terms of die parameters of the Landau 
theory we need any identity similar to the Ward identity in ele^o- 

dynamics. Identltites of this type follow from the conservation laws. The 
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particular one we shall deduce here follows from charge conservation 
which implies that 


V. j(X) = 0 


(403) 


where 


Ii(x) = e \|((^ 


In momentum space 


n{^ = e 


E 


^k+q 


(404) 


(405) 


and Eq. (403) becomes 

(q,t) + iq • j(q,t) = 0 


(406) 


Therefore 

T < ajj_^(t) n^t) aj^^(O) > + i T < aj^_^(t) (0) > 

= 6(t'-t) T < [nq(t),a|^_q(t)] a^(0) > 

+ 6(t') T ln^0),a*{0)l> 


(407) 
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where the 6 functions come from fee derivatives of Ihe step functions in 
&e time-ordered product. We had previously shown that 








(408) 


The limit v - 0 can be performed immediately. Equation (408) suggests 
that we multiply both sides of (407) by 



Tn first term in (407) the integration can be performed trivially, and 

0. «r«.e u i. »» m.. .h. 

from ihe upper and lower limits of Ihe Integration cancel. The commuta 
tors on lhe*ri^t-hand side of Eq. (407) are easily computed and we are 
left with 

-i C^) q • A 



(409) 


or 


q* A q, 0) = e <\!;q(C^) " ® 


(410) 
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This gives 


lim lim Hm A(k, C#) = - e (L) 

q^Q v -*0 r "*0 ^ ^ 


(411) 


Now 


" ®k ■ ^ ^ ^Jt) 


( 122 ) 


SO lhat 


= ® TT = zr“ 

'"F 


3k \ 


(412) 


NotethatSE^/^k is just the group velocity of the quasi particles. In our 
previous calculation which did not include the vertex corrections we found 


T 




12nm (Vol) 


■^kk* ^ ^k* k^ ^imp 


m* y ^ J 


(357) 


Substituting this result into the exact expression for the conductivity we 
get 


a 


2 I * 

ne T^/m 


(359) 


which is ]ust the result obtained from the Landau theory using the Boltz¬ 
mann equation. Althou^ no reference to Oie Boltzmaim equation has been 
made above, Ihe result (359) suggests that we may have also derived this 
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eauatian. In fact it can be shown fliat Ihe Integr^ equation for the q^tity 
- K+-(k) ] of Eqs. (322) - (324) may be interpreted as the 

Boltzmann equation. We shaU not, however, go into Ihis here. It is 
the temperature be low in Ihe sense 


TsT << 


(413) 


Naively one mi^t have expected that for a kinetic eq^mtion to valjd. *e 
Settoes of dictates would have to be long compared to Ihe thermal tune 

hAT, i.e., 

(4U) 

ft r« KT 

i, that no such condition limits the validily of (359). 

Several ofeer remarks are appropriate at this point. In the first ^ace, 
to bring out the physical significance of the vertex correction, we sh^d 
SS that by LLg momentum conservation in &e s^e way as charge 
conservation was used above, we can derive the identity 


lim lim Hm 
v-0 q-0 r-0 


^(ky. 


■'kp 


(415) 


Note that (415) Involves the phase velocity at the Fermi surface K (41^ 
was used in the expression (382) for the conductivity, one 
incorrect result. The essence of the vertex TOlocity- 

presence of impurities the quasi particles move wito 

Another point to be noted in (359) is that there is no effective ch«ge 
correction. An apparent effective charge correction only oocms in fte 
theory when the J^sll«rticle wave packet is not normalized to one quasi 

althou^ the e*™as^^eT 

in the result, a d-c conductivity measurement is not ^ . 

determining m*. The reason is that the fundamental quantity is not the 
scattering time but the cross section which is given by 
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(1 - cos 0) dCl 


vn^ 


a* 

sc 


where o' is the transport cross section. We have therefore 

SC 


(416> 


0 (0) = -- 

“i ®sc (417) 

and Ihe effective mass no longer appears. A final comment. If one 
makes a phase shift analysis of the scattering cross section according tot 


~a^ = E 2(24+1) P^{oos 0) _ ijl^ 

(418) 

one hasi using the Friedel sum rule 

Z = E (24 + 1) 6 (kp) 

4 ^ (25) 


a set of equations lhat gives us some Information about the Impurity 
screening. Equations (417), (418), and (25 ) have been used for this 
purpose by Kohn and Vosko. (l'^) They consider an alloy of a pmaii 
amount of copper in zinc and assume only s and p scattering. They 
thus determine 6 ^ and 6 ^ in terms of the known Z and o. We see that 

such an analysis In no -way assumes a weak electron-electron interaction. 


t We have here reintroduced the spin degree of freedom ttiat was 
suppressed in the foregoing. 
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Thermal Conduotlvily and Concluding Remarks 

Another transport proper^ that can be calculated along the same lines 
as the residual resistivity is die tfaemal resistance due to im^ties. 

This has also been done by Langer. We shall not discuss this in^- 

fhing like the detail given for the electrical resistance, but merely sketeh 
how the argument proceeds. In the single-particle approach in Sec. 1 the 
starting point for a calculation of thermal oonductivily was the set of^ua- 
tlons (42). One can arrive at the basic structure of these equations from 
quite general arguments(W) that are independent of tee Bolte^ 
However, a microscopic theory is Meded in orde r to ca lotte tee 
the coefficients !• 


0 ’ 


H’ '■ 2 - 


We already have an expression for since 


this is just the d-c electrical conductivity, namely, 


2 

3(Vo]I 


Im J <i(0)*Kt)> t 


(245) 


we recall that Eq. (245) was obtained by calculating the electrical current 

teat flows in response to an electric field. In tee sa^ 

culate the heat current that flows in response to an electric field obta nlng 


L 


1 


2 

“ 3(Vol) 


/ <Q(0) • Kt)> t dt 


(419) 


Here Q is tee quantum-mechanical heat current 

specify in greater detail except to say teat it is obtained by wrl i^ 

derivative of tee HamUtonlan density h(x) of our system in tee form 


d 

"3r 


h (x) + V • Q = 


= 0 


(420) 


Prom tee nature of its derivation it is clear teat tee e^ession («9) 
belongs in tee lower left-hand comer of the block of equations ^ , 

it alS belongs in tee upper right-hand comer is a conseque^e of tosager 
reciprocity relations which we here shall simply accept ^ teue. ^e 
apparent asymmetry Introduced into the set of equations (42) may be re 
moved by using time-reversal invariance. Using this invariance 
easily finds teat L^^ may also be written in tee form 
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“ TTW (421 

From title form of (245), (419), and (421) it becomes highly suggestive that 
Lq has the form 

it 


^2 “ -sTfciJ I 


(422) 


Althou^ this is not a derivation of Ihe form for we are not aware of 

any that is fundamentally more profound. The result is almost certainly 
correct, and we shall here accept it without further question. Given L^, 

and we want now to calculate the heat conductivity which we recall 

is given by 



The thermal conductivity is appreciably more difficult to calculate 
than the electrical conductivity because it does not suffice to calculate 
Lq, L^, and to lowest order in the temperature- To get a nonzero 

result one has to keep the first temperature corrections (proportional to 
T^. These corrections come from two sources in the reduced graph 
expansion: there is the T^ contribution of the lowest-order graph. Fig. 
22(a), and the contribution of the next reduced graph, Fig. 22(b), to 
lowest order in the temperature. The T^ contribution of the lowest graph 
itself comes from two sources, namely from the explicit Fermi factors 
in (377) and from the temperature dep^denceof the electron*^electron 
width r. Langer shows that this second temperature dependence is 
exactly canceled by the part of the T^ contribution of tihe reduced graph of 
Fig. 22(b) that diverges as Uj^ the density of Impurities goes to zero. 

There remains a contribution from this graph which is finite as n^ 0, but 
it is consistent with the aim of calculating the transport coefficients to 
order (nj) to ne^ect this. The basic reason for the cancelation is 
momentum conservation. Once this cancelation is taken into account, it 
is shown by Langer that the transport coefficients Lq, L^, L 2 to order 
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have the form 


L. (E.T) E^o(E) i=0, 1. 2 

(44) 


From (44) the Wiedemann-Franz law follows as in Sec. 1. It is im¬ 
portant to note, however, that for the many-body system this law only 
holds to order n^"^. 

We have now reached a natural place to end these lectures. Before 
concluding, however, I should like to make some final remarks. First, 
it should be mentioned that we have only considered a particularly simple 
class of transport properties—namely those in which the scattering 
mechanism is external to the dynamical medium. The Landau theory 
also envisaged scattering between quasi particles as giving rise, for 
example, to a finite heat conductivity in a pure system at nonzero tempera¬ 
tures. I Q'yy* not aware of a detailed derivation of such effects from a micro¬ 
scopic point of view but they seem to be within reach of the formal methods 
we have discussed. 

Finally, I should like to make a comment concerning the general 
philosophy of the approach that has been taken. We have seen that the use 
of perturbation theory leads to a theory of the normal Fermi system. The 
characteristic features of this system are the existence of a many-particle 
analogue to the Fermi surface, and of low-lying excitations that may be put 
into one-to-one correspondence with those of the noninteracting system. 

Now, there is good experimental evidence that nonsuperconducting metals, 
for example, possess these characteristic properties. Perhaps the most 
striking evidence of a sharp Fermi surface is the recent observation by 
Brockhouse(20) of the Kohn effect in lead. The effect is an anomaly in the 
lattice vibration spectrum for wave numbers q = 2ky. The anomaly implies 
that the ability of the electronic system to screen the ionic charges changes 
suddenly at q = 2kp. Precisely this behavior would be ejqpected for an 
electronic system with a sharp Fermi surface because the phase space for 
energy conserving transitions with momentiim transfer q decreases abiruptly 
at 2ky. The effect was predicted by Kohn^^^' on this basis. 

This and other such strong experimental evidence indicates that some 
elements of the theory we have been using are strictly correct. It ^ould 
be emphasized, however, that it would be foolish to believe that the inter¬ 
acting system is normal merely because every order of perturbation theory 
so predicts. There certainly are fermion systems that do not behave like 
normal systems, for example, superconductors. Since there is a micro¬ 
scopic theory of superconductivity, namely the BSC theory, one can ^ 
see what goes wrong with perturbation theory in this case. One finds 2) 
that for fermion systems with attractive Interactions, the Greenes function 
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describing tiie propagation of a pair of particles acquires, In perturbation 
theory, a pole on the imaginary axis of the physical part of tiie C plane. 
Such a pole is in contradiction to the spectral representation and leads to 
an amplitude for the propagator that increases exponentially with time. 

This unphysical b^avior reflects the instabili^ of the normal system 
with respect to the fornaation of Cooper pairs. It may be a general 
feature that if such instabilities are not present, the perturbation theory 
leads to sensible results, and it may be that the repulsive Coulomb inter¬ 
action does not give rise to such instabilities. Even if it does, however, 
it is likely that those analytic properties of a general order of perturba¬ 
tion theory that we have used in our discusssion are preserved in a certain 
class of nonperturbative solutions. These questions are all difficult to 
answer, and we leave them for future lecturers at this hospitable summer 
school. 


APPENDIX A: LOW-TEMPERA TUBE FORM OF 


In this appendix we discuss the low-temperature form of the electron 
self-energy operator and show that 


lim Urn r (UJ) « 2C 
T -* 0 u) -♦ u ^ 


kg 




(A-1) 


The easiest way to prove (A-1) is to realize that is the discontinuity 
across the cut of E(C), and can, therefore, be evaluated in terms of re¬ 
duced graphs. Figure A. 1 shows the two lowest-order graphs. 



According to our discussion of reduced graphs in Sec. 4, the contribution 
of Fig. A. 1 (a) is 
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Z 

mom 


duij^ diUg diUg 

(2tt)^ 


A(ui^) A(cu 2) ACiUg) 


(A-2) 


X |A(lU-iTl)|2 


f''‘(u)j^) f‘*’{u)2) f"(iUg) 


2iT6(u)+UJg-iUj-U)2) 


Note that this Is an implicit nonlinear equation for T since the A's depend 

on r according to £q. (127). Note lhat at low temperatures and for (u ^ 4 

the integrand is strongly peaked near u)., m » '^l-i because of the Fermi 

12 3 

factors. We assume, and later verli^ tiiat the rest of die Integraud whea 
summed over the momenta Is perfectly smoolh near dils point Then we 
find in leading order 

(11 1 r '^‘"9 '^“’3 + + - V 

r(u)) J {2nr ^ ^ 


X 2 tt 6 (u) + oug - u)^ - cug) 


(A-3) 


The integral <A-3) can be done explicltty^^) leading to the result (A-1). 

At T = 0 die integral is trivial since for ui ^ |i we have 

r(l>(m)ccj j ^ 2iT6(«)+a.3-u,^-«>2) 


One of the integrals is removed by the 6 function. What remains is die 
area of a pmail triangle in die space of the two remaining variables. This 
is proportional to (U) - (i)^. For u) < u we notice that, forui'OSj^ + iBg- 


f''‘((«2^ 


HtUg) f'^(U)g) 

f"(iu) 


(A-5) 
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Then the above argument can be repeated leading to the same result. 

Now it is easy to verify the assumption of smoothness for the rest of 
the Integrand in (A-2). We already saw in Sec. 2 that the form (A-1) for 
r leads to at most a 6 function in A at the Fermi surface. The integration 
over momentum, however, removes this singular behavior. The assump¬ 
tion is therefore justified. 

In the same way it can be shown that the graph (b) of Fig. A-2 gives a 
contribution to F at T = 0 that is proportional to (u) - |a)^. The leading 
dependence is thus given by the graph we have considered. 


APPENDIX B: LUTTINGER’S THEOREM 


In Sec. 3 use was made of the identily 


X slim 
T-O 


1 

T 


p 


(B-1) 


We give here a proof of this identity. Because the spacing of the points 
C ^ is 2 Tri/ 0 , we can replace the left side of (B- 1 ) by 



where P means the principal value at ji 0. In the most general case 
the integrand of (B-2) is not a smooth function in the neighborhood of £ = H 
because, as we have seen, the imaginary part of 2 (C) has a discontinuity 
F across the real axis leading to a 6 function-like contribution to B 2 / 8 C. 
However, for the system we are considering r(|a) = 0 at T = 0 as was 
^own In Appendix A. Because of this we may remove the principal value 
sign without c ha n ging the value of the integral. Then, doing an integration 
by parts one finds 


X = - 


1 

2Tri 


ia+i« 

I E 

1j-x* p 


3G (0 


E (0 dC 

p 


(B-3) 
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As written in the last line X has an immediate graphical eapansion. Con¬ 
sider the graphs for the quantity 0’ of Eq. (197). If the Green's function 
corresponding to every line of a graph for C * is differentiated in turn with 
respect to the corresponding quasi energy and then each summation (l/P) X 
S is replaced by an integration 


1 

2 TTi 


fi + i« 


-ja-io 


d£ 


a term in the e^qpansion of X results. Summing over all graphs for G' then 
gives X. However, the quasi-energies for each line are connected by con¬ 
servation conditions. Doing partial integrations In the terms for X one finds 
factors of the form 




6(Ci + C2 ” C3 - C4) 


0 


(B-4) 


Therefore X is zero. 


APPENDIX C; OPTICAL SUM RULE 


In this appendix we show that the coefficient of l/u) in the expression 
(244) for the conductivity is in fact zero for the system considered. We 
need to prove thatt 




0 

J < J(0) • J(t) - J(t) • J(0) > dt = 


2 

ne 

m 


(C-1) 


f Note that (C-1) is certainly not true in the absence of impurities. In 
that case, the total momentum P is a constant of the motion, and since J oc 
P flnH flie thermal ensemble has no net momentum, the left-hand side of 
(C-1) is 0* T = 0 where T is a large time. 
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In terms of the quantities r(t) and cp Introduced in Eq. (246) and (252) the 
left-hand side of (C-1) is 


0" TiW jl 


q3(u)) 


du) 


F(v = 0) 


(C-2) 


2(Vol) ■ m 

The last identity foUosrs from. (252). We may evaluate (C-2) as follows 


p(t)=^ T 


> d^x 



k.T<aj^(t)J(0) 


ik(t ) > 


(C-3) 


Evaluating the Fourier series coefficient in liie restricted time region we 
have 


•'’JL 


C.O 

* °k<V * ^ 


(C-4) 


where A is the vertex function introduced in Eq. (377). We have alreaoty 
seen that for the system with impurities 


lim A (k, C, q = 0, v ) 
\J-0 ^ XU 


e G"^(k.£^) 


( 411 ) 
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Thus 


3{Vol) ■ “5^ TiVol) 


CA ie2 1 

XWk.ye-' 


L CKlt.C,) 


O"^ 2 

. ne 

m 



k • 


d 


(C-5) 


which proves the desired identity. The significance of this equality may 
be seen by noting that from (244), (246), and (252) 




tp(m) 

U} 


(C-6) 


Thus (C-5) expresses the sum rule 


Re 


L 


a(io) do) = 


ne^TT 

m 


(C-7) 


One can argue quite generally that this sum rule must be satisfied for a 
dissipative system. The argument is as follows. It follows from causa¬ 
lity that c(U)) considered as a functiozL of complex tu is analytic in the 
upper half u) plane. Furthermore the as 3 nnptotic behavior of c(a)) is 
determined by the density, charge, and real mass of the particles in the 
system according to 


lim cj(uj) 

U)-*CD 


2 

-ne 


miOL) 


(C-8) 
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Therefore we can write a dispersion relation for u) c(ii^ using Cauchy^s 
theorem, namely, 


m'a(ui') _ ne^n 

u)' - (I) m (C-9) 


2iTi lu o(u)) 


0 

■L 


where u) is in the upper half-plane. Now for a dissipative system 

lim = 0 

“J-O (C-10) 

By using (C-10) in (C-9) we obtain the sum rule (C-7). 


APPENDIX D: EFFECTIVE MASS SUM RULE 


We give here a proof of the effective mass sum rule (23). In the 
course of doing this we shall identify the interaction function of the Landau 
theory which we called $ in Sec. 1. We follow the method of Luttinger 
andNozleres.(^) 

Consider the vertex function defined according to 


(-i)^T<i|r(l)J(2)i|f''’a')>=G(lT) A(TT';2)G(T» 2) (D-1) 


If we furtiier define die kernel T in terms of die two-particle Green's 
function as 


G (1 2 ; 1 ' 2 ') = G (1 l')G (2 2 ') - G (1 2 ') G (2 1 ') 
+ i G (1 T) G (2 T?) r(i i»; 2 Z') 


X G(2 2') G(5'2') 


(D-2) 
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tfaien 


Ml l’;2) 


6 ( 12 ') 6 ( 1 ' 2 ') 


2 ' =2 


_ i ^G(2l) rClT; If^') 


XG{I'2'> 


2«=2 


(D-3) 


Fourier analyzing this equation in ■the restricted tims region, gives 


X r(k£,k'£';qv) G(k'C')G(k:' + q', C +^) 


(D-4) 


Graphically Eq. (D-4) Is represented by Pig. D.l. 



Now one can write aa integral equation for T which is repre sented by 
Fig. D. 2. UslDg a foar-dimenBional notatloa k = (k, £) Oils equation reads 

k” 


(D-5) 


X G^u Gk"-l-q^k"k'^*>^ 
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Above l(q) is Hxe irreducible part of the kernel, i. e., the part that cannot 
be broken into Iwo parts by cutting two lines. We have already seen in the 
discussion of vertex functions in Sec. 4 that the contribution of a single 
electron-hole pair excitation has a discontinuous behavior for small total 
momentum and energy. Writing 




(D-8) 


we may extract the discontinuous part of R at T = 0 as indicated in Eqs. 
(391) to (394) and write 




(D-T) 


where 


\k.(‘J) 


72 

^ 4 - Vj, - V 


S(Ejj - li) 6( £-|i) 


(D-8) 


Here = 3E^/Sk. We expect that the remainder will be a smooth fimc- 

tton for Emaall q and v. Substitiithig (D-Q into the integral equation (D-5) 
we get in a matrix notation 


r (q) = 1 (q) + I (q) R (q) T (q) 


(D-9) 
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We consider now the limit q = 0. v - 0. Since L is zero In this limit we 
may write (D-9) in the form 

r (q) = r*" + r" A (q) r (q) (D-10) 

where the superscript indicates the above-mentioned limit, “nie integral 
equation (D-4) for A may be written in the form 

A {k,q) = k - Z (q) R,^.. (q) k' 

If we substitute T in (D-11) from (D-10) and note that 

R = R*" + A (q) (D-12) 

C since A**'(q) = 03 we find 

A (k.q) = A“’(k) - r “> A (q) (A - k') - r'" A (q) k' (D-13) 


The last two terms cancel. Now if we take the q limit (v = 0, q -• 0)of 
(D-13) we obtain 

A‘*(k.£) = A'"(k.C)+Z r“’(kC.k''£") Zj. 6(Ej^„-n) 

- - 

X A‘’(k",n) (D-14) 


we already saw that for | k 1 ® kj. Ccf. Eq. (412) ] 



436 


V. Ambegaokar 


and it was stated in the text (tiie proof(^) uses the Ward identity corre¬ 
sponding to momentum conservation) that 


S 

Thus if we identify 

\k' * ^kj. lE.'*'^> 

for I k I = I I = kp, Eq. (D-14) reduces to 



Doing ike radial Integral we get 


~ f cos 6 ^ 

m* m (2tt)'’ J “f 


This Is precisely die effective mass sum rule (23). 


(D-16) 


(D-17) 


(D-18) 
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